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Fo(ti, ta,...) = Z w(m), w(m)= H Ldeg(r)-

maps m of faces f of m
perimeter n

® t=(t,b,...) €[0,00)0 is admissible if F,(t) < co. Then

w(m)

P(m) = ?(t) defines a random map of perimeter n

® Think of this as random compact metric space:

(Vert(m)7 dgeeh(, )) € Met = {compact metric spaces}/isometry

® Can we understand (Gromov-Hausdorff) limits in Met as n — 007
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The 1/8/3-LQG boundary metric space on S is accessible via du (-, )|boundary vertices-
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Historical note on Matrix Models: [Bouttier, Guitter, '10]
12 1, gk
Fn= Nlim E[4 Tr(H")] for “random” N x N Hermitian matrix sampled o e NT(H Tz kuH ) gy,
e el

Then (o) = fab o p(x)dx with p(x) the large-N spectral density of H.
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Example: Gegenbauer / ultraspherical polynomials

2/a _ ¢
(o) = i/ c(a— ) x,  P(x) " (40— x2)i 0L (40 - xP)tred

£
Ca J 2 /a dx

Plane trees Critical quadrangulations Non-generic critical bipartite maps
1

1 —kj—a—3

_ tk = =50 c(4a) "k 2
tk =0 k 12%.4 bok ~ ( ) [Kazakov, '89]
[Ambjorn, TB, Makeenko, '16]

[TB, Curien, '"17]
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Complete handle on non-crossing geodesic distances
Theorem
For t admissible and non-crossing diagonals I of k-gon, the random perim-(n1 + ...+ nx) map m obeys

1 € e m e P
PWumerdn@)=t) =5 I1 ( T[ ) g=x0 o p=pix) =L

2
n ; P,
faces f of I sides e of f boundary length m geodesic length £ < [>
d
n m=4
np = 4
r N4 n3 = 5
b ng = 2
=3
d =3
n2 l3=4
ny 3=
ly =
c n3 s =4

n3

How about crossing geodesic distances? No exact formulas known (but scaling limits exist < GH) J
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DSSYK & Chord diagrams

® Quantum system in context of holography: Sachdev-Ye-Kitaev (SYK)

[Sachdev, Ye, '93] [Sachdev, '10] [Kitaev, '15] [Maldacena, Stanford, '16] [Kitaev, Suh, '18]
Majorana fermions / Clifford algebra

Hsyk = i?? Z Tiyserip Wiy =+ iy

1< < <ip<N
- P= i.i.d. normal random variables

® Relation to chord diagrams: Double-Scaled SYK (DSSYK) for g > 0

[Cotler, ..., "17][Berkooz, Narayan, Simon, '18][Berkooz, Isachenkov, Narayan, Narovlansky, '22]
2n N— oo _ cr(x)
E[Tr i) 2 ma(q) = 3 "W,
2p?/N=log(1/q)

® Solution known already in combinatorics: Touchard-Riordan formula
[Touchard, '52][Riordan, '75]

1 ° B 2n 2n k1
man(q) = W;(_l) [(nk) - <nk1>] q( 2.
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LDLT-decomposition of chord diagrams and orthogonal polynomials

® Chord diagram enumeration linked to g-Hermite
polynomials
[Askey, Wilson, '85] [Ismail, Stanton, Viennot, '87]
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® Chord diagram enumeration linked to g-Hermite
polynomials
[Askey, Wilson, '85] [Ismail, Stanton, Viennot, '87]
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LDLT-decomposition of chord diagrams and orthogonal polynomials

® Chord diagram enumeration linked to g-Hermite
polynomials
[Askey, Wilson, '85] [Ismail, Stanton, Viennot, '87]

= 1Ll + (2 - x*(1—q))q" +q”]

2 4
I—q 1—q

® Reason is again LDL"-decomposition! )
half chord diagram
[Ismail, Stanton, Viennot, '87] [Berkooz, Isachenkov, Narayan, Narovlansky, '22]

permutation

ny half chord diagran
Moy 40y (q) = Z Lny,e(q)De(q)Lny e(q)
£>0
® The underlying orthogonal polynomials are the continuous V4
q-Hermite polynomials 14
4 ny
Pe(x) =Y (L™ )enx",  (Pe(x)Pi(x)) = Dedek. Lo o(q)
s i Di(a) L, e(q)

\q

Is this analogy with planar map enumeration more than a (x" Py) Il

coincidence? J (P7) (P?)
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1. Intro to random geometry from planar maps 2. Boundary metric and orthogonal polynomials

combinatorics

geodesics

3. Chord diagrams and DSSYK 4 Relating planar maps and chord diagrams

holography??
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Maps and chord diagrams
® There exists face weights t(q) such that F,(t(q)) = ma(q),
]

[Jafferis, Kolchmeyer, Mukhametzhanov, Sonner '23

[Okuyama] [Giachetto, Maity, Mazenc] [Do, Norbury]

020 —1[0+k—2
tzk(q)—5k,1+(q1)kzq(2)2k—1< t—k )

0>k

For 0 < g < 1 signature of t(q) is (0, —,0,+,0,—,...).
® Non-probabilistic, but for g < 0.04.. ., this is random
[t(g)|-admissible bipartite map weighted by (—1)Vet—"~1,

® By LDLT-uniqueness, orthogonal polynomials coincide. . .

® . .and all non-crossing statistics of dw(-,-) and dy(,-) agree,

R . x™ boundary segment
II II ) P=

faces f of ' " sides e of f pe (X) geOdeSIC

® How about crossing geodesics? Full boundary metric?
® But d,(-,-) determines x, so only possible if there exists a

mapping G : M, — C, such that Z w(m) = g=t).

meM,
G(m)=x




Main combinatorial theorem x € Cp

Theorem (TB, arXiv:2607.01995)

To each bipartite map m one can associate a chord diagram x = G(m)
with coinciding boundary metric dy(-,-) = dw(-,-). For each x € C,

Z w(m) = g“™, w(m) = H taeg(r)(q)-
meM, faces f of m
G(m)=x
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Main combinatorial theorem

Theorem (TB, arXiv:2607.01995)

To each bipartite map m one can associate a chord diagram x = G(m)
with coinciding boundary metric dy(-,-) = dw(-,-). For each x € C,

Z W(m) - qcr(x)’ W(m) = H tdeg(f)(q)'

meM, faces f of m
G(m)=x
® The chords of G(m) are found from Voronoi interfaces. G geodesic
® |t is easy to find at least one map m satisfying G(m) = x: take dual chord diagram

of your favorite drawing!

meM,






Simulations: n = 100,...,2400, (1 — q)n =16




Main combinatorial theorem X €Cpn

Theorem (TB, arXiv:2607.01995)

To each bipartite map m one can associate a chord diagram x = G(m)
with coinciding boundary metric dy(-,-) = dw(-,-). For each x € Cp,

S owm)=q¢"™,  wm)= J[ tean(a)

meM, faces f of m
G(m)=x
G geodesic
® The chords of G(m) are found from Voronoi interfaces. chord diagram

® |t is easy to find at least one map m satisfying G(m) = x: take dual
of your favorite drawing! me M,

® Although the map is not probabilistic, the boundary metric is.
For large n, (1 — g)n = const, the metric is very different from
Brownian: Schwarzian theory / hyperbolic geometry expected!
[Sachdev, Ye, Kitaev, Suh, Maldacena, Stanford, Yang, Witten, Shenker, ...]



Main combinatorial theorem

Theorem (TB, arXiv:2607.01995)

To each bipartite map m one can associate a chord diagram x = G(m)
with coinciding boundary metric dy(-,-) = dw(-,-). For each x € Cp,

S owm)=q¢"™,  wm)= J[ tean(a)
meM, faces f of m
G(m)=x

® The chords of G(m) are found from Voronoi interfaces.

® |t is easy to find at least one map m satisfying G(m) = x: take dual
of your favorite drawing!

® Although the map is not probabilistic, the boundary metric is.
For large n, (1 — g)n = const, the metric is very different from
Brownian: Schwarzian theory / hyperbolic geometry expected!
[Sachdev, Ye, Kitaev, Suh, Maldacena, Stanford, Yang, Witten, Shenker, ...]

® "Holographic”"? Planar map model on I? % DSSYK on S*.

X €Cpn
™
dm('v')

BEEEEEEEEE
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Idea of the proof: refining Tutte equations
® The classic method of Tutte uses the bijective decomposition
m m’ I
{@} 0<4<n— 2{ .u . } p>0{ } @ @ @
Shortcut

® |t translates into the Tutte equations [Tutte, '60s]
Shortcuttlng
Fa®) = > F(t)Foroa()+ > toFrip o(t) (- P= du (-1 )+ 1+ du (v, )

0<e<n—2 p>1

® Can be refined to prescribed boundary metric / chord diagram

Fy = Z w(m) = Z top Z w(m’) = Z top Z Fy

meM p>1 m'€Mapiop_2 P21 x'€Copniop_2
Glm)=x G(shortcutted m’)=x Short(x")=x
) ) ) x = G(m)
® Then show that F,, = X is unique solution. /
Short
: | c g-Stirling number S,(k, £) of the 2" kind
orthogonality o ) X = G(w)
g-Stirling number sq(¢, 1) of the 1 kind k\=’l‘
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