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Genus-g maps

> A genus-g map is a connected graph that is properly embedded in a surface of
genus g modulo orientation-preserving homeomorphisms.
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Genus-g maps

> A genus-g map is a connected graph that is properly embedded in a surface of
genus g modulo orientation-preserving homeomorphisms.
» For simplicity only consider even maps: all faces of even degree.

> For £ =({1,...,0n) € LT let
Mg, n(£) = {genus-g maps with n labeled faces of degrees 2¢1,...,2¢,}

» Classical enumeration problem:

Z 1 ‘Mrooted (e)‘

Mg n(8)] = R =

(= |Mg,n(£)| in most cases)
meMyg (£)

» Generating function of even maps: genus-g partition function

Fg(x) = Z ZIIMgn(E)IIHXe, x = (x1,%,...)
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» Sometimes convenient to forbid vertices of degree 1:

Meg.n(£) = {m € Mg, n(£) : all vertices of degree > 2}
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» Sometimes convenient to forbid vertices of degree 1:
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» Sometimes convenient to forbid vertices of degree 1:
Mg n(£) = {m € Mg (£) : all vertices of degree > 2}

P> Not a restriction since

! Ln

20 n 20p ~
IMene)l = 3 22, 1)---%5—"(%_ ) 1Xt.a(p)]]

=1 1—PpP1 Pn

> Similarly Fz(X) = Fz(x) by the substitution £, = 2esp %(ZZ—ZP)XZ'

4 ‘ ];_:</;2i;);)
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> Simplest case:
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> Simplest case:
[Mos(Oll = Lisyse, 400y + Lieasti403) + Liey> a5 =1
3 2 1 1 (o5<ty 10,
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> Simplest case:

||M0,3(£)” = 1{@3>21+12} + 1{€2>€1+€3} + 1{51>€2+53} =1

: +1
CXDH XD &0 {ﬁziﬁiiﬁi}

by <lo+L3
+ L=t} + Liog=ey 4051 + L{0,=t405)

&-

» More generally,

1 1. 01 10

001100

edges(s R O

M@l = 3 [ € ZE: Aux = 20} 000011
: skeloton s [Aut(s)|

skclcton 5
with As the face-edge incidence matrix of s.

» Problem of counting integer points in convex polyhedra:
{x € Zfecjges(ﬁ) : Agx = 2£}| is piecewise quasi-polynomial in £ [Ehrhart, '62]
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> Simplest case:
[Mos(Oll = Lisyse, 400y + Lieasti403) + Liey> a5 =1
3 2 1 1 oy<ti 40,
@@ @@ @'@ {€2<€1+€3}

by <lo+L3
+ L=t} + Liog=ey 4051 + L{0,=t405)

&-

» More generally,

1 101 10
00 1 1 00
1 110 0 1
N XEZ#Cdg“(“‘ cAx =24
Wtya(ol = S U i 000011

|Aut(s)]|

skeleton s skclcton 5

with As the face-edge incidence matrix of s.
» Problem of counting integer points in convex polyhedra:
{x € Zfadges(ﬁ) : Agx = 2£}| is piecewise quasi-polynomial in £ [Ehrhart, '62]

[Sturmfels, '95] coeffs depend periodically on £

» Finitely many skeletons — ||/\>lg,,,(€)|| is piecewise quasi-polynomial in £.



Ng.n(£) = | Mg,n(£)|| is a (symmetric) polynomial in €2, ... 2 of degree 3g — 3 + n.
Nojs =1, Nos4=80+04+03+03-1
Ny =56 - 55

Nip= 560 +6)+ 583 - L3 +8)+ L.
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Theorem (Norbury, '08)

Ng,n(€) = || Mg,n(£)|| is a (symmetric) polynomial in €2, ..., 62 of degree 3g — 3 + n. J
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Ma= hE-h Ma= A+ @)+ AAE- LG8+ A

> Proof: There exists a topological recursion / Tutte equation / loop equation for
Ng,n(£) = |Mg,n(€)]],

“Ng,n—ZNgn 1+ZNg 1n+2+z g/, N g—g’ ,n— n+1 .




Theorem (Norbury, '08)

Ng,n(€) = || Mg,n(£)|| is a (symmetric) polynomial in €2, ..., 62 of degree 3g — 3 + n. J

Nos =1, Noa =0+ 0+ +6 -1
Nii = 356 — 15, Nio = 5 (01 +63) + 566 — 5 +6) + 5.

> Proof: There exists a topological recursion / Tutte equation / loop equation for
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Theorem (Norbury, '08)

Ng.n(£) = | Mg,n(£)|| is a (symmetric) polynomial in 62, ..., ¢2 of degree 3g — 3 + n.

Nos = 1, Noa =G +06+65+6-1
Nii = 356 — 15, Nio = 5 (01 +63) + 566 — 5 +6) + 5.

> Proof: There exists a topological recursion / Tutte equation / loop equation for

Ng.n(€) = [ Mg.n(E)ll,

“Ng,n—ZNgn 1+ZNg 1n+2+z g/, N g—g’ ,n— n+1 .

Theorem (Norbury, '09)

The polynomials satisfy “string” and ‘“dilaton” equations,

n b n
Ngni1(£,1) = > > "2k Ng,n(€)lgj=k — _ £iNg.n(£), ("string”)

j=1 k=1 j=1
Nene1(€,1) — Ny ni1(€,0) = (28 — 2+ n)Ngu(6).  (“dilaton”)

» They completely determine Ng ,(£) for g = 0,1 once Ng 3 and Ny 1 are known.
For g > 2 more “higher KdV equations” are necessary.
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Essentially irreducible ma PS [Bouttier, Guitter, '13] [Bonichon, Fusy, Lévéque, '19]

has girth at least d

» A planar map is d-irreducible if every simple cycle has length > d with equality
only if the cycle bounds a face of degree d.

> A genus-g map is (essentially) d-irreducible if its universal cover is d-irreducible

<= every contractible cycle that surrounds at least two faces and no face more
than once has length > d.

» Denote these maps by Mg)n(é) and /\;l‘(;z,(ﬁ) (with resp. without degree-1
vertices), ¢; > d. Note: M‘(gq),,(ﬁ) = Mg n(£).

» For even maps only need to consider d = 2b even.

Mo 4(3,2,2,2) M, 5(4,6)

0-, 2-irreducible 0-,2-,4-irreducible

A-irreducible G-irreducible



» Enumeration again amounts to counting integer points in convex polyhedra:
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» Enumeration again amounts to counting integer points in convex polyhedra:

k = #edges(s) + #cycles(s) 2 1101

0011

— e 28 (8 9)x = (%)) AE: 1110

Mg (Ol = : = 0000
! skeleton s ‘Allt(ﬁ)‘ v3 el

o B. — 0010

° 00 00

skeleton s
with As the face-edge matrix and B, a cycle-edge enclosure matrix.

> ||Mé2ﬁ)(£)|| is piecewise quasi-polynomial in b, £. [Sturmfels, '95]
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» Enumeration again amounts to counting integer pomts in convex polyhedra:

k = #edges(s) + #cycles(s) 110110
B N
» Kxezh:(§:9)x=(xv%0 111001
IMER @)= )] 000011
skeleton s mmzm B :<0 0100 0)
skeleton s 000001
with As the face-edge matrix and B, a cycle-edge enclosure matrix.
> ||M(2b)(£)|| is piecewise quasi-polynomial in b, £. [Sturmfels, '95]
> Example:
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» Enumeration again amounts to counting integer pomts in convex polyhedra:

k = #edges(s) + #cycles(s) 110110
( ) A 001100
. Kxezh:(§:9)x=(xv%0 111001
(2b) _ .
Mg @l k; , )] —- 000011
Bzz" B:<001000>
skeleton s 000001
with As the face-edge matrix and B, a cycle-edge enclosure matrix.
> ||M(2b)(£)|| is piecewise quasi-polynomial in b, £. [Sturmfels, '95]
> Example:
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» Enumeration again amounts to counting integer pomts in convex polyhedra:

k = #edges(s) + #cycles(s) 110110
( ) A 001100
. Kxezh:(§:9)x=(xv%0 111001
(2b) _ .
M @l k; , )] —- 000011
22" B=<001000>
skeleton s 000001
with As the face-edge matrix and B, a cycle-edge enclosure matrix.
> ||M(2b)(£)|| is piecewise quasi-polynomial in b, £. [Sturmfels, '95]
> Example:
bl#
M (2,2,2,2) = @ @ E 0[15
119
bl#
(217) 0120
b=0 3 b=1 b=2- 2|2

> How about [|M$))(€)| = & + B+ 3+ 63 —3b> —3b— 17



» Enumeration again amounts to counting integer pomts in convex polyhedra:

k = #edges(s) + #cycles(s) 11 01
» Kxezh:(§:9)x=(xv%0 1110
[ME @)= > ( ) 0000
keloron s |Aut(s)] -
312" B :<o 010
skeleton s 0000
with As the face-edge matrix and B, a cycle-edge enclosure matrix.
> ||M(2b)(£)|| is piecewise quasi-polynomial in b, £. [Sturmfels, '95]
> Example:
Ll #
M (2,2,2,2) = 01515
119 9
P i | 2/0-3
bl#
(217) 0120 20
setosn- o g - @
b b=1 o b=2700 2122

> How about I[N (€)]| = & + 3+ 63 + 6 — 36> — 3b — 1?7 Almost. .

OO = OO

O == OO



NER(®) = IO — Lggo, nza, 1= —tr=t}

)" 4izb20)
is polynomial in b,é%, ..., 02 of degree 3g — 3+ n in 2%, L2
Né,z_f)=17 Né?f)=€§+£§+e§+z§—3b2—3b—1
UEEEY RGN

(2‘{ +£g) + 1—126%55 - é(é% +Z§) — %(b4+2b3—b2—2b—2)
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Theorem (TB, '20)

NED () = IXED @) — Ligoo, n>a, o= eyt LFL(=1)"

is polynomial in b,Z%, ..., 02 of degree 3g — 3+ n in Z%, o2

n-

¢ >b>0)

’Vé,a =1, N(g,zf):€2+f2+€2+€if3b273b71
N =L L, N =L@ +d)+ 5686 -1E+8) -
Theorem (TB, '20)

The polynomials satlsfy str/ng and “dilaton” equatlons

N2 (£,1) = ZszNg"(zu k—ZZN )

j=1 k=b+1

NP (6,1) = N7 1 (£,0) = (26 — 2+ m)N <2”>(e)

(bt 4263 =52 — 26 -2).

(“string”)

(“dilaton”)




Theorem (TB, '20)

NED (@) = IXED @I — 1igz0, nm4, tym-mtyy E52(~1)"

is polynomial in b,Z%, ..., 02 of degree 3g — 3+ n in Z%, o2

n-

(¢ > b>0)

’Vé,a =1, N(g,zf):€2+€2+€2+€if3b273b71
N =L@ L N = L)+ LBE - LB+ B) -
Theorem (TB, '20)

The polynomials sat:sfy strmg and “dilaton” equat:ons

N2 (£,1) = ZszNg"(uZ kszN )

Jj=1 k=b+1

NP (e,1) — NCP) L (£,0) = (2g — 2+ n)/v(2”)(e).

(bt 4263 =52 — 26 -2).

(“string”)

(“dilaton”)

> As before they uniquely determine Ng,e) for g =0,1.



Theorem (TB, '20)

NED () = [ MED @) — Ligmo, n3a, 1= mtympy TG (=1)"

is polynomial in b, €2, ... (2 of degree 3g — 3+ nin £2,...,¢2.

i > b>0)

NG =1, NG =G+ B+ B+ -3 -3b-1
N =L L, N =L@ +d)+ 5686 -1E+8) -

Theorem (TB, '20)

The polynomials sat:sfy strmg and “dilaton” equat:ons

Ngszrlel) ZszNgn(lu k*ZZNgn ,

Jj=1 k=b+1

N (6,1) — N, (£,0) = (26 — 2 + n)/vé?’;)(e).

(b4+2b3 b —2b-2).

(“string”)

(“dilaton”)

> As before they uniquely determine Ng,[:) for g =0,1.

» Note that when b > 1 a combinatorial interpretation of £,.1 = 0, 1 is problematic.
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[Bouttier, Guitter, "13]



Proof outline: “generating functionology”

1.

2.

IMED O = g5, P8 Do

Relate partition functions with/without degree-1 vertices via F (x(x)) = 2b (x)

. Substitution approach: relate Fg( )(x) to partition function of arbitrary maps Fg( (x).

[Bouttier, Guitter, '13]

. Extract F (x) from topological recursion. [Eynard, '16]



Proof outline: “generating functionology”
LMD O = g5 g Fe 0o

2. Relate partition functions with/without degree-1 vertices via F (x(x)) = 2b (x)

3. Substitution approach: relate Fé )(x) to partition function of arbitrary maps Fg( (x).
[Bouttier, Guitter, "13]

4. Extract F (x) from topological recursion. [Eynard, '16]
5. Combine and massage: F( )()“() = ]-'gb)(R(zb),8R(2b),88§(2b), ...) forg >1,

where 0 = aA and R(Qb)( ) is determined by
+1,
J(bir) = Z( T (b—m)b—m—1)
J(b; RCP)) =3~ %0 (b, £; RPY), Gsmep L
ez;:, Ibtir) =3 e I @ = (b-m))
p>0 0<m<p
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Proof outline: “generating functionology”

1.

2.

I

6.

IMED O = g5, P8 Do

Relate partition functions with/without degree-1 vertices via F (x(x)) = 2b (x)

. Substitution approach: relate Fé )(x) to partition function of arbitrary maps Fg( (x).

[Bouttier, Guitter, "13]

. Extract F (x) from topological recursion. [Eynard, '16]

. Combine and massage: F( )()“() = ]-'gb)(R(zb),8R(2b),88§(2b), ...) forg >1,

where 0 = aA and R(Qb)( ) is determined by

polynomial in b

J(bir) = Z( .}F’,"T)’.” [T ¢-mp-m-1

b RCP)) =3 " % 1(b, & R)), Gemep
ez;; Ibtir) =3 e I @ = (b-m))
p>0 0<m<p
polynomial in b, £2
o A(zb)| is polynomial and R(2b) satisfies differential “string and

B%g, - 0%e, £=0
dilation” identities.

| N

2b+2



Substitution approach [Bouttier, Guitter, '13]
Proposition (Bouttier, Guitter, '13 & TB '20)

3 formal power series XI.(2b)(xb7 Xpi1,---),0 =1,..., b, such that (Fézeb) =8 F(Zb))

2%, 0

8= 0: Fé?gb)(xb: Xb+1) - - ) = Fé?g(xl(Zb)7 X2(2b)» coap X[E2b)7 Xb+15 Xb+25 - - )

g Z 1: Fézb)(xb, Xp+1;5 - - ) = Fg(o)(Xl(Zb), X2(2b), “eay XIEZb), Xp+15 Xb+425 - « )

2-irreducible 4-irreducible

20
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Substitution approach [Bouttier, Guitter, '13]
Proposition (Bouttier, Guitter, '13 & TB '20)

3 formal power series XI.(2b)(xb7 Xpi1,---),0 =1,..., b, such that (Fézeb) =8 F(Zb))

2%, 0

8= 0: FéYZ[b)(sz Xb+1) - - ) = Fé?g(xl(Zb)7 X2(2b)» coap X[52b)7 Xb+15 Xb+25 - - )
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Substitution approach [Bouttier, Guitter, '13]
Proposition (Bouttier, Guitter, '13 & TB '20)

3 formal power series X (xb7 Xpi1,---),0 =1,..., b, such that (Fézeb) = 6??[ FéZb))
0) 2b 2b
g:O: FO,@ (Xb7Xb+17"')_F( (X ( )$7X[5 )7Xb+17xb+27"')
(2b)

g>1: FP 06, xpr1,...) = FO(XP) ~-7X[E2b)7><b+1,><b+2,-~)

2-irreducible 4-irreducible

X

) — Cat(b)

F2(0, 2, ..

oy ™20, dy,..) = FSQESD(0,4,...) — Cat(h), &4, )
» Formal series inversion Fézlf*z)(o7 Xlgzb)()?m)?b-uv o), Rpy1, - - ) — Cat(b) = %
gives:
26) s o 2b—2) N
Fé,z)(xb7><b+1,- )—F( 10, X (R, 641, - )y Rpy1,e) = -+

F(O (X(2b (2b) "~aXt(,2b)7Xb+l»Xb+27"‘)'



Substitution approach [Bouttier, Guitter, '13]
Proposition (Bouttier, Guitter, '13 & TB '20)

3 formal power series X (Xb,Xb+1, ...),i=1,... b, such that (Fézeb) = 8??[ Fézb))
(2b) 0) 2b 2b
g:O: FO,@ (Xb7Xb+1"")_F( (X ( )$7Xt(, )7Xb+17xb+27"')
b (2b) b b
g>1: F& 0%, xp11,...) = F (X2 (2 ) XPP) X1, Xby2 )

2-irreducible 4-irreducible

Fyw2(0,d,...) — Cat(b)
F272(0,4,...) = F2(F2(0,4,...) — Cat(h), ps1,-..)
> Formal series inversion Féz{ffz)(()’ ngzb)()?bﬁ?wh ), Rby1,...) — Cat(b) = R

gives:
b)e o b— o o .
Fé?g)(xb7xb+1,- )ff:(2 2(0 X( )(Xb7Xb+1a---)7Xb+17---):"'
0),v(2b) (2b 2b
=F<§,e(X1( VXD X Xt X, ).

> Substitution in higher genus is simpler: no need to distinguish a face to determine
inside/outside of cycle,

b o (2b—2) R
Fs )(Xb7Xb+1,~~-)= (o, X O (Rby K415+ s Rbts - - )



» According to topological recursion F (x) is expressed in terms of certain

moments Mp(x): [Ambjgrn, Chekhov, Krlstjansen Makeenko, '93] [Eynard, '16]
1 polynomial 1 M M

FO =" logMy, FO="Pg =2 EE ) (g>2)
12 Mo’ Mo™ Mo

2k+p+1 k 2j—1 ik |

Mp=1p0- > ( JUR™, U= (77 YR, U= R-1
P p=0 I;. 2p+ 1 k ) k Jg; N e $j ) 0



» According to topological recursion F (x) is expressed in terms of certain
moments Mp(x): [Ambjgrn, Chekhov, KrlstJansen Makeenko, '93] [Eynard, '16]

1 polynomial 1 M M
~~ _
FO = —logmy, FO="pP — == 3) (g>2)

12 € 7 T8\ My My T M

- 2k+p+1 _ _ 2j =1\ L
Mp_lp:o_kz:x( 2p+1 )UkR g Uk_,-g;(jJrk)XlRﬁk’ Uo=FR—-1

> Substituting x — x(X) and X; — Xi(2b), i=1,...,b:

Proposition (TB, '20)
The partition functions of 2b-irreducible maps with no degree-1 vertices are given by

o9 plab) _ f%(ﬂ(;)r 1(b, €1, r)I(b,¢2,r)
0%, 0%y, - (1 4L r)2b+1
polynom/al

~(2b 1 S ~(2b 1 My Mag—3
Ef )=fﬁlogM0, FS )_Pg<m M#> (g>2)
b Mo o
I%l—b polynomial
M= ———"T,(b,R,0R,--- ,0PTTR), (R=R(Y 5= _2)
P (9R)2p+1 P 2%,

To=1, Ty = 2b(b—1)(8R)> — 2RO°R, T =

( 1)P+1,,P

A(2b)y A(2b) A = o= H E=al=m=s
J(b; R = Re 1(b, ¢; R p=1 0<m<p—1
( ) ZXZ;)XZ ( ) I(b, & r) :Z (p|)2 H (2 — (b— m)?)

p>0 0<m<p




String and dilaton equation

polynomial

2(2b) 1 ~ 2(2b) 1 M Msg—3
F. =——Io I\/I7 = TRy TR ey T A 22
1 12 g Vip g g(MO o o ) (& )
ﬁl b polynomial
& - =~ a A A a a
Mp= < T,(b,R,8R, - ,0PTIR), J(b; RCD) = 3" %, 1(b, £; RC?)
(6R)2p+1 £>b
> May formally extend R?), 11, F{*®) to include variables %o, . .., %_1:

J(b R@DY = 37 % 1(b, ; RCD).
e>po



String and dilaton equation

polynomial

2(2b) 1 ~ 2(2b) 1 M Msg—3
F. =——Io I\/’7 = TRy TR ey T A 22
1 12 g Vip g g(MO o o ) (& )
ﬁl b polynomial
& - =~ a A A a a
Mp= < T,(b,R,8R, - ,0PTIR), J(b; RCD) = 3" %, 1(b, £; RC?)
(6R)2p+1 £>b
> May formally extend R?), 11, F{*®) to include variables %o, . .., %_1:

J(b R@DY = 37 % 1(b, ; RCD).
e>po
» Then the string and dilaton equations (for g > 1) are equivalent to

DS”I:'ng) =0, (DI — 2g + 2)I:_g(2b) = const

R BN 0 ., 0 ., D
pst _:a—zx‘g (—za& +§2k8;{k —sz - )

=0 k=1 o 9%
pil 00
T ok 0% = t 9%,



String and dilaton equation

n polynomial 1 M M
2(2b) -~ £@2b) T 1 3g—3
Fy —*Ek’g’\/’m e = P, (’\7’70’/\;7707”.170) (g >2)

~ polynomial
RI=b "~ . . a a | . N
@R To(b,R,0R, - ,0PTIR),  J(b; RC)) = g;)x[ I(b, €; RP))

M, =

» May formally extend R(2b), I\h,, ( b) to include variables Xp, ..., Xp_1:

J(b R@DY = 37 % 1(b, ; RCD).
e>po
» Then the string and dilaton equations (for g > 1) are equivalent to

DS”I:'ng) =0, (DI — 2g + 2)I:_g(2b) = const

0 > 0

D 3:7A—Z>A<e - k— )
0x1 = OXk

=0

il 00 0

0%1 0% 0%y
» This is proved by explicit computation:
DstrR(d) R(d) DYilR R(d) — 0, DstrA’),P =0, pdil ,\'/‘,P — 7,\7IP'



Irreducible metric maps: the limit b — oo

» A metric map is a map with vertices of degree > 3 and positive real lengths
(0e)ecEdges associated to its edges.




Irreducible metric maps: the limit b — oo

» A metric map is a map with vertices of degree > 3 and positive real lengths
(0e)ecEdges associated to its edges.

> A metric map is (essentially) 27-irreducible if each contractible cycle has length
> 27 with equality only if it bounds a face of circumference 2. Let

Mgf,,t = {essentially 27-irreducible genus-g maps with n labeled faces}




Irreducible metric maps: the limit b — oo

» A metric map is a map with vertices of degree > 3 and positive real lengths
(0e)ecEdges associated to its edges.

> A metric map is (essentially) 27-irreducible if each contractible cycle has length
> 27 with equality only if it bounds a face of circumference 27. Let

ge,f = {essentially 27-irreducible genus-g maps with n labeled faces}

max # edges

———
» Has a natural measure Leb: (3n+ 6g — 6)-dimensional Lebesgue measure
HeEEdges dfe on length assignments = supported on the cubic maps.




Irreducible metric maps: the limit b — oo

» A metric map is a map with vertices of degree > 3 and positive real lengths
(0e)ecEdges associated to its edges.

> A metric map is (essentially) 27-irreducible if each contractible cycle has length
> 27 with equality only if it bounds a face of circumference 27. Let

g‘f,f = {essentially 27-irreducible genus-g maps with n labeled faces}

max # edges

» Has a natural measure Leb: (3n+ 6g — 6)-dimensional Lebesgue measure
HeEEdges dfe on length assignments = supported on the cubic maps.

> If Circ : MZ$ — [2m,00)" denotes the face circumferences, then

CircaLeb = V"5 (a1, ..., o) dog - - - dap.

Lebesgue volume subject to face constraints

SR



» Every 2b-irreducible map naturally describes a 27-irreducible metric map:
01

p)
2b-irreducible map 27-irreducible metric map



» Every 2b-irreducible map naturally describes a 27-irreducible metric map:
L 0,

O = T 2e
24 —> 0 06

p)
2b-irreducible map 27-irreducible metric map



» Every 2b-irreducible map naturally describes a 27-irreducible metric map:
T

L 0
A~ 1
O = T 2e
Ty —> 0 3
p)
2b-irreducible map 27-irreducible metric map

» As b — oo the counting measure approaches the Lebesgue measure, therefore

Proposition (TB, '20)

met _ 2m \2n+6g—6 [{y(2b) ¢ b b
Ven (al""’a")_bimoo(f) €% Ngon' (5701, 5 52 0n).
In particular, it is a polynomial of degree n+ 3g — 3 in a%, s, 02,
V()",‘éEt =1, VO",‘Et =a?4 a3+ a3 +a3 — 1272

1, 1,2, 22 2 4
Vit = o9 VISt = 3 (af + a3)® — 37



Weil-Petersson volumes

» Consider the Moduli space

hyp(yy _ J hyperbolic metrics on genus-g surface with n geodesic
ng,,(L) - { boundary components of lengths Ly,..., L, /lsom.

L )
MEP(L) 2 MPP(L)

Ly
L



Weil-Petersson volumes

» Consider the Moduli space

hyp(yy _ J hyperbolic metrics on genus-g surface with n geodesic
ng,,(L) - { boundary components of lengths Ly,..., L, /lsom.

L 1,
MEP(L) 2 MPP(L)

> |t is an orbifold of real dimension 6g — 6 + 2n with a natural Weil-Petersson
volume measure.



Weil-Petersson volumes

» Consider the Moduli space

hyp(yy _ J hyperbolic metrics on genus-g surface with n geodesic
Mgh(L) = { boundary components of lengths L1,..., L, /lsom.

M) & W MW

L @Ll
3

> |t is an orbifold of real dimension 6g — 6 + 2n with a natural Weil-Petersson
volume measure.

» Computing the total Weil-Petersson volume Vhyp(L) of Mhyp(L) is a famous
problem with connections to matrix models, intersection numbers, KdV
hierarchies, . ... [Wolpert, Penner, Zograf, Witten, Kontsevich, Mirzakhani, ...]



Weil-Petersson volumes

» Consider the Moduli space

ngﬁ(L) _ { hyperbolic metrics on genus-g surface with n geodesic }/Isom.

boundary components of lengths Li,..., L,
hyp L hyp
MEP(L) 2 MPPL)
L @Ll
3

> |t is an orbifold of real dimension 6g — 6 + 2n with a natural Weil-Petersson
volume measure.

» Computing the total Weil-Petersson volume Vgh’y,?(L) of MQXE(L) is a famous
problem with connections to matrix models, intersection numbers, KdV
hierarchies, . ... [Wolpert, Penner, Zograf, Witten, Kontsevich, Mirzakhani, ...]

» Fully settled by Mirzakhani in '05:

Theorem (Mirzakhani, '05)

Vé"y,f’ (L) satisfies a (topological) recursion formula. In particular, Vgh;‘;'," (L) is
polynomial in L%, ..., L2 of degree n +3g — 3.




hy
VYP

Q 5
V(L) = (L3 + 13 +L§+Lz +2n2

VIP(L) =

@

VISP(L) = 1h5(L3 + L3 + 4n2)(L3 + L3 + 1272)



L
Vot =1 VIEP@L) =1 LQL”
L
2
Vmet_a1+a2+a3+a47127r L@;

VaSP(L) = L(L3 + L3 + L3 + L3) + 22

met — 1.2 hyp —
- Zal Vl’l (L) -
yymet = 1 2.4
= g(ef +a3)? - 2n

VISP(L) = 15(L3 + L3 + 4n?)(L3 + L3 + 127%)

%

ﬂ)

i

» The Weil-Petersson volumes and 27-irreducible metric map volumes look similar.
Are they related?



» For g = 0,1 the polynomials ngjt are determined by string and dilaton equations:

n o
'
met met
Vg’n+1(a1,...,an,0):2 E / daj a; Vg, (a1, .., an)
j=1 27

82 met

ﬁf(m, <o,an,0) =2(n+2g — 2)Vg",]it(0417 <o Q).
n



» For g = 0,1 the polynomials ngjt are determined by string and dilaton equations:

n o
'
met met
Vg’n+1(a1,...,an,0):2 E / daj a; Vg, (a1, .., an)
j=1 27

82 met

ﬁf(m, <o,an,0) =2(n+2g — 2)Vg",]it(0417 <o Q).
n

» The same is true for Weil-Petersson volumes: [Do, Norbury, '09]

n L;
h . J
ng'r’,’+1(L1,...,L,,,2m):Z/o dL; LiVP(Ly,. .., Ln)
=1

hyp

oV,
— 8" (L, Lo, 2mi) = 2mi(n + 2 — 2)VI¥P(La, ..., Ln).
8LnJrl Y



» For g = 0,1 the polynomials ngjt are determined by string and dilaton equations:

n o
'
met met
Vg’n+1(a1,...,an,0):2 E / daj a; Vg, (a1, .., an)
j=1 27

82 met

ﬁf(m, <o,an,0) =2(n+2g — 2)Vg",]it(0417 <o Q).
n

» The same is true for Weil-Petersson volumes: [Do, Norbury, '09]

n L;
h . J
ng'r’,’+1(L1,...,L,,,27rl):Z/o dL; LiVP(Ly,. .., Ln)
=1

avie |
,n . .
ﬁ(Ll, oy Lo 2mi) = 2mi(n + 2g — 2)VP(Ly, . .., Ln).

» Conclusion:

Theorem (TB, '20)

Forg=0,1, V7 (a1,...,an) = on+4g—3 Vgh’y,f’ (\/af — 472, ... ,\/a,% —47r2) .




» For g = 0,1 the polynomials ngjt are determined by string and dilaton equations:

n o
'
met met
Vg’n+1(a1,...,an,0):2 E / daj a; Vg, (a1, .., an)
j=1 27

82 met

ﬁf(m, <o,an,0) =2(n+2g — 2)Vg",]it(0417 <o Q).
n

» The same is true for Weil-Petersson volumes: [Do, Norbury, '09]

n L;
h . J
ng'r’,’+1(L1,...,L,,,2m):Z/o dL; LiVP(Ly,. .., Ln)
=1

avie |
,n . .
ﬁ(h, oy Lo 2mi) = 2mi(n + 2g — 2)VP(Ly, . .., Ln).

» Conclusion:

Theorem (TB, '20)

Forg=0,1, V7 (a1,...,an) = 2nt4g—3 Vgh’y,f’ (\/af — 472 ... ,\/a,z, —47r2) .

» Unfortunately: not valid for g > 2. Can pinpoint precisely where deviation occurs
in generating functions (in the moments M, for p > 1).



Bijective/geometric explanation?

Vmet(ah B a") = 2nthe3 V;/Y'TP (\/a% - 47r2’ R} \/a% - 47r2) (g =0, 1)

» Understood in L; = oc — 471‘2 — oo limit. [Witten, '91] [Kontsevich, '95] [Do, '11]

(L} =



Bijective/geometric explanation?

VP (a, ..., o) = 2"H983 VP (\/af —4n2 ... ,\/ag —47r2) (g=0,1)

» Understood in L; = \/a% — 472 — oo limit. [Witten, '91] [Kontsevich, '95] [Do, '11]

O e . - gl

» How about L; — 0 and g = 07

Sy

27r-1rredu(:1ble

h
21,2 — on— 3VYP



Bijection via ideal hyperbolic polyhedra [Rivin, '92 + '96] [Charbonnier, David, Eynard
» Combining two bijections of Rivin. ..

,'17]

n points on sphere modulo
Mobius transformations
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n points on sphere modulo
Mobius transformations
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Bijection via ideal hyperbolic polyhedra [Rivin, '92 + '96] [Charbonnier, David, Eynard, '17]
» Combining two bijections of Rivin. ..

Voronoi

-—

[Rivin, "96]

convex hull
—

[Rivin, '92]
27-irreducible map with
n faces of circumference 2w

n points on sphere modulo

Mobius transformations

hyperbolic surface with n cusps



Bijection via ideal hyperbolic polyhedra [Rivin, '92 + '96] [Charbonnier, David, Eynard, '17]
» Combining two bijections of Rivin. ..

Voronoi

-—

[Rivin, "96]

27-irreducible map with

n faces of circumference 2w

n points on sphere modulo

Mobius transformations
> ...determines a bijection MT(2r, ..., 2m) +— MP(0,

hyperbolic surface with n cusps
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Bijection via ideal hyperbolic polyhedra [Rivin, '92 + '96] [Charbonnier, David, Eynard, '17]
» Combining two bijections of Rivin. ..

Voronoi

-—

[Rivin, "96]

27-irreducible map with

n faces of circumference 2w

n points on sphere modulo

Mobius transformations
> ...determines a bijection MT(2r, ..., 2m) +— MP(0,

hyperbolic surface with n cusps
» The Lebesgue measure on Mg“ff(27r, ...,2m) agrees with the Weil-Petersson

..,0).

measure on ngﬁ(o, ...,0). [Charbonnier, David, Eynard, '17] [TB, Charbonnier, '20+]




Bijection via ideal hyperbolic polyhedra [Rivin, '92 + '96] [Charbonnier, David, Eynard, '17]

» Combining two bijections of Rivin. ..

Voronoi
-—

[Rivin, "96]

27-irreducible map with

n points on sphere modulo
n faces of circumference 27

Mobius transformations
> ...determines a bijection MT(2r, ..., 2m) +— MP(0,

hyperbolic surface with n cusps

..,0).
» The Lebesgue measure on Mg“ff(27r, ...,2m) agrees with the Weil-Petersson
measure on MBYE(O, ...,0). [Charbonnier, David, Eynard, '17] [TB, Charbonnier, '20+]

» More to the story: tree bijections for irreducible planar maps [Bernardi, Fusy, '12]
[Albenque, Poulalhon, '13] [Bouttier, Guitter, '13] have nice analogues for irreducible
planar metric maps and hyperbolic punctured spheres [TB, Charbonnier, '20+].




Open questions
1. Both Vgh,y,’,’ and I\Alg,)z, satisfy beautiful topological recursions [Mirzakhani, '05] [Eynard,
Orantin, '07] [Norbury, '08]. Is there a topological recursion for Nézg) or Vg”"f,t?
2. Is there a bijective explanation for the relation between V"5'(x) and Vh’y,?(L) for
L € (0,00)"?
3. The coefficients of V;}',f store intersection numbers on moduli spaces of curves. Is
the same true for the coefficients of V"3t?



Open questions
1. Both Vh and N( 2, satisfy beautiful topological recursions [Mirzakhani, '05] [Eynard,

Orantin, '07] [Norbury, '08]. Is there a topological recursion for Néy,.,) or Vmet?

2. Is there a bijective explanation for the relation between V" (cx) and VP (L) for
L € (0,00)"?

3. The coefficients of VhyP store intersection numbers on moduli spaces of curves. Is
the same true for the coefficients of Ve

Thanks!

uniform in Mg?’ﬁl (0) uniform in Mg'§40(27)
dual triangulation



