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® |sometry group of H:
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° ﬁdﬂmn(X) is density of random n-gon X.
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[Sheffield, Gwynne, Miller, Ding, Dubedat, Dunlap, Falconet, ..., '"19]
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Theorem (TB, Curien, '25)

The intrinsic metric of the polyhedron boundary 0X is the “Weil-Petersson random surface” and
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L ]
[ ]
® First encountered in the low-energy limit of the Sachdev-Ye-Kitaev model >
[Sachdev, Ye, '93] [Sachdev, '10] [Maldacena, Stanford, '16] [Kitaev, Suh, '18] [ ]
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1<ih < <i3<ig<N i.i.d. random interactions

® Formally, field theory of ¢ € Diff*(S')/PSL(2,R) for the action
Schwarzian derivative

S.2(6) = 012 (. r+2m9(0) ae, (ot} = ((’;((tf))) -1 (Z(&?)z

with path integral “Haar measure on Diff! (51’)-,-
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ol
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® Also captures the boundary dynamics of Jackiw-Teitelboim (JT) gravity.
[Blommaert, Mertens, Verschelde, '18][lliesu, Pufu, Verlinde, Wang, '19][Saad, Shenker,
Stanford, '19]
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® For ¢ € Diff*(S'), the difference S,2(¢) — S,2(% o ) does make sense for all ¢ € Diff'(S').

Theorem (Bauerschmidt, Losev, Wildemann, '24)

Up to normalization, there exists a unique PSL(2, R)-invariant measure M> on Diff'(S') such that
dM,2(h 0 ¢) = exp [S,2(¢) — Sy2(vh 0 )] dM2()  for all b € Diff>(S*).

It is related to a Brownian bridge measure 62,21 via Malliavin-Shavgulidze map ¢(t) = P£(t) + ¢(0),

¢
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A rigorous probabilistic construction [Bauerschmidt, Losev, Wildemann, '24] [Belokurov, Shavgulidze, '17]

=L (o 2t 0= () 3(20)

® For ¢ € Diff*(S'), the difference S,2(¢) — S,2(3 o $) does make sense for all ¢ € Diff*(S').
Theorem (Bauerschmidt, Losev, Wildemann, '24)
Up to normalization, there exists a unique PSL(2, R)-invariant measure M> on Diff'(S') such that
dM,2(h 0 ¢) = exp [S,2(¢) — Sy2(vh 0 )] dM2()  for all b € Diff>(S*).
It is related to a Brownian bridge measure Bg‘zl via Malliavin-Shavgulidze map ¢(t) = P£(t) + ¢(0),

£ o&(s) _
Pg(t) = 7f0 e ds (2—7T2

[Teterds’ dM,2(¢) = exp | — /0 Pé’(t)2dt> dB%; (€) dp(0)

The Schwarzian field theory measure M 2 = Uz/PSL(2 R) obeys Z,» = [d M2 = (%)3/2 e%r.

® 7> reproduces [Stanford, Witten, '17] which relied on formal Duistermaat-Heckman formula
(viewing Diff}(S')/PSL(2,R) as symplectic space and S,2 as U(1)-generator — Alekseev's talk).
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® For fixed w, which observers see angular
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Epstein horocycle H,,(t) [Epstein, '84]
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® Think of ¢(t) as particle moving on D
® For fixed w, which observers see angular
velocity w at time t? — Wolfram's talk
Epstein horocycle H,,(t) [Epstein, '84]
For ¢ € Diff*(S'), the Schwarzian action
[Vargas Pallete, Wang, Wolfram, '25]

S,2(¢) = Length(Epstein curve)

® Reparametrize ¢ geometrically!

This is a bijection

Diff'(S")/PSL(2, R)

!

T T St
/ eg(l)(t)dt :/ eém(t)dt}
0 0

W e Glo, T1]
{<2) € Co[O Tz]
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A practical characterization &) A =27

® Consider conditioned Brownian bridge measure @iéT on

{£€ Glo,T]: fOT edt = 2} normalized such that

asl (@) = [ T e a0l (o

N\ = S%Length

@)

0 t— % fol e£B)ds 1



A practical characterization &) A =27

® Consider conditioned Brownian bridge measure @’\ T on . ».\
{6 € G[0, T]: [ e5Pdt = 2} normalized such that
A=1ir
B (@) = [ S 3em T aeN (o)
Ry Ry
N\ = e%Length

Theorem (TB, Chekhov, '26+)

For T1 + T>» = 1, the Schwarzian field theory measure is A O Cg O

dA
dM,2(¢) = 7° ] ~ 40" (7)o (). 0 ozfieeas 1
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A practical characterization

® Consider conditioned Brownian bridge measure @’\ " on
{6 € G[0, T]: [ e5Pdt = 2} normalized such that

5% (€) = / 1% 4027 ()

Theorem (TB, Chekhov, '26+)

For T1 + T> = 1, the Schwarzian field theory measure is

dA
AMga(¢) =7 | == den" (€M) del ().
Ry

o [dONT =0(2% ® T is known as Yor's integral, and

aZX? 4
plays important role in exponential functionas of

Brownian motion, L[0(r,-)](x) = I z(r) [Yor, '80]
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A practical characterization

® Consider conditioned Brownian bridge measure @’\ " on
{6 € G[0, T]: [ e5Pdt = 2} normalized such that

5% (€) = / 1% 4027 ()

Theorem (TB, Chekhov, '26+)

For T1 + T> = 1, the Schwarzian field theory measure is

dA
AMga(¢) =7 | == den" (€M) del ().
Ry

o [dONT =0(2% ® T is known as Yor's integral, and

oZN? 4
plays important role in exponential functionas of
Brownian motion, L[0(r,-)](x) = I\/Z(r) [Yor, '80]
o Indeed 7% [° R (A Z T 0( 25, % To) = Z,0

2)\7 4

A=e % Length

(i)

tH”f e55>ds




Correlation functions [Mertens, Turiaci, Verlinde, '17] [Losev, '24]
® The measure @2’27— enjoys the decomposition property (7' =17"+7")
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® The measure @2’27— enjoys the decomposition property (7' =17"+7")

’ 1
AT d) AN~ (AT T2 30N T (e aaN T (e
e} (¢) :/ D e AT IR0, T (¢)de); T (€)
By horocycle length

® Hence, for 0<ti <t < - <t, <1 (Tj=t;—t_;) and
any triangulation of the n-gon,

dM,2(¢) = ° / dX exp (—ZH(N)) [T de2 T (™)
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® The measure @2’27— enjoys the decomposition property (7' =17"+7")
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. .\ . A

® The measure @2’27— enjoys the decomposition property (7' =17"+7")

/ oo 2m LA AL 1o "o !

deiéT(f) :/d;) d)\)x// e 02(>‘/>‘“+*//)‘+)\>\/)deiz’-r (g/)deiz ,T (5//) A A
]RZ
+ horocycle length
® Hence, for0<t1 <trh <--- < t, <1(T=¢—t_;)and :
2m—3 0 T " 1

any triangulation of the n-gon,

1\ . .
dX = H (/\ "Weil-Petersson" in Penner's lengths
=1 ‘n

AM,2(¢) = 72 / dX exp (22 H(N) [[ @ (¢")
B3 i—1

— total horocycle length
® Relation to bi-local observable — Wolfram's talk
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Correlation functions [Mertens, Turiaci, Verlinde, '17] [Losev, '24]

. .\ . A
® The measure @2’27— enjoys the decomposition property (7' =17"+7")
’ 1 _ 21 A N L” i i /
d@iéT(f) :/d;; d;\” e 02(>‘l>\u+*”)\+)\>\/)deiz’-r (él)deiz ,T (5//) A A
2
By horocycle length
® Hence, for 0<t1 <tr <---<t, <1 (T;:=t—1t_y) and /
2n-3 0 T T 1

any triangulation of the n-gon,

1\ . .
dX = H (/\ "Weil-Petersson" in Penner's lengths

AMor(9) = [ dXexp (-2 H) [[ a0 7 ()
R4 i—1

— total horocycle length
® Relation to bi-local observable — Wolfram's talk

T/ @' (s)¢' (t)
sin(m|@(s) — ¢(t)])

® n-pt correlation functions are (2n — 3)-dim. integrals:

N = Oi@) = 0(dis,t) =

2n—3

(IToter) == [ e ﬁe( oAl ()
i= + =

— agreement with [Mertens, Turiaci, Verlinde, '17] [Losev, '24]
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Integral transforms: metric vs spectral [Harlow, Jafferis, '20] [Yang, '20][lliesiu, Levine, Lin, Maxfield, Mezei, '24]

® Hyperbolic (y = 255) and spectral (E) side
related by Kontorovich-Lebedev transform

K: PRy, ) — LP(Ry, 4 sinh(2rVE)dE)
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® Hyperbolic (y = 255) and spectral (E) side
related by Kontorovich-Lebedev transform

K: PRy, ) — LP(Ry, 4 sinh(2rVE)dE)

where K[f](E) = [5° 2K, /e(y)f(y) 2.
® Relevance of K clear from assoaated
convolution f * g = K K[fIK[g]]:
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yi y2
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Integral transforms: metric vs spectral [Harlow, Jafferis, '20] [Yang, '20][lliesiu, Levine, Lin, Maxfield, Mezei, '24]

® Hyperbolic (y = 255) and spectral (E) side

related by Kontorovich-Lebedev transform
® For polygons we use another transform

K: LRy, ¥) — L*(R4, % sinh(27VE)dE) Fro=KoHu1 where H,—1 is the Hankel
transform H.1[f](y) = [ 2yJu—1(xy)f(x)dx.

where K[f](E) = [5° 2K, /e(y)f(y) 2.
® Relevance of K clear from assouated
convolution f * g = K K[fIK[g]]:
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® Hyperbolic (y = 255) and spectral (E) side

related by Kontorovich-Lebedev transform
® For polygons we use another transform

K- L2(]R+, Wy 5 PRy, L % sinh(2nVE)dE) Fo=KoHu1 where Hi—1 is the Hankel
transform H.1[f](y) = [ 2yJu—1(xy)f(x)dx.

where K[f](E) = [;72 VEWf()S . ® Relevance of F,; stems from associated

® Relevance of K clear from assouated convolution f #, g = F,. [ F[f]1Fx[g]]:
. _ —1 .
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® Hyperbolic (y = 255) and spectral (E) side

related by Kontorovich-Lebedev transform
® For polygons we use another transform

K L2(]R+, dry L2(R+, L smh(27r\ﬁ)dE) Fo=KoHs-1 where Hr—1 is the Hankel
transform H.1[f](y) = [ 2yJu—1(xy)f(x)dx.
where K[f](E) = [;72 VEWf()S . ® Relevance of F,; stems from associated
® Relevance of K clear from assouated convolution f %, g = }—El[fn[f]]:n[g]]:
. o —1 .
convolution f x g = K7 [K[f]K][g]]: dadse g
Ay dys 1 nn o nn fx. g(xs) = 71X—2we 2°f(x1)g(x).
frg(ys) = I;e 2 ") (y2)-
* Fu[oo] = B(E) = [T(5 +iVE)|*/T(x) so
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