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The partition function of hyperbolic surfaces: WP volumes

[Wolpert, Penner, Zograf, Witten, Kontsevich, Mirzakhani, . . . ]

▶ Consider the Moduli space

Mg,n(L) =

{
hyperbolic metrics on genus-g surface with n
geodesic boundaries of lengths L = (L1, . . . , Ln)

}
/Diff+

▶ Carries natural Weil-Petersson volume form µWP.
In local Fenchel-Nielsen length & twist coordinates ℓ1, τ 1, . . . , ℓ3g−3+n, τ 3g−3+n it is

µWP = 23−3g−n dℓ1dτ 1 · · ·dℓ3g−3+ndτ 3g−3+n. [Wolpert, ’82]

▶ Weil-Petersson volume: Vg,n(L) :=
∫
Mg,n(L)

µWP is a polynomial in L2
1, . . . , L

2
n, π

2. [Mirzakhani, ’07]

▶ Examples: V0,3(L) = 1, V0,4(L) =
1
2
(L2

1 + L2
2 + L2

3 + L2
4) + 2π2,

V1,2(L) =
1

192
(L2

1 + L2
2 + 4π2)(L2

1 + L2
2 + 12π2).
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Bipartite maps on surfaces
▶ (grand canonical) partition function

Gg (q) =
∑
n≥1

1

n!

∞∑
d1=1

qdi · · ·
∞∑

dn=1

qdn#
{
genus-g maps with
face degrees 2d1, . . . , 2dn

}

▶ String equation for R = ∂G0
∂q0∂q1

:

R = 1 +
∞∑
k=1

(
2k − 1

k

)
q2kR

k

Hyperbolic surfaces

▶ (grand canonical) partition function

Fg [q] =
∑
n≥1

1

n!

∫ ∞

0

dq(L1) · · ·
∫ ∞

0

dq(Ln)Vg,n(L)

▶ String equation for R = δF0
δq(0)2

:

R =
∞∑
k=0

2k−1

k!
(tk + γk)R

k
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Bouttier–Di Francesco–Guitter bijection [BDFG, ’04]{
rooted bipartite planar maps
with marked vertex (“origin”)

}
2-to-1←−−→

{
mobiles (bicolored plane trees
with labeled white vertices)

}

BDFG

▶ Face of degree 2k ←→ Black vertex of degree k.

R = 0○ +
∞∑
k=1

q2k
∑
labels

= 1 +
∞∑
k=1

q2k

(
2k − 1

k

)
Rk ,

▶ Vertex with k (left-most) geodesics of length r > 0 to origin ←→ White vertex of degree k
and label r − rroot.
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Tree in a hyperbolic surface?

▶ Extend boundaries with hyperbolic cylinders.
▶ Determine cut-locus/spine of origin ⋆: points with more than one shortest geodesic to ⋆.

[Bowditch, Epstein, ’88]

▶ Result is a plane tree: boundary/cusp ←→ white vertex.
▶ Note: spine edges can meet in cylinders!
▶ Can we label the tree to make a bijection?
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Labels: angles on half edges

▶ The surface is canonically triangulated by

▶ for each spine edge: triangle with angles φi , φj , 0 (so φi + φj < π)

and its reflection (angle is zero if
incident to white vertex);

▶ for each corner of white vertex: an ideal wedge.

▶ Gluing of triangles is unique, except for bi-infinite sides: need extra parameters for injectivity.
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Labels: geometry around boundary

▶ Consider boundary region in H

, unique up to scaling if geodesic aligned with imaginary axis.

▶ Geodesic is partitioned into intervals: w1 + t1 + · · ·+ wk + tk = L.

▶ Uniquely characterizes geometry,

provided horocycles match up: w1 − t1 + · · ·+ wk − tk = 0.

▶ Label vertex of degree k corresponding to boundary of length L by
{(wi , ti )

k
i=1 :

∑k
i=1 wi =

∑k
i=1 ti =

L
2
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Bijective result

▶ For tree t with n white vertices (deg ≥ 1) and red vertices (deg ≥ 3),

At(L1, . . . , Ln) = {(ϕi , ti ,wi ) : ϕi > 0, ti ≥ 0,wi > 0, constraints above}.

Theorem (TB, Meeusen, Zonneveld, ’23+)

This determines a bijection

Φn :M0,n+1(0, L1, . . . , Ln)←→
⊔
t

At(L1, . . . , Ln).

▶ dimAt = dimM0,n+1 ⇐⇒ deg(•) = 3 and deg(◦i ) = 1 if Li = 0.
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Weil-Petersson measure

Theorem (TB, Meeusen, Zonneveld, ’23+)

The push-forward of the WP volume is simply the Euclidean volume on the polytope At ⊂ R2n−4,

Φ∗µWP =
∏
◦

2k−1dw1dt1 · · ·dwk−1dtk−1

∏
•

2dϕ1dϕ2.

▶ Proof idea: starting point is WP Poisson structure expressed in shear coordinates of ideal
triangulation [Fock, ’93] [Checkhov, Penner, ’04]

▶ Express Poisson structure in (φi , ti ,wi ) and extract associated measure.

▶ Consequence: Vol(At) ∝
∏

◦ L
2 deg ◦−2
◦

∏
• π

2 =⇒ V0,n =
∑

t Vol(At) = polynomial in π2, L2
i .
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WP volume generating function

▶ Why does R =
∑

n≥1
1
n!

∫∞
0

dq(L1) · · ·dq(Ln)V
WP
0,n+2(0, 0,L) satisfy

R =
∞∑
k=0

2k−1

k!
tkR

k +
∞∑
k=2

2k−1

k!
γkR

k , tk = 2
k!

∫ ∞

0

(
L
2

)2k
dq(L), γk =

(−1)kπ2k−2

(k − 1)!
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WP volume of blue vertices

▶ The reversed condition φi + φj > π is simpler, because WP volume is independent of tree
structure:

▶ Find a full combinatorial explanation for the string equation and disk generating function

W (L) =
∑
n≥1

1

n!

∫ ∞

0

[ n∏
i=1

dq(Li )
]
VWP

0,n+2(0, L, L1, L2, . . .)

=
∞∑
k=1

2k−1 1

k!(k − 1)!

(
L

2

)2k−2

Rk =

√
2R

L
I1(L
√
2R).
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Not just volumes: geodesic distance control!

▶ Consider the distance-dependent generating function of triply-cusped surfaces

X (u) =
∞∑
n=0

1

n!

∫ ∞

0

[ n∏
i=1

dq(Li )
] ∫

Mn+3(0,0,0,L)

e2u(d1−d2)dµWP.

Theorem (TB, Meeusen, Zonneveld, ’23+)

X (u) =
sin 2πu

πy(u)
, y(u) = [u≥0]

1

π
sin 2πz −

∫ ∞

0

dq(L)
cosh Lz

z
, z =

√
u2 + 2R

▶ Singularity analysis: d1 − d2 ≈ n1/4 for n large.
▶ Random hyperbolic surface with n boundaries in same universality class as random triangulations

of size n? Hausdorff dimension 4?
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▶ Random hyperbolic surface with n boundaries in same universality class as random triangulations

of size n? Hausdorff dimension 4?
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Control on hyperbolic distances

▶ In the case of only cusps, q(L) = xδ(L), this is indeed true:

Theorem (TB, Curien, ’22+)

If Sn ∈M0,n(0) is sampled with probability density µWP/V0,n(0), then we have the convergence in
distribution of the random metric space in the Gromov–Prokhorov topology(

Sn,
dhyp

c n−1/4

)
(d)−−−→

n→∞
Brownian sphere, c = 2.339 . . . .

−→

▶ Same limit as uniform planar triangulations/quadrangulations! [Le Gall, ’10][Miermont, ’10]
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Topological recursion

X (u) =
sin 2πu

πy(u)
, z =

√
u2 + 2R

y(u) = [u≥0]
1

π
sin 2πz −

∫ ∞

0

dq(L)
cosh Lz

z
,

Theorem (TB, Zonneveld, ’23+)

The invariants ωg,n(z) of the curve (x(u) = u2, y(u)) with initial condition ω0,2(z) = (z1 − z2)
2 and

topological recursion

ωg,n(z) = Res
u→0

1

(z21 − u2)y(u)

[
ωg−1,n+1(u,−u, z{̂1}) +

∑
g1+g2=g

I⨿J={2,...,n}

ωg1,n1(u, zI )ωg2,n2(−u, zJ)

]

give the Laplace transforms of “Tight Weil–Petersson volumes” Tg,n(L1, . . . , Ln),

ωg,n(z) =

∫ ∞

0

dL1L1e
−z1L1 · · ·

∫ ∞

0

dLnLne
−znLnTg,n(L1, . . . , Ln).
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