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The Standard Model of particle physics is a very powerful model but has its limits. We studied the process
B~ — K~ vp, where the difference between the predicted branching ratio Breory (B~ — K~ vi) =
(5.58 +0.37) x 1075 and the measured branching ratio B, (B~ — K~ vi) = (2.3 +£0.7) x 107° leaves
room for physics beyond the Standard Model. To study two lepton-mediated backgrounds to the signal
process, we use the weak effective theory. We show that the kinematic dependence of the differential
branching ratio could be different in the case of new physics. Therefore a part of the analysis of the
experimental data on this background needs to be redone in order to take new physics into account.



Contents

[2.1  The Electromagnetic Force|

2.2 _The Weak Forces|
(2.3 Electroweak sector]
[2.4  Flavor Physics|

2.5 The GIM Mechanism|
[2.6  Decay Constants|

B Weak Effective Theory]
[3.1 Build the Weak Effective Theory|

[3.2 Extending the Theory Beyond the SM|

[ Background ProcessI: B~ — (~ [~ K _v[1]
|4.1  The Operators|
|4.2  Decay constants|
|4.3 The Amplitude|
|4.4 The Amplitude Squared|
|4.5 Interference Between Signal and Background Process ||
|4.6 The Branching Ratio|
|4.8  The Shape|
4.9 The Possible Contributions|

[5 Background processIl: B— — 70 [ K _v]{]
[5.1 The Operators|
5.2 B~ — 7” Form Factors|
[5.3 The Amplitude]
[5.4 The Amplitude Squared|
5.5 What's next?

[6__Conclusion|

|A Kinematics and Phase Space Elements|

12
13
14

15
16
17
19
22
24
24
26
28
29

31
32
33
34
36
37

38

42



IA.1  Gottfried-Jackson Frame|

IA.2 Signal Process: B~ — K~ vy

IA.3 Background Process |: B~ — 7 (— K v)y|
|A.4 Background Process Il: B~ — ¢~ (— K v)y|

B Interference Term|

[C The Matrix Elements of B~ — 70/ [» K 1] 1]

42
43
45
47

50

51



Chapter 1

Introduction

You and | and everything around us is made up of atoms. Atoms consist of a nucleus surrounded by
one or more electrons. These electrons seem to be indivisible: they are fundamental building blocks
of the universe. The nucleus, however, is built of protons and neutrons, which themselves are built
of quarks and some glue to hold them together. In turn, these quarks form fundamental building
blocks, and so do the particles - gluons - that make up the glue. The Standard Model is the theory
that describes how these and other fundamental particles in the universe interact. Many predictions
of the Standard Model have been tested thoroughly in several colliders throughout the years.

The Standard Model is one of the most successful theories in physics. It was able to predict several
properties, including particles such as the Higgs boson, that were later experimentally observed.
However, there are some things that the Standard Model cannot explain yet. For example, the Stan-
dard Model does not describe gravity. Also, the Standard Model does not predict unequal amounts
of matter and antimatter in the universe, but much more matter than antimatter is observed. In addi-
tion, as we look at the rotation of stars and galaxies in the universe, some mass appears to be missing.
There must be some particles that have mass that we are not yet able to detect. Therefore it is impor-
tant to test the Standard Model even further and search for new physics beyond the Standard Model.

In search of physics beyond the Standard Model|, this thesis focuses on the process B~ — K~ vi. B
is a bottom meson: a quark-antiquark pair of which the heaviest constituent is a bottom quark.
K is a kaon: a quark-antiquark pair of which the heaviest quark is a strange quark. » and v are,
respectively, a neutrino and an antineutrino.

B~ — K~viis a rare decay: the Standard Model branching ratio of the (B~ — K~vi) decay is
predicted in [1] to be Brheory(B~ — K~ vi) = (5.58 £ 0.37) x 10~°. Recently, the main contribution to
B~ — K~ vris measured at Belle Il to have a branching ratio of Bex, (B~ — K~ vi) = (2.3+0.7) x107°
[2]. This experimental result is 2.7 standard deviations above the Standard Model expectation.
It opens the door for new physics: imagine a new, rare interaction mediating, among others,
B~ — K~ vp. It would be easier to measure this interaction in a process where it contributes
significantly compared to a small Standard Model contribution and could therefore increase the
measurement. This possibility is researched in several papers, including [3] and [4].

Another possible explanation for this difference lies in the fact that the two final state neutrinos are
not reconstructed directly. Therefore the B~ meson could decay into a kaon and an undetectable



particle, mimicking the neutrinos. Candidates for such particles include an axionlike particle [5] [€]
or a dark-sector mediator [7], among others [8].

The prominent diagram for B~ — K~ v can be seen in Figure This diagram is called a
penguin diagram. In this case, the B~ — K~ vi loop-induced process is mediated by an up-type
quark and a W boson. For the rest of this thesis, this process is called the signal.

However, B~ — K~ v can also take place via leptonic decay, as can be seen in Figure
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The process, B~ — 7[— K~ v|p, which has a r as an intermediate state, is the most important
background to the signal. The general process B~ — ¢{[— K v]v will be called background process
I. We can see that the signal and background process | B~ — ¢[— K~ v|v have the same particle
composition in the end, and the only way to distinguish the two processes is through the kinematic
distribution of the Kaon. Since the processes cannot be distinguished from each other by particle
content, even in a perfect detector, the background is an irreducible background.



We now look at another diagram, B~ — %[~ K~v]y, as can be seen in Figure Since
the 7% is long-lived and carries no electromagnetic charge, it can easily be missed in a detec-
tor. Therefore, it too is a background to the signal. In an ideal world, with ideal detectors,
one could detect these particles, and the two processes would be distinguishable from one
another. Therefore, this process is called a reducible background. This process is similar to
background process | except that there is a pion in the final state. Due to the similarities in the
backgrounds, we choose to study this background additionally. It will be called background process Il.

In [9], the decay width of both the signal and the background is calculated using the Stan-
dard Model. Since we are looking for physics beyond the Standard Model, it is interesting to
determine the decay width in a way which includes all possible contributions beyond the Standard
Model, which are due to particles much heavier than the B~ meson. In [10] the signal is analyzed in
the Standard Model as well as in several new physics models. In this thesis, the backgrounds are
studied in the Standard Model and beyond, using a Weak Effective Theory.



Chapter 2

The Standard Model

In the Standard Model (SM), the signal as well as the background are described by electroweak
interactions. For this reason, this chapter will mainly focus on the electroweak properties of the SM,
and will not describe the rest of the SM, e.g., the strong force or the Higgs mechanism.

This chapter describes the electromagnetic and the weak force before describing how the
hypercharge force and the weak force are united in the SM. It dives a little deeper into flavor physics
before it describes some properties within the SM needed for our calculations.

2.1 The Electromagnetic Force

The SM is constructed with bosons and leptons. It contains several bosons: the electroweak bosons
W* and Z, photons v, the gluons g and H, and the Higgs boson. They couple with each other
and with a total of twelve fermions and their antifermions. For the electromagnetic force, the only
relevant boson is the photon +.

The photon « is the boson of the electromagnetic sector. It couples to all charged particles. This
includes all quarks, the charged leptons and the W boson.

There is only one interaction possible for the electromagnetic sector, shown in Figure The
particle the photon « couples with stays unchanged in this interaction.



2.2 The Weak Forces

The weak sector has three bosons: the charged bosons W+ and the neutral boson Z. The Z
boson couples as the photon does, but with different coupling strength to different fermions and
additionally it couples to the neutrinos v. As in the case of the photon, the Z cannot change the type
of particle it is interacting with.

Two important concepts to introduce in the context of the weak interaction are helicity and chirality.
The projection of the spin of a particle onto its momentum direction is called helicity. A particle is
called right-handed if the helicity of the particle is positive. If the helicity of the particle is negative,
the particle is called left-handed. Chirality is an intrinsic, Lorentz invariant property of a particle.
It denotes the particle’s preferred helicity. In the case of massless particles, these two coincide.
However, in the case of massive particles, the frame of reference may change the helicity of a
particle. The weak force only couples to particles with left-handed chirality.

The left- and right-handed fields can be found using the projection operators on a Dirac
spinor ¢

YL =Py Yr = Pri, (2.1)

where the projection operators are defined as

o _275 Pr— +275. (2.2)

The W particles are charged particles, one positively charged, the other negatively charged.
The W bosons couple to all fermions and all electroweak bosons. In all interactions in the SM,
electromagnetic charge is conserved. Since the W+ bosons are charged, the interactions pictured
above mediated by the Z and v bosons are only possible for the W= bosons if they are the particle
named X. Additionally, the interactions of the W= boson with the leptons change the particle the
W# boson interacts with into the lepton’s SU(2) doublet partner:

Vy U
Ly = QL= ; (2.3)

l d
L L

where u can be any up-type quark, d can be any down-type quark, and ¢ any type of lepton. The
subscript L denotes the left-handedness of the particles.
The interactions of the Z and W¥ bosons stated above are shown in Figure[2.2]
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2.3 Electroweak sector

The electroweak sector in the SM combines and describes the combination of the electromagnetic
sector and the weak sector into one SU(2)., x U(1)y gauge group. The bosons in this group are W1,
W2, W3 and B.

Due to the Higgs mechanism, electroweak symmetry breaking occurs spontaneously. This symmetry
breaking has several important consequences. Firstly, the four bosons of the SU(2),, x U(1)y gauge
group recombine to form the bosons in the electromagnetic and the weak force in the following

way:
1 . 2
Wt = W xw* (2.4)
V2
Z = cosly W3 — sinfy B (2.5)
v = sinfy W3 + cosbw B, (2.6)

where 0y is the weak mixing angle. These combinations give back the known U(1) gw gauge group
again.

After electroweak symmetry breaking, the W+ and the Z bosons have mass, whereas the v boson
remains massless. The W boson has a mass of 80.377 4+ 0.012 GeV. The Z boson has a mass of
91.1876 £ 0.0021 GeV.[11]
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2.4 Flavor Physics

In the SM, the quarks come in three different flavors. The up-type quarks are u, ¢, and ¢ and are
usually called up, charm, and top respectively. The down-type quarks are d, s, and b and are usually
called down, strange, and bottom respectively. The W* boson couples with the SU(2);, doublets
stated in equation[2.3] So, in principle, the W* couples the u only to the d. However, the interaction
eigenstates with which the W+ boson couples are not the same as the mass eigenstates. Therefore,
there are interactions possible in which a W+ boson changes any up-type quark to any down-type
quark. The coupling strengths of the W¥ interactions are represented in the CKM matrix. Their
numerical values [11] are measured to be

|Vud| |Vus| |Vub|
Verm| = | |Vial  [Ves| Ve (2.7)

Vial - [Vis| [Vl

0.97435 £ 0.00016  0.22500 = 0.00067  0.00369 == 0.00011
= [ 0.22486 £ 0.00067 0.97349 4+ 0.00016  0.0418270-500%% | . (2.8)

0.00020 0.00083 0.000031
0.0085710 0oo1e 0.0411075 00055 0.9991187 5005056

Processes like these, that change the flavor and the charge of the quark, are called flavor-changing
charged-current (FCCC) interactions. Processes that change the flavor of a quark without changing the
charge are called flavor-changing neutral-current (FCNC) interactions. Unlike the FCCC interactions,
FCNC interactions cannot happen at tree level in the SM since the Z boson does not change flavor.
In the SM, FCNC interactions take place in loop diagrams involving a W* boson. An example of such
a process can be seen in Figure[2.3]

2.5 The GIM Mechanism

The dominant contribution to B — Kvw is the signal process, as displayed in Figure[1.1] Due to the
absence of tree-level FCNC interactions, there is a loop in this process. This loop can contain all
different up-type quarks. The GIM mechanism as proposed in [12] states that in loop decays the
amplitude is proportional to %[13], where m; is the mass of the quark in the loop. Therefore the

10 |



total amplitude calculated from this diagram is proportional to

m2
Mo 3 Ve Vi, (2.9)

i=u,c,t w

The CKM matrix is a unitary matrix. From this follows that

Z Viy Vie = 0.
1=u,c,t
Several things arise from this that are important for this thesis. Firstly, the m;-independent term of
this loop amplitude would diverge, but the unitarity of the CKM matrix guarantees that this term is
2

m

zero. Secondly, there is a suppression of order ;- to the amplitude. The rate of this process is tiny
w
and the decay is very hard to observe, due to the loop-suppression.

Lastly the amplitude scales with m? of the internal quark. Due to this, the decay rate is more sensitive
to the heavier quarks. This ensures that the up-type quark in the loop-induced signal process is
usually a top quark.

2.6 Decay Constants

Due to the strong force, quarks can never be found alone. Bound states of two quarks, such as the
B and K mesons in our process, can therefore not be viewed as two quarks alone. Decay constants
summarize how a meson decays and is formed. These decay constants can be found either by
comparing decays from measurement or with lattice computations [10].

For the remainder of this thesis, several decay constants are used. For the first background process,
the decay constants of the B meson and the kaon are used [14]

(0], 7°b | B~ (p)) = ifDy (2.10)
(Ol ay,y°s |K~ (k) = ifxcky, 2.11)

where p, and k,, are the momenta of the B~ meson and the kaon respectively.
For the second background process, including a pion, decay constants for a B meson decaying into a
pion and a W~ are used additionally. These decay constants are derived from the form in [15] to be

2 2 M2_M2

) 00 B0 = £o(P) [ (049~ P w4 P B, @42)
2 ar2

()| W B () = fo(P?) T B 2.13)

(n”(p) topb |B-(p)) = ifr [%Z i)gf” = MBP_QM” P#Py] : (2.14)

Mp and M, are the masses of the B meson and the pion, respectively, and P, and p;, are the
momenta of the W~ boson and the pion respectively.



Chapter 3

Weak Effective Theory

No speed can ever exceed the speed of light. To ensure physics never predicts speeds beyond this
speed, the Newtonian laws of motion are adjusted. This new, complete theory of motion called
special relativity describes physics for all speeds. However, in talking about speeds that we observe
in our daily life - how fast a person runs, for example - the fact that nothing can ever exceed the
speed of light plays no role at all. Since both sets of rules give us the same outcome, we use the
simpler, Newtonian laws of motion that do not take relativistic effects into account. These simpler,
Newtonian laws are then an effective theory.

There are several areas in physics where effective field theories come in handy. For example, the
energies in a Hydrogen atom are computed using an effective theory [14]. Historically, the Fermi
theory of weak interactions has been used to describe weak interactions at energies below the W
and Z masses. Whereas our first example was a low-speed effective theory, this is a low-energy
effective field theory (EFT). EFTs are full-fledged quantum theories with which one can compute
measurable quantities without any reference or input from an underlying high-energy theory.
This thesis makes use of a low-energy effective field theory. For the processes discussed in this
thesis, the energy scale at which the processes take place is approximately Mg, the mass of the B
meson. Everything that is only relevant at energies £ >> Mg is irrelevant and therefore omitted
from our theory.

The mass of the B~ meson Mg is much smaller than the mass of the W+ and the Z bosons. To
compare: [11]

Mp = 5.27934 £+ 0.00012GeV, (3.1
My = 80.377 £ 0.012GeV (3.2)
Mz =91.1876 + 0.0021GeV. (3.3)

From this follows that the W+ boson in our B~ — K ~vu process can never be on shell. We can thus
make use of an effective theory from which the W boson is integrated out.

12|
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3.1 Build the Weak Effective Theory

We will build the Weak Effective Theory (WET) from the bottom up. This means that we build a basis
of operators without making any connection to a UV complete theory[16] [17]. The basic starting
point for phenomenology of weak decays of hadrons is the effective weak Lagrangian which has the
generic structure

Lerr="TEVa >oco 3.4)
in which G is the Fermi constant, Vj;, is the relevant component of Vo from equation
dimensionful O; are the relevant local operators which govern the decays in question, and C; the
dimensionless Wilson Coefficients that describe the interaction strength of the given operator. Note
that the Wilson coefficients C; are process independent, i.e., the same coefficients arise in the
calculation of many different weak-interaction amplitudes. The operators O; consist of the light
fields only. The locality of the operators ensures that a separation of energy scales can be realized
in the WET.
For an example of this, see B — (7, the first part of the first background process considered in this
thesis. In the SM case there is only one operator contributing, and the effective Lagrangian takes
the form

Luvtr — 45;%6%@ [0y Py [y, PLb] + h.c. . (3.5)
In this case the Wilson coefficient is Cy, , = 1, the first brackets show the leptonic current, in this
case producing a lepton and its neutrino, and the second brackets show the hadronic current. This

operator is represented by the diagram in Figure[3.1]



3.2 Extending the Theory Beyond the SM

Since the W# boson is integrated out now, the SM can be extended with beyond-the-SM operators.
The operators represent the low-energy interactions corresponding to hypothetical particles like the
W boson that mediate these processes.

From the operators mediating B~ — ¢~ 7, the dominant contributions in the short-distance expansion
come from the operators with lowest mass dimension. In our case these are four-fermion operators
of mass dimension six. Consider all linearly independent operators that respect the SM symmetries:
Lorentz and SM gauge symmetry. For the example mentioned above, B — ¢, the operators with
mass dimension six are

Ov,r, =
Osr,L =
OT,L = “Vb] VU;WPLV] y

[

[aPed] [Py, Osp.1 = [aPrb] [[PLv]

[
Ov,r.r = [ay" PLb] [(7,Prv], Ov.gr = [a7"Prb] [(4,Prv],

[aP

@

uyH Py, ] [Z’}/MPLI/] , Ovgpr= [ﬂy“PRb] [ZVHPLV} ,
uo
(3.6)

] [KPRI/} OS,R,R = [ﬁPRb] [ZPRV] R
0“”1)] [EUWPRV]

Os,Lr=

Orr=

In these operators, we define o#” = 1 [y#,4"], in terms of the Dirac matrices, using the same
convention as [18]. The operators are labeled as follows: The subscript V denotes a left-handed
vector current, the subscript S a scalar current and the subscript T a tensor current, the first L or R
refers to the chirality of the quarks, whereas the second L or R refers to the chirality of the leptons.
Beyond these operators, the operators with mass dimension seven contribute most. However,
effects of these operators, and operators with mass dimension of 8 or higher, are suppressed by at
least an extra factor of ﬁ—vfi and can therefore be neglected in weak decays of mesons.

The Lagrangian for the process B — (v is thus the Lagrangian expressed in equation [3.4] with
operators expressed in equation For clarity, the SM Lagrangian is reconstructed from the full
Lagrangian by setting all Wilson coefficients C; to zero, except Oy, 1, = 1.

The above operators are constructed for the decay B — ¢, but Lagrangians for other processes to
be described by WET in this thesis follow the same structure.

14 |



Chapter 4

Background Process I:
B~ —(~ [% K_V] %

The aim of this chapter is to analyze the lepton-mediated cascade B~ — ¢~ [+ K~ v| 7, in the SM
and beyond. The Feynman diagram of this process can be viewed in Figure[4.1] To do this, we define
the momenta of the process as

B~ (p) = 7(Q) [= K~ (k)v(q1)] 7(q2) - 4.1)

Additionally, we define ¢> = (g1 + ¢2)?, the four-momentum of the neutrinos added and then
squared. This is the momentum that is missed in the detector. The expression for this can be found
in Appendix[Al

The final analytical answer will be a differential branching ratio of the form %(cﬁ), to enable
comparison of our theory predictions with experimental data as much as possible. Since the
neutrinos are not detected directly, there is only one independent kinematic observable in which
to express our branching ratio. In experimental research, such as [2], the kinematic dependence
on ¢? is used to distinguish between the signal and the background. Literature studying the signal
process, such as [10], [8], as well as literature studying the background process [9], use this or a
similar format. Therefore, we choose to express our differential branching ratio in the same manner.
To get to the differential branching ratio, we will start with the Lagrangian of interactions contributing
to this process, shaping the operators and the decay constants used into the right form. The
differential branching ratio of this process is found using

(2m)*

dB =
5 2Mpl'p

(IM?) d@s3(p; k,q1,q2) » (4.2)

therefore subsequently the amplitude M, its spin-averaged square (|M|?) and the three-body
phase space element d®;(p; k,¢1,g2) are computed. Once the branching ratio is computed, it is
plotted and analyzed. The chapter is concluded with a brief section on the interference between the
signal and this background process.

| 15
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4.1 The Operators

Since this decay is a cascade, the two parts of the process are described separately first and then
used as the first ingredients for the differential decay width. In section it becomes clear why this

is possible.

For the description of the first part of the process, B~ — ¢~ 7, the following effective Lagrangian is

used, as introduced in chapter 3

4G
ﬁubli/ _ \/; Vo chbﬁlogb@y )

We divide the operators into two sets, being

OabiyL = [an"Pd] [ty Prv], O%}%L = [ay"Prb] [l Prv],
oy, = [aPyd) [(PLv], Ol = [uPgd] [(PLv],
O%{’f” = [ac"b] [lo PLv],
with only left-handed neutrinos, and
OYn = [uy" PLb] [y, Prv), OV g = [a7" Prb] [(y, Prv]
Oftn = [aPl] [[P),  Oftn = [aPab) [[Pr]

Ok = (i) [ Prv].

where right-handed neutrinos are added to the theory.

For the second half of the process, ¢~ — K~ v, the following effective Lagrangian is used:

4G
lvus F uslv,* yuslv,t
Lo = 7 Vs % crstrroustet

16 |
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(4.4)

(4.5)

(4.6)



The operators O are constructed in the same way as in equation [4.4]and equation after
which their complex conjugate is computed. The operators O#** for K~ — ¢~ in equivalence to

equation[4.4]are
Ot = [19"Prs] [P Puv], OVH = [19" Prs] [PuPov]
087 = [aPys] [(Pov], 0%, = [aPps] [[PLv], (4.7)
(’)?«‘fﬁ” = [ac""s] [l Pry] .
The operators for K~ — ¢~ in equivalence to equation{4.5are
Oﬁff”’R = [Tw“PLS] [Z’}/#PRI/] , O&SﬁR = [Tw“PRS] [Z’YHPRV} ,
O%f"s = [uPys| [(Prv], O r = [uPrs| [(Prv], (4.8)
O%ff{’ = [uc"s| [lo,, Prv] .
From these operators for K~ — ¢~ v, the operators contributing to ¢~ — v K~ are constructed by
computing their Hermitian conjugate. For example,
05y = ([aPes] [tPv])’
= [§PLTU] [vPrdagger!] (4.9)
= [§PRU] [DPRZ] .
Similarly, the other /= — v K~ operators can be found, being
OV = (7" Pl [1uPuf] s OV = [57"Pru] [Pl
01 = [sPgu] [7Prl) Oy = [sPLu] [pPRl] (4.10)
Oy = [s0""u] [70, Pat].

for only left-handed neutrinos. Adding the option of right-handed neutrinos again, we find

OU =[5y Pru) [, Prt], Oy = (57" Pru) [, Pr] |
051 = [5Pru] [PPL], O = [Pl [7Pee], (4.11)

O%SIZ;’T = [50’“’1@ [DJWPLQ .

Since B~ — ¢~ v can happen through different interactions than ¢~ — K v, the two operator sets
must be used independently.

4.2 Decay constants

As explained in section[2.6] decay constants are used to describe semileptonic decays of hadrons. In
the case of background process |, two decay constants are needed: fp for B~ and fx for K—. The



decay constant of the B~ meson is defined as
(0| @y,7/°b|B~(p)) =i fBPyu (4.12)

in which p,, is the momentum of the B~ meson. Going beyond the SM, the left-hand side of this
equation can take several forms. Therefore, several expressions in terms of this decay constant are
needed. Since the B~ meson is a pseudoscalar particle, the above definition applies, since

(O] uyub|B~(p)) = 0. (4.13)

Therefore, this definition can easily be translated to a right-handed and a left-handed version, for
which the operators are given in equation being

— _Z L
(0] @y, PLb | B~ (p)) = 71;317! ,

ipru
72 .

(4.14)
(0] @, Prb[B™ (p)) =

For the scalar operators (0] uPrb |B~(p)), a different formulation of this definition is needed. This
formulation is found using the Dirac equation. Spinors obey the Dirac equation in the following form

(4.15)
=(p+mv(p) =o@)(p+m),

where u(p) represents an incoming particle, @(p) an outgoing particle, v(p) an outgoing antiparticle,
and #(p) an incoming antiparticle.[18] Using this form of the Dirac equation, we find

(030" (@), 75b(@)) [ B~ (p)) = —(my + m,) (0] @b | B~ (p)) , (4.16)

where m;, and m,, are the masses of respectively the b and the u quarks. On the other hand, definition

4. 12]is used to find
(0] 0" (a(x)v,7°b(x)) | B~ (p)) = p" (0] uy,y°b| B~ (p))

= ifBp"pu (4.17)
= ZfBM]%w
where Mg is the mass of the B meson. Combining equations and gives our desired result
of a scalar definition, in the same shape as equation being

e
Ol aPLb B~ (5) = 5 2P

) ) —ifBM?g (4.18)
(0]uPrb|B™ (p)) = 2y + )

These are all the expressions in terms of fz needed to do the beyond-the-SM analysis. Since the
B~ meson as well as the kaon are pseudoscalars, the tensor current vanishes. In equivalence to

18 |



equation the Kaon decay constant is defined as
(0] ayuyss | K™ (k) = ifxky, (4.19)

in which &, is the momentum of the Kaon. Applying Hermitian conjugation here to get the decay
constant for Kaon creation, we get

(K= ()| 5y Pru0) = 25, a0
(K~ (k)| 57,Pru|0) = —i%{ku :
A scalar definition will be needed and is constructed using equation being
i 2

(K= (k)| 5Pyul0) = 5 TEME

2(ms + ma) 4.21)

. _ifxME '

(K™ (k)| sPru0) = m7

where my is the mass of the s quark.
Now that we have formulated all expressions in terms of the decay constants that we will later need,
we are ready to compute the amplitude.

4.3 The Amplitude

From the two Lagrangians stated in equations[4.3/and the amplitude for background process |
is constructed. The amplitude is

. (4GE\? ust be i
=i == * ustv,xoubly pq. . 4.22
iM 7 ( \/i ) Vuqus ZZ]:CZ C] Mz_] Q2 — m% +imely ( )
Here T, is the total decay width of the propagating charged lepton ¢, Q the momentum of the charged
lepton ¢, my its mass, and

Mij =Y wla)E~ (k)] 07117 (Q) (€7 (Q)7(a2)| O |B~ (p)) - (4.23)

£ spin

Since there are ten operators for each decay, and all options need to be combined, there are a
hundred different terms in this combination. However, many of them are very similar in structure,
while others vanish.

Let us first look at the SM case, using operators O‘“}L"fz and (’)i‘i’i* The matrix element then becomes

My, v, = alg)y* Pou(Q)] [@(Q)7* Pru(gy)]
¢ spin (4.24)

(K~ (k)| 57a Pru|0) (O] a, PLb[ B~ (p))
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Using the decay constants as discussed in section the hadronic part of the matrix element
becomes ‘ ‘

My = 3 NI )00 by (@) Q) Pro(ae)] o (@.25)

£ spin

From there on, we make use of momentum conservation, implying p* = Q* + ¢4 and k* = Q" — qY'.
Subsequently the Diraq equation}4.15|is needed. When assuming the mass of the neutrinos is zero,
it follows from applying the Dirac equation to the external fermions that the terms which involve ¢
or ¢, vanish, while the mass of the lepton appears in terms which involve @. From this follows that

My, ovn = T2 S ) kPLu(@) [H(Q)pPrv(a2)]
£ spin
_ % 3 [a(q) Pr(@ — ¢)u(Q)] [@(Q)(@ + ¢5) Pro(as)] (4.26)
£ spin
_ IkfB Z [u(g1)Prmeu(Q)] [@(Q)mePrv(g2)] -
£ spin

In general, while computing unpolarized cross sections one encounters the polarization sums [18]

> ulp)a(p) =p+m,

spin

> vp)vp) =p—m.

spin

(4.27)

Using this, one finds two terms. Since P;, Pr = 0, either the contribution ofp or m will vanish. This is
the last ingredient needed for the SM amplitude, concluding that

MVL,LVL,L = fK4fB ml% [ﬂ(fh)PR@PLU(QQH . (428)

Using the operators with left-handed neutrinos only, equation sets[4.4]and all amplitudes
simplify in a very similar way. The operator with index T does not contribute since its hadronic
matrix element with pseudoscalar hadrons vanishes. The simplification of the spinor parts of the
other operators follows exactly the same pattern, causing the result to differ only in constants. The
results can be grouped into categories because applying a different chirality projection operator in
the hadronic part changes only the sign of the result. The amplitudes then read

MVMJJVMML =+G fK4fB ml% [ﬂ(qQPR@PLv(QZ)] ’ (429)

e fxfp M M3

My, L8 = e ——— [W(q1) Pr@PPrv(gz)] (4.30)
fxfs M3 i

Ms,, s, = —G07 e () Pr@Pro(e2)] (4.31)
fxfs M} i

My, 13,0 = +G= 52 -t () Pr@Pro(e2)] (4.32)
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with

G =+1 if My Ay =LLOrRR, (4.33)
G=-1if M \a=LRorRL. (4.34)

Adding the operator sets containing right-handed projection operators in the leptonic current, from
equation sets[4.5/and a different pattern appears. Again, using only the two right-handed
equation sets[4.5land[4.11]gives a set of matrix elements that differ only by constants. As before, the
operator with index T does not contribute because its hadronic matrix element with pseudoscalar
hadrons vanishes. Since the calculation is done using the same steps as for the SM matrix element,
only the result is shown. The non-vanishing amplitudes are

mj [@(q1) PL@Pro(g2)] (4.35)

[4(q1) PL@Prv(q2)] (4.36)

Msy, wan = -G8 Mo P Pav(a) (4.37)
A1, RV Aq,R 4 mp +mu 9 .
fxfe M}

MV)\l,RSAz,R =+G my [u(q1) PL@Prv(q2)] - (4.38)

4 mg+ my

The constant part stays unchanged compared to the previous situation, but the part in the brackets
containing the spinors is slightly different.

It all gets more interesting if one looks at combinations of the two operator sets. Still, the operator
with index T does not contribute. Using[4.4and the non-vanishing amplitudes become

m [@(q1) Prv(ge)] , (4.39)

__GfoB M Mg
4 mg+ my mp+my

M2
L i [a(a) Pro(@)] (4.41)

fxfe Mg
4 mg+my

myg [u(q1) Pro(q2)] , (4.40)

MS)\l,LVA2,R =-G

My, 5,0 =+G mj [u(q1)PrLv(go)] - (4.42)

Similarly, the nonvanishing amplitudes that emerge when using operator sets[4.5/and are

T T2 03 (g0 Prv(a) (4.43)

fxfp Mg M3
4 Mg + My Mp + My

M2
filo b [u(a) Pro(e2)] (4.45)
fxfs Mz

4 mg+ my

MVAl,RV/\Q,L =+G

Ms,, rSr, = =G me [(q1) Pro(q2)] (4.44)

MSXI,Rvkz,L =-G

mi [u(q1) Pro(g2)] - (4.46)

MVAI,Rsxz,L =+G

These are all 64 M,; contained in equation(4.22} all carrying their own Wilson coefficients. The total
amplitude requires adding all these contributions.

| 21



4.4 The Amplitude Squared

In the previous section all amplitudes are calculated and simplified. There were a hundred terms in
total; however, only 64 of them were nonzero. These amplitudes are grouped into four categories,
in which the amplitudes only differ by constants. Since the square of constants is computed trivially,
in this section the focus will be on the spinor part of the amplitudes. Since the four different spinor
parts need to be multiplied by four different complex conjugates, sixteen computations are needed.
However, we will see that many contributions vanish. As previously, the first part of this calculation
will be on the SM part of the amplitude squared.

As found in equation [4.28] the spinor part S of the SM matrix element reads

St,r = [u(q)@PPrv(g2)] , (4.47)

where the indices on the S indicate the leptonic current of the operator set.
For the spin-averaged amplitude squared, S, , must be multiplied by the complex conjugate of this
SM part of the amplitude and the spin sum must be taken, giving

(eS8t L) =" lala)@Pro(e)] [o(a2) Priula)] - (4.48)
spin

Here Casimir's Trick comes in handy, to perform a trace transformation using products of Dirac
matrices. Subsequently the Dirac equation}4.27|is used, again assuming a massless neutrino. The
spinor part of the amplitude squared then becomes

(S1.08],) =Tr [ula)a(q) @ Pro(a2)o(a) @ Pr]
=Tr [ QPLgQPr] (4.49)

1 5
= 500025QuQu T [¥77"77" (1=97)] -

The trace identities of v matrices is listed in [18], providing a Levi-Civita tensor along with several
Minkowski metrics. Because the Levi-Civita tensor is defined to be totally antisymmetric, it can only
be nonvanishing when contracted with four independent four-vectors. Here, the Levi-Civita tensor
is contracted with @ twice, implying that it does not contribute. This leads to

<SL,LSLL> = 2¢1a425QuQu (™0™ — Pyt 4 ¥ nPr + je*rhv)

=4q1 Q¢ Q —2¢1 - 2 Q* .

(4.50)

The expressions needed to find the required dot products are listed in Appendix|A.3] For the dot
product of the two neutrino momenta, a Lorentz boost is required since they are defined in two
different frames: the rest frame of the B~ meson and the rest frame of the mediating lepton. Using
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the definitions given in the appendix, the required dot products for this expression are

a1 - Q = |k|my, (4.51)

0 Q=|Q|Mpg, (4.52)

Q- qge = W(l —cosf), (4.53)
my

Q* =mj. (4.54)

The final version of the spinor part of amplitude squared in the SM thus reads
(81,15} 1) = 2101 [F1Mpme (1 + cos6). (4.55)

Now that the SM part is completed, we continue with the other spinor parts multiplied by their own
complex conjugate before looking into the cross terms.

The spinor part Sz, r of amplitudes My, , v, , multiplied by its own complex conjugate is computed
similarly as in the SM case, and gives

(1.8} ) = 3 [alar) Puo(ae)] [ola2) Pru(an)] (4.56)
spin

=Tr [ Prep] (4.57)

=2q1q2, (4.58)

=q2. (4.59)

The squares of the spinor parts Sg r and Sg, 1, of My, v, , and My, v, , are exactly the same as
respectively My, v, , and My, v, .

Now let's look at the cross terms. We will see that all combinations of different spinor parts vanish
for two reasons. Firstly, due to the anticommutation of 4 with the Dirac matrices and that P, Pr = 0,
the multiplication of Sy, 1, by S}:’R vanishes:

(S1.u8hn) = D [a(a)@Prv(92)] [6(g2) Pr@u(ar)] | (4.60)
spin

= [a(q1)@v(q2)] [0(q2) PR PL@u(q1)] , (4.61)
spin

—=0. (4.62)

In a similar manner Sg S} |, S1..rSE 1, and Sk .S} ; vanish. Secondly, the trace of any odd number
of v matrices is zero. Therefore the multiplications Sy, .S} 5, S1..S% 1. Sr.rS} g Sr.rSk 1. as well
as their complex conjugates vanish.

Although we have only four nonvanishing linearly independent terms left, the total amplitude
squared is a lengthy expression. The branching ratio is computed with this expression.
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4.5 Interference Between Signal and Background Process |

Before computing the branching ratio from the expression at hand, we need to know to what extent
there is interference between the signal and background process |. Schematically, the process
B — Kvi is described by the two subprocesses: the signal process with amplitude Mg; and the
background process | describe in this chapter, with amplitude Mpp;.

Since both the initial state and the final states of both processes are identical, we have to sum
their amplitudes coherently. The decay rate will then contain both processes separately, but it also
has an interference term. The calculation of this interference term can be found in Appendix (B
In calculation an on-shell = is used. We will later see how this is justified. The branching ratio is
proportional to

B
iz > |Ms(q®) + /\/119131(6227(12”2
= [Ms(¢®)|* +2Re {Mg(qQ)MB(Q{ q2)} 78(Q? — m2) (4.63)
~ 2
M@ )| S Td(@ - m?)

We want to know which of these terms contributes significantly. The first term scales with G%. The

4
% = G7%. The second term, however, scales with G%.. Therefore we can neglect
F

the interference term.

last term scales with

4.6 The Branching Ratio

The partial branching of background process | is found using

(2m)*

dB = OMpT g

(IMJ?) d®3(p; k,q1,q2) - (4.64)

The phase space element d®s(p; k g1, ¢2) is constructed in Appendix[A.3} The result reads

dcosf dQ? Q* — M2 M3 — Q?
32(2m)7 Q2 M2

d®s(p; k q1,q2) = O(Mp — E;)O(my — Ex) . (4.65)

To obtain an expression for %, we rewrite dB in terms of ¢? and dq? instead of cos# and d cos¥é.
This is done using the expression for ¢, being

2 _ IGIRIMs
mye

(1 —cosb). (4.66)

Furthermore integration over 2 is needed. For this we use the narrow-width approximation,
assuming the mediating lepton is on-shell. Since on-shell muons and electrons are too light to decay
into a kaon, this implies that our mediating lepton is a T particle. We use

1

(@ —m2)2 +m2rz AQ°C x 5(Q* —m), (4.67)

dQ?
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with
1 s

—+oo
_ 2 _
©= /_oo A (TR cRry o e v

These two ingredients lead to the final result for this process. Defining the constants

2
B = Mp
my + My,
M2
RK = K )
Mg + My,
two matrices
mf —mz Rpm., —Rpm,
—m?2 m?2 —R R
T T BM+ BMr
M1 = )
—RKm-,— RKmT —RKRB RKRB
RK’ITL-,— —RKmT RKRB —RKRB
and
mi —m% —Rgm, Rgm,
—_m?2 2 _
ms ms; Rxm., Rgm,
MZ = )

RBmT —RBmT —RKRB RKRB
—RBmT RBmT RKRB —RKRB

(4.68)

(4.69)

(4.70)

(4.71)

(4.72)



the branching ratio of this process is

- (M3 — m2)(m2 — M) - *m?)

daB _ (4GFr Y B\ Vi 2 Va2 1
dq? V2 4 640, T g M3m, (27)2

@(MB - ET)@(mT - EK)

T
usly,* usly,* usly,* usly,*
(C C C C )M, (Cubfu Cubty Cg]lf;oubéu)

Voo " ~Vereo 2~ Sc,. 7 SkrL Vi YVeLo Sr.L

St ' SR,L Vi Y Ve YSn L YSk 1
4GP\ [ f ) WValPlVasl? 1 0 o,
Mz — — M2)—
* ( V2 > ( 4 64FTFBM%m.,. (2m)2 (( B —mz)(m7 K)—4a m-,—)

T
(C‘?ubfl/’c‘*;ub@7c*,ublv C*’“M”)Mz (Cuseu Custv_crusty Cuséu)
L.L R.L

T
(C‘ijzf:*’cusfl/,* Cusfl/,* Cusfl/,*)Nh (Cub&/ Cub@u Cubéu Cub@u)

Vr,r ' SL,r SRR Ve.r’ “Vr,R’ 7 SL,R’ ' SR,R

Vi »“Vrr "7 SL,r ? 'SrRr Vi,r' Y VrR,r’ “SL,r’ “SR,R

AGP\" (fr S8\ WVallVasl> 1 5
+ ( \/5 ) ( 4 64FTFBMng (27T)2q mT@(MB — ET)@(mT — EK)

T
(C*ﬂib@'/ C*,ubZV C*,ubfl/ C*’UMV)MZ (C«uséu Custv crusty Cusfu)

T
(052557*’0us€v7* Custvs* CUSZV’*)M1 (Ouqu Cubty  rubty Oublu)

Vr,L * 7 SL,. ’ 7 Sr,L Vi.r' “Vrr'YSL R’ VSRR

T
*,ublv *,ubly *,ublv *, ublv
, , ) ) Y Y Y Y
(OVL,R ’CVR,R ’CSL‘R ’CSR,R )M (C\%,Z’C\%,;C;S O V)

L.’ ~“Sr,L
4G\ (I 8\ VwlVas? 1 5
+ ( \@ > ( 4 64FTFBM%WLT (27T)2q mq—@<MB — ET)G(mT — EK)

Vrr > SrL.r > SrR Ve’ Y Ve’ “Sr,L’ ' Sr,L

T
(C‘iif;’*’cuS&’,* CUSKI&* CUSva*)Nh (Cubey Cubty  crubty Cubb/)

T
be be be be
(C*ﬂl« V7C*’u v C’*’u V)C*’u V)Mz (Cuséu Cuséu Cuséu Cus@y

Ve, 7 SL,L SR,L Ve.r' “Vr,r’ “SL R’

(4.73)

4.7 Analysis

In the SM, only one Wilson coefficient per part of the process is nonzero, namely C{jﬁ‘f‘; = 1 for
B~ —» rvand C‘%ﬁ?’; = 1for 7= — K v. In this case, the partial branching ratio of the first
background process B~ — 7~ [~ K~ v]v as a function of ¢ can be seen in Figure[4.2] The branching
ratio is plotted for all physical values of ¢, which takes maximal and minimal values for cos § = —1
to cos 6 = +1. This gives a restriction for ¢2 of

(Mj —m3)(m? — M)

0<¢*< 5
mT

. (4.74)
From Figure[4.2]we see that the branching ratio depends linearly on ¢2. And, as ¢ approaches its

upper bound, % approaches 0.
When exploring beyond the SM, it is convenient to choose a small set of Wilson coefficients to be
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nonzero while setting the others to zero. In this way, the contribution of a certain operator can
be compared clearly with the SM. We describe four different cases. The first case is the different
combinations of Wilson coefficients of the first sets, with left-handed leptonic current: sets
and[4.70] The next case is the combinations with only Wilson coefficients of the second sets, with
right-handed leptonic current: sets[4.5land[4.11] Subsequently, the two sets are combined: first
with only vector currents, and then a combination of a vector current and a scalar current.

Let us first look at the contributions with left-handed neutrinos only. In Figure[4.3|the branching
ratios are shown where specific sets of Wilson coefficients are set to 1, setting all others to 0.
The chirality of the hadronic current does not have an effect on the branching ratio, because the
quantum numbers of the involved hadrons determine the chiral structure of the current and
therefore only combinations with Wilson coefficients belonging to left-handed chirality of the
hadronic current are shown. Figure[4.3]shows that the contributions all have the same shape; they
depend linearly on ¢2, and as ¢? approaches its upper bound, % approaches 0. However, the
slope is different. The suppression of the contributions with Wilson coefficients Cy relative to the
contributions with Wilson coefficients Cs is due to the proportionality of the Cy contributions to m.,.
These contributions are therefore chirally suppressed compared to the Cs contributions.
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The Wilson coefficients can have any value, positive or negative. If the SM were not the whole story
in this process, the slope of the decay rate of this process would therefore be changed by the
contributions beyond the SM. However, the shape would stay the same.

Using right-handed leptonic operators only, we find exactly the same branching ratios as in Figure
For example, a single set of Wilson coefficients with right-handed leptonic current being
nonzero, like C{jzf; = C{jﬁf; = 1, gives exactly the same behavior as in the SM case, shown in
However, cross terms appear if one allows nonzero Wilson coefficients carrying different leptonic
currents. This happens if the propagating lepton flips chirality between the first and the second
interaction. In Figure[4.4]the decay width is shown with nonzero Wilson coefficients of left-handed
as well as right-handed leptonic current.

The interaction term modifies the shape of the branching ratio significantly since this term grows
with ¢%. If the interaction with left-handed leptonic current has an equal interaction strength to
the interaction with right-handed leptonic current, such as in Figure [4.4a] the branching ratio is
independent of ¢2. If the two interactions are unequal but nonzero as in Figure[4.4b] the branching
ratio decreases with ¢2, but still is nonzero when ¢? reaches its maximum value.

4.8 The Shape

In the experimental analysis carried out by Belle Il, the SM signal as well as background process | are
fitted simultaneously, retaining a signal-only result. To do this, they use the normalized shape of the
branching ratio as a function of ¢2.

To analyze the shape of the branching ratio, we distinguish two situations. When all nonzero Wilson
coefficients are of the operators with the same leptonic current, we observe only one possible shape
of the branching ratio. The shape is shown in Figure[4.5a] It runs linearly from a maximum branching
ratio at ¢> = 0 to 0 at the maximum value for ¢2. This maximum value is defined in equation |4.74
When nonzero Wilson coefficients belonging to operators with different chirality of the leptonic
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current are taken into consideration, the branching ratio as a function of ¢* has a different shape.
Figure shows two branching ratios where nonzero Wilson coefficients of different leptonic
current are taken into consideration. The blue, horizontal line is obtained by choosing the Wilson
coefficients such that the interaction strength of the left-handed leptonic current is equal to the
interaction strength of the right-handed leptonic current. The descending red line is obtained by
setting one of the Wilson coefficients to zero. There is a set of Wilson coefficients for obtaining all
lines in between.

In the SM, only a left-handed leptonic current is allowed. Therefore the analyses of Belle Il are done
using the shape of Figure[4.5a] Since the shape is significantly different in a beyond-the-SM case
where right-handed leptonic current is allowed, the analyses of the signal could yield a different
result if this shape is taken into account. Therefore the analyses need to be redone in order to take
new physics in the lepton mediated B~ — K ~vr into account.

4.9 The Possible Contributions

Apart from the branching ratio and its shape, equation|4.73|contains information about the possible
Wilson coefficients for gaining a certain branching ratio. Since all different coefficients contribute
positively to the branching ratio, there are various combinations of coefficients that have the same
branching ratio. To analyze this, the differential branching ratio is integrated and then used.

In Figures[4.6] different combinations of Wilson coefficients are shown. For practical purposes, the
nonzero Wilson coefficients are chosen to be the same for both parts of the process. In Subfigure
[4.63the branching ratio in terms of Cs, , is plotted against the SM coefficient Cy, , . In Subfigure
C’VL’R is plotted against the SM coefficient Cy, ;. In SubfigureCSL,R is plotted against the
SM coefficient Cy, ;.
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(a) Cv, , plotted against Cs, ,. (b) Cv, , plotted against Cv, . (¢) Cv, , plotted against Cs, .
Figure 4.6 The combinations of Wilson coefficients for which the branching ratio has the predicted
SM value are in blue. The combination of Wilson coefficients for which the branching ratio of this

background process reaches the same value as the predicted branching ratio for the signal in the
SM are in red. The black dot denotes the Wilson coefficients predicted by the SM.

In all figures, in blue the values of the Wilson coefficients are shown for which the branching ratio is
B =6.09-10"" GeV, the value of the predicted branching ratio in the SM. In the SM, only Cy, , =1
for both processes; all others are zero. The black dot denotes the Wilson coefficients predicted by
the SM.

The red line denotes the values of the Wilson coefficients for which the branching ratiois B = 5.58-10~¢
GeV, the value of the predicted branching ratio of the signal in the SM. For these values of the Wilson
coefficients, the branching ratio of background process | would reach the same values as the
branching ratio of the signal process predicted by the SM.

We see in all figures that various combinations of Wilson coefficients are providing us with the same
branching ratio. Also, a small change of one of the Wilson coefficients beyond the SM can lead to
the Background | contribution being as high as the signal contribution.
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Chapter 5

Background process Ii:
B~ — 7wl [ﬁ K_V} %

At first glance B~ — 7%~ [+ K ~v] v does not look like a background process to the signal because
there is an additional particle in the final state. However, considering that the pion in this process
is uncharged and long-lived, it can easily be missed in a detector. On account of the fact that the
neutrinos are indirectly detected as missing energy, the momentum of the pion can be interpreted
as part of the neutrino momentum and therefore the process can be misinterpreted as B~ — K~ vi.
Since the background would not be a background if the detection efficiency were perfect, background
process Il is called a reducible background. A diagram of the process subject of this chapter can be

viewed in Figure[5.1]
To analyze this process, we define the momenta of the process as

B~ (p) = W (P)[= € (Q) [= K~ (k)v(q1)] #(g2)] =°(p") . (5.1)

Since the decay constants relevant for this process are defined in terms of a mediating boson, we
include this boson in our definition of the kinematics of the process. In the SM, this boson is the
W~; however, beyond the SM this could be a different mediator particle. Additionally, we define
4t = (¢1 + q2 + p')?, the momentum of the neutrinos and the pion added, then squared. This is the
momentum that is missed in the detector. The expression for ¢} ., can be found in equation in
Appendix[A.4]

Similarly as for B~ — ¢~ [— K~ v|p, the final aim is to calculate the branching ratio of the lepton-
mediated cascade B~ — 7’K~vw, in the SM and beyond. Since the final aim is the same, the
approach in this chapter is the same as in chapter[d} We will start with the Lagrangian of this process,
shaping the operators and the decay constants used into the right form. The partial decay rate of

this process is
(2m)*

dB = OMpl g

(IM?) d®4(p;p' ka1, q2) (5.2)

therefore the amplitude M and its square (|M|?) are computed. Deriving the phase space element
d®,(p;p', k,q1,q2) and the decay rate are beyond the scope of this thesis, but a sketch of how to
proceed with this process is given.
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5.1 The Operators

Just as for background process |, background process Il is a cascade, and the two parts of the process
are described separately first and used as the first ingredients for the differential decay width. Since
the change in the particle content is the same in both processes, the operators are exactly the same

as for background process I.

For the process B~ — 7°¢~ we use the following effective Lagrangian, as introduced in chapter 3}

4G
ﬁubli/ _ \/; Vo chbﬁlogb@y )

We divide the operators in two sets, being

O%%’fL = [ﬂ’y”PLb] [Z%LPLV] , O%%’fL = [m“PRb] [Z’yuPLu] ,
O, = [uPuh) [Puv], 04, = [uPat] [P,
O%{’f” = [ac"b] [lo PLv],
with only left-handed neutrinos, and
OYn = (a7 Pob] [y, Prv) . OV = [un" Prb) [(y, Prv]
Ot = [PL] [Pa], Ot = [aPb) [EPa],
(’)%f’f%” = [ac"b] [lo. Pry],

where right-handed neutrinos are added to the system.

For the second half of the process, ¢~ — K~ v, the following effective Lagrangian is used:

4G

V2

wsl uslv,* yusly,
Lot = Vus »_Crr oot
%
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(5.5)

(5.6)



The operators O; are constructed in the same way as in equations 5.4 and From this follows
that the operators (’)ZT for ¢~ decay are

Ot = [ Pual [uPut], O = (5 Pa] [puPed]
Ot = [P [PPat] . Oi! = [sPu] [7Pad] 5

O;ffi” = [EU“”u] [DUWPRE] )
Adding the option of right-handed neutrinos again, we find

Ot = [y Pl [Pt O¥Re = [59" Pru] [ Pat]
0% = [5Pru] [pPLL] O = [5Ppu] [pPLl] (5.8)

O%’sﬁ”T = [§U“”u} [DUWPL@ .

Since the B~ decay can occur in a different manner than the ¢~ decay, the two operator sets must
be used independently.

5.2 B~ — 7° Form Factors

Since the first part of the process is B~ — w°W—, the form factors of this process are more involved
than before. The expressions for the decay constants of this process are formulated in [15]. All
decay constants are functions of P?, where P is the momentum of the W~ boson. The expression
for the vector matrix element between B~ and m,

M2 — M2 M% — M2

(TN b B~ (p)) = fr |(p+p)' = —F5— P! + fo—P 5P, (5.9)

can be used directly. For the scalar currents, using the Dirac equation(4.15} we derive

M2 _ M2
O/ /\| = — _ B s
(m W) ub|B™ (p)) = fo- = (5.10)
The expression for the tensor current is derived using
M — M2 = (p+1)(p—1)" (5.11)
From this we find
0/, /\| — _ ZbfT / . /
<7T (p)‘uglme (p)> = Mg + M, [Pu(p+p)u (P-FP)VPH] . (5.12)

For finding the matrix element, we use expressions formulated with chiral projection operators.
Since the terms with 4 involved are zero, the expressions are independent of the projection operator.



In the case of B~ — 7°W ™ they are:

- 2 ar2
) P |B(0) = Lyl 20 T Mo M .13
M2 — M?
=) aPyh B () = 2 TE= (514)
<7To(p/)| ’U’O’uupéb ‘B_(p» = 2(]\4;]3_% [Pu(p+p/)u - (p+p/)upu] . (5.15)

The expressions involving the Kaon decay constant used are the same as in section[d} They are

(K~ (k)| E'VHPjLzu |0) = :I:i%(ku ,

ifx Mg
2(ms + my)

(5.16)
(5 (k)| 5Pru0) = F

Now that we have formulated all expressions with the decay constants we need later on, we are
now ready to compute the amplitude.

5.3 The Amplitude

From the two Lagrangians, amplitude for background process Il is constructed in the following way

; . 4GF ? * uslv,* Hubly B 7
iM=1 ( \/E ) Vuqus lz]:cz C] Mz_] Q2 _ m% i ime]_—‘e s (5,17)
in which
Mij =" (wlg) K~ (k) 007 (Q) (07 (Q)7(g2)m" (1) O™ | B (p)) - (5.18)

£ spin

Let us first look at the SM case, using operators O** and Oﬁizzf The matrix element then becomes

MVL,LVL,L = Z [a(ql)’yaPLu(Q)} [E(Q)’YMPLU<QQ)]
£ spin (5'1 9)

(K™ (k)| 57aPrul0) (x(p')| @y, PLb| B~ (p)) -

34 |



Using the same steps and the Dirac equation as in the previous background process, we find

MVL,LVL,L = Z [ﬂ(ql)’yaPLu(Q)] [Q(Q)’YMPLU(QQH

£ spin

1 _ M2 _ M2

%ka (f;(p+p’)ﬂ+f0 Qf* o ”PH),
= [w(g1) PrRQu(Q)] [w(Q)v" Prv(g2)]

£ spin

' 2 _ g2

% <f+(P+P/)u+(f0—f+)wPu> ; (5.20)
= [u(q1) Pr(@ + me) Pry"v(g2)] me

; 2 a2

P (feto et o - 102 EHER,),

M2 — M2
TP/'L .

~fa(o) P ol md 2 (o4 0) 4 (o= £2)
Because the momentum related to the B~ meson decay cannot be simplified as in the previous
background, it will stay in the expression for now.
The element My, ,v, , is the SM contribution to the matrix elements M;;. Since both processes
B~ — 7% v and ¢ — K~v are mediated by ten different operators each, there are 100 elements
M,;. However, some of them are zero or differ from one another only in sign. The independent
elements M;; can be found in Appendix|C} From these elements, all others are found easily applying
the following rules:

* The elements are independent of the chirality of the hadronic current of the decay of the B~
meson.

+ Elements with an opposite chirality in the hadronic current of the kaon production are of
opposite sign.

* Elements with a tensor current in the kaon production are zero, as we have seen in chapter 4

Together, these elements add up to the full amplitude given in equation|{5.17
For our further calculation, the spinor parts S of these amplitudes are most relevant, since the
square of constants is computed trivially. There are twelve different possibilities, being

51 = [atan Pyote)] Sa = @) Ps@o(a)]
Sy = [ﬂ(%)P}ng(qg)} , Shy = [W%)@@Wv(qﬁ} 7 (5.21)

sy = [aa) Pro™vla)| . S, = (@) Puo" v(a2)| -

These spinor parts form the key element in computing the amplitude squared.



5.4 The Amplitude Squared

In the previous section all matrix elements are calculated and simplified. The twelve different spinor
parts S need to be multiplied by all twelve spinor parts ST.
The case of the SM contains S . The spinor part squared makes

(8% 1820 = 3 (a1 P o(a2)] [0(2)r" Pras(an)]
spin (5.22)

= Tr{giv"gpy" Pr] .
Making use of the properties of Dirac’'s matrices stated in [18], this becomes
<55,R5§,R> = 2q1.a02,8 (™0™ — 0P + 0Pt etV (5.23)

So far, this is the same as in the first background process. However, the contractions with the
momenta are different due to the pion in the final state. The squared amplitude at this point looks
like

2 2 5
1My i) =t (ot ), + o= 1) MBS, )
2 2
<f+(p+p’)u + (fo— f+)ijPzM"Pu) (5.24)

2q1,042,8 (N0 — 0P + P 4 ie*rhY)

The Levi-Civita symbol vanishes in all contractions. In two cases, it is contracted with the same
momentum twice, from where it vanishes due to the antisymmetric properties of the symbol. The
other two contractions cancel each other.

This leads to the SM squared amplitude being

8 ,
= =120 -+ e (p+p)—a1 @ (p+1)?)
my fj;

M2_M2
+2(fo—f+)f+%(ql'(p+p/)Q2'P+Q1'PQ2'(P+p/)—Q1'Q2P'(p+p/))

M2 — M2\?
BPQ) (21 - Pgo- P —q1-q2 P?) .

<|MVL‘LVL,L |2>

+ (fo— f4)? (
(5.25)
In the case of the first background process, it was relatively easy to compute the required dot
products. Until now everything was frame independent. However, to find the required dot products,
two Lorentz boosts need to be performed since the momenta are defined in three different frames.
To define the momenta, the Gottfried-Jackson frame is used explicitly. The frames and the Lorentz
boosts needed are stated in Appendix|A.4]l For the analysis of the squared amplitudes in the SM and
beyond, a lot of dot products come into play. Since the kaon momentum was contracted before, the
dot products with k> are irrelevant. All dot products not involving the kaon momentum k£ appear
in at least one of the squared amplitudes.
Some of the expressions of the required dot products are lengthy, especially those where two
Lorentz transformations are required. The SM squared amplitude in terms of the masses and angles
therefore becomes very lengthy and not illuminating. | will therefore not give it here.
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In section[5.3] 12 different spinor parts of the amplitude are given. | will not provide all 144 combina-
tions of the spinor parts. However, a few comments are worth mentioning.

Firstly, a combination of one of Sy, Sév or Sk with the complex conjugate of one of Sy, S¥ or Sgl;
or vice versa will always be zero since this will give an odd number of gamma matrices, of which the
trace is zero. This halves the number of terms contributing to the squared amplitude.

Secondly, all terms contain a projection operator. Since P, Pr = 0, half of the remaining terms
vanish. The terms that remain, always contain the same projection operator in the initial (not yet
conjugated) spinor part.

These two simplifications leave us with 36 different combinations of spinor parts. The spinor parts
occur twice in the different amplitudes given in Appendix[C providing every spinor part with two
different sets of momenta with which to be contracted.

5.5 What's next?

The expressions become more and more lengthy. Until this point, it has still been possible to carry
out this analysis analytically. At this point, however, we stumble into two problems that make it
inconvenient to go on analytically.

The first problem is the dot product of the momenta. Since two Lorentz transformations have to be
performed for some dot products, the expressions become very lengthy.

The second problem has to do with the lost momentum. We aim for d;f
lost

not only the momentum of the two neutrinos, but also that of the missed pion. We define

(¢?,), Where ¢? _, contains

G = (@ +q+p)2. (5.26)

This expression does not appear in the squared amplitude in this or another convenient form. Taken
together, these problems lead to the conclusion that the rest of the calculations must be carried out
with a computer program.

It is beyond the scope of this project to complete this analysis. To complete the analysis, a few more
steps are necessary. To begin with, a full squared amplitude needs to be calculated numerically.
The ¢2 ., needs to be dragged out of this expression. In Appendixa start is made on the phase
space element. This needs to be completed and the phase space integration needs to be performed.
The branching ratio is then found using equation 5.2}



Chapter 6

Conclusion

The goal of this research was to analytically calculate lepton mediated B~ — K~ v processes that
are a background to the loop-induced process B~ — K~ v, including effects of new physics, making
use of the Weak Effective Theory. The results make it possible to interpret the measurement of
B~ — K~vpin terms of models beyond the Standard Model. In light of this, two processes were
studied: the irreducible background process B~ — ¢~ [~ K~ v]p, and the reducible background
process B~ — 7%~ [— K~v]p. The latter is a reducible background process to the loop-induced
B~ — K~ v since the pion 7% is charge neutral and long-lived, and can therefore be easily missed
in a detector.

The analysis of background process |, mediated by a 7= lepton B~ — 7~ [—» K v]v consid-
ered four different cases. When considering only nonzero Wilson coefficients for operators with
left-handed leptonic current, the branching ratio would decrease linearly as a function of ¢?,
approaching zero as ¢? reaches its upper bound. The obtained differential branching ratios have the
same shape, and differ only in their slope.

While looking at nonzero Wilson coefficients for operators with right-handed leptonic current
only, the same shape appears. However, when allowing Wilson coefficients with right-handed
and left-handed leptonic current to be nonzero at the same time, an extra term appears. This
causes the shape of the branching ratio to change. When choosing the Wilson coefficients such that
the contribution with right-handed leptonic current is equal to the contribution with left-handed
leptonic current, one finds a branching ratio that is independent of ¢2. The shape of the normalized
branching ratio is then a horizontal line. Changing the relative magnitude of the Wilson coefficients
makes all shapes between these two lines possible.

Due to this change in shape, the analysis of the Belle Il collaboration could be miss important
features - if there were new physics in this background process. In order to take the new physics in
this background process properly into account, the Belle Il collaboration should redo a part of their
analysis.

Apart from the shape of the differential branching ratio, the values are plotted of the Wilson
coefficients for which the same branching ratio would be found. These plots show that a small
change in the Wilson coefficients could lead to a big difference in the branching ratio; they also
show which change in the Wilson coefficients would increase in the branching ratio. Furthermore,
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these plots show degeneracies. To resolve these, the shape analysis is needed.

Since both the initial state and the final state of the loop-induced signal process and the lepton
mediated background process 1 are identical, the amplitudes need to be summed coherently.
However, the interference term arising from this scales with an extra factor of Gr and is therefore
negligible.

While analyzing the reducible background process B~ — #%r[—+ K v]p we stumbled into
several problems. Unlike the first background process, where a lot of amplitudes were similar to
one another or zero, here many different amplitudes were encountered. This led to even more
terms in the squared amplitude. Furthermore, in the first background process, only one Lorentz
boost was needed, but in the second background process, two Lorentz boosts were needed. This
made the expressions messier. Lastly, it was more difficult to get the ¢7 _, out of the expression.
Although much of the analysis could be carried out analytically, the rest of the analysis should be
carried out numerically. This was, however, beyond the scope of this project. In order to take new
physics effects of the background process B~ — 7%7[— K~v]v into account, the numerical part of
analysis must be completed. This requires finding the dependence on ¢? , and carrying out the
integration over the phase space element.
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Appendix A

Kinematics and Phase Space
Elements

In our calculations of the differential decay widths of the signal process and the background pro-
cesses, we use the common convention for the notation and normalization of the n-body Lorentz
invariant phase space elements. Then

4, (P;p1, .. pp) = 0* (P - Zpl-) I oosm (A1)

i=1 i=1

We further use the following recursion formula to factorize the N-body phase space element into a
sequence of two-body phase space elements:

d®,(P;p1, ey Pn) = d®; (g p1s oo j) AP ji1 (P @ js1, -y P ) (2)dg? . (A.2)

The remainder of this appendix is dedicated to the definition of the nested two-body reference
frames in the Gottfried-Jackson convention (@appendix A.7), the details of the kinematics for the

signal process (appendix A.2), and the two background processes (appendix A.3|and [appendix A.4).
Though the signal process is not described in detail in this thesis, the definitions of the momenta of

the background processes are defined parallel to the signal process. Therefore the signal process is
included in this appendix on kinematics.

A.1 Gottfried-Jackson Frame

The Gottfried-Jackson convention is used to construct the reference frame of a particle produced
in a two-body decay process. Let this two-body process be a — be, with pf and p¢ denoting the
three-momenta of the particles b and ¢ in the a center-of-mass frame. Then the coordinate system
of the b center-of-mass frame, used to specify the kinematics of a secondary decay of b, is defined as

b Dy b 20 x 2P ~b
= = - xr =
Bl YT B

b b

X
R (A3)

Q>

Nad¥ Nl
Q>
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Using this convention, we define the helicity angle 6,, and the azimuthal angle ¢, associated with
the particle b in the center-of-mass frame of particle a

COS Opy = pb;a'T
p;a o (A.4)
COS hpg = —2——
% = TGl sin G
A.2 Signal Process: B~ — K v
We use the following convention to label the kinematics of the signal process,
B~ (p) = K~ (k)v(q1)v(g2) - (A.5)

We chose to express its three-body phase space element as a cascade of two two-body phase space
elements, corresponding to

B~ (p) = K~ (k)X (q)[= v(q1)7(g2)], (A.6)

where the “mediator” X is only used to simplify the phase-space calculation. Since the initial B
meson is a pseudoscalar state, the decay is isotropic and we can choose the momenta in the B
center-of-mass system (c.m.s.):

= (MB7 07 Oa O)T 5
kH|B—c.m.s. = (Ek, 0,0, 7|‘?|)T ) (A7)

0" pems = (Bq,0,0,+|g)" .

p'u’ | B-c.m.s.

Here we abbreviate

XM, ME, )
2Mp ’
M3+ M2 — ¢?
oMp

—;| —

(A.8)
2 2

M2 7M2 +q2

E2 — M2 22 E2 =2 432 = B K

K K + |q| ’ q q + |Q| 2MB )

where \(a, b, c) = a® + b? + ¢* — 2ab — 2ac — 2bc is the Kallen function. We construct the momenta in

the c.m.s. of the “mediator” X, using the Gottfried-Jackson convention; seelappendix A.1

I xems = (V©:0,0,0),
A xems = (Bux|,+|Eyx| cos ¢, x sinb,x, +|E, x| sin ¢, x sinb,x,+|E, x| cosf,x), (A.9)
q5|X-C.m.S. = (|EVX|a _‘EVX| cos ¢VX sin 91/X7 _|EVX| sin ¢VX sin 91)X7 _|EVX| COos QVX) .



Here E, = \/¢?/2. The Lorentz boost along the z axis to transform a four vector in the B-c.m.s. into
a four vector in the X-c.m.s. is given by

vy 0 0 By
0 1 0 O
A, = (A.10)
0 0 1 O
By 0 0 ~
with
q#|X—c.m.s. = Aﬁq”B—c.m.s. ’ (A'1 1)
(ﬁ, 07 07 O)T = (7 [Eq + 6|q|] }B—c.m.s.’ 07 07 Y [5E(I + ‘(?H |B_C‘m_5.)T . (A1 2)
This leads to a
q
B=—7lp
Eq ’B c.m.s. (A.'I 3)

v = E‘Z’B—c.m.s./\/qﬁ'

In the signal process, the momentum that is missed in the detector is easily constructed due to
momentum conservation. The lost momentum is

(1 + @) =¢". (A.14)

We identify two Lorentz invariant quantities that we will use to describe our phase space elements.

They are
(@ +a)”=¢
A.15)
_ (T3, ME ¢ ‘
k(g2 —q) = MB|q||B-c.m.s. C050|X-c.m.s. = ( B2 ot Cosg‘X—c.m.s. ’
The two-body phase space element for the decay B~ (p) = K~ (k)X (q) reads
d3q 3k
: — 54— —
dq  d*k
=8p—k—gq f §(k* — M2)O(E
( )(27r)32Eq (27)3 ( 1O Er) (A.16)
1 d’q 2 2 2 .
= WECS(MB +q" — Mg — 2MpE;)O(Ey),
1 MEQ; — q2
=G a0
The two-body phase space element for the decay X (q) — v(q1)v(g2) reads
1 &g 5 5 dcosé
. — _ = A7
42201, 02) = (555 50 (¢ - 2VIE.x ) O(E,) S o) (A17)
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We can trivially execute the integration over ¢, x since the decay’'s matrix element does not depend
on it[] Using the recursion formulaleqg. (A.2)| we arrive at the full three-body phase space element

d®3(p; k,q1.q2) = dP2(p; k, ) dP2(q; 1, g2) (2)* dg? (A.18)
_dcosfdq® M}, — ¢*
o 8(2m)7  AME

O(E;)0(E,) (A.19)

A3 Background Processl: B~ — 7 (— K v)v

We use the following convention to label the kinematics of the first background process considered
in this work,
B~ (p) = 77 (Q) [ K~ (k)v(a1)] 7(q2) .- (A.20)

Naturally, this implies that Q* = k* + ¢/'. Since the initial B meson is a pseudoscalar state, the decay
is isotropic and we can choose the momenta in the B center-of-mass system (c.m.s.):

P pems = (Mp,0,0,0), Q| . = (Eqg,0,0,+Q]), A1)
QQL|B_c‘m.S. = (|©‘7070a 7|@D :
Here, we abbreviate
S VAR Q70)  ME-Q o s [ME+Q?)
_ @50 E2 — _ ) A.22
@ ol o Fo=@+1d T (A.22)

where \(a, b, c) = a® + b? + ¢ — 2ab — 2ac — 2bc is the Kallen function. We construct the c.m.s. of the
secondary decay 77 (Q) — K~ (k)v(q:1) using the Gottfried-Jackson convention

Q") cms. = (VQ%,0,0,0),
| = (Ex, k| cos ¢sind, |k| sin ¢ sin 6, |k| cos 6) (A.23)

T-C.m.s.

¢'| .o = (|k|,~|k|cos ¢sine, —|k| sin sin 6, —|k| cos 6) .

The kaon and the neutrino momenta are on-shell, and hence k? = M% and ¢? = 0. In the above, we

abbreviate
2
. 2 )2 2 _ a2 . 2 2
2,/Q? 2,/Q? 2,/Q2
The Lorentz boost reads as in equation with
s 10
Eq @ (A.25)
V= —=.
/QQ

1 This is because no scalar product of any of the four-vectors p, k, g1 and g2 depends on ¢, x, and no Levi-Civita symbol
can be constructed from these four-vectors since they are linearly dependent.



The momentum that is missed in the detector is that of the two neutrinos. We define

¢* = (q1 + q2)?

(A.26)
=0+4+2¢q1-q2+0.
Using a Lorentz boost on ¢f' to express it in the B~ c.m.s we find
& peme = (EQ —|@| cos 8, —m cos sinf, —m. sin ¢sin b, |Q| — Eq cos 0) L] (A.27)
ms. m,
Therefore the lost momentum is
SIE )
¢ =2 coso) B+ 10)
M (A.28)
M
= 2M(1 — cos6).
mr

We identify two Lorentz invariant quantities that we will use to describe our phase space elements
with. They are

(k+q)*=Q°
AL . . (A.29)
q2 - (k - ql) = 6\2/|Q>2B (Ek - |k| - 2|k| cos 9) |Q-c.m.s. :
The two-body phase space element for the decay B~ (p) — 7(Q)(g2) reads
d2Q d®qo
: —54p—0—
A02(p: Q) = 000 = Q@ = ) s 7 o,
Lo (A.30)
— et 2 B2 —
= @ 4 O(Mp — E,).
The two-body phase space element for the decay 7(Q) — K~ (k)v(q:) reads
3k Baq
: — 540 -1 —
d®2(Qiky 1) = 0(Q =k —a1) (2m)32Ek (27)32E,
(A.31)
— 1 cospd Ma( — Ex)
~ (2 v g Ve B

Footnote 1|applies also here, with obvious replacements. Using the recursion formulaleq. (A.2), we
arrive at the full three-body phase space element

d®s3(p; k,q1, q2) = dP2(p; Q, q2) d®2(Q; k, q1 ) (27)dQ? (A32)
_dcosfdQ? Q* — ME ME — Q?
T TR0 Q2 M2 0(Mp — E;)0(m; — Ex). (A33)
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A4 Background Process Il: B~ — 7%/~ (— K v)v

We use the following convention to label the kinematics of the second background process considered
in this work,

B~ (p) = W(P) [= £(Q) [ K~ (k)v(q1)] 7(q2)] 7(p") - (A.34)

Naturally, thisimplies that Q" = k*+q} and P* = Q*+44. Since the initial B~ mesonis a pseudoscalar
state, the decay is isotropic and we can choose the momenta in the B~ center-of-mass system
(c.m.s.):

| pems = (Mp,0,0,0) P s = (Bwp,0,0,+|Pwpl), A35)
7| pems, = (BrB,0,0, = |Piwgl).
Here, we abbreviate
. P2+ M2% + M2)° . P2+ M2+ M27?
|Pwg|? = | E £ - Pyp, Eyp=Pyp+|Pwpl®=|—2E s . (A36)

2Mp 2Mp

We construct the c.m.s. of the secondary decay W~ (P) — ¢~ (Q) 7(gz2) using the Gottfried-Jackson
convention

PH|W—c.m.s. = ( Y P2,O7O,O),
Q"] s = (Baw.|Qlew €OS dow SinOew, |Qlew SiN dew SinOew, |Qlew OS Oewr) (A.37)

& ems = (Qlew, —|Qlew oS daw SinOuwy, —|Qlew SIN dew SINOpvyr, —|Qew COS Oy ) -

The kaon and the neutrino momenta are on-shell, and hence k? = M% and ¢? = 0. In the above, we
abbreviate

- P2 Q2 . P24 Q2 2
_ P e 2y 2:[] , (A.38)
The Lorentz boost reads as in equation with
/3 = _M
Ew s (A39)
v Ewg
VP2



We construct the c.m.s. of the third decay ¢(Q)~ — K (k)v(q1) using the Gottfried-Jackson convention

Qu|€—c.m.s. Z(mg, 0,0, O) ,
ku|€—c.m.s. :(Ekb

sin Oy

- SiN B¢ (COS Opyy COS Prp COS Dy — SIN Ppp SIN Doy ),
| Sin Gew |

- |E|(COS Ore COS Gy SIN Oppyr +

- . . siné . . .
_ |k|(COS Ore SIN oy SIN oy + |S|n79i:v/| sin tgk-((COS Gew SIN Ppp + COS By COS Ggp SIN gbgw)),
.2
- sin” 0, .
— |k|(coS Ok COS Opy — m COS e SiNOip))
qil ¢-c.m.s. :(|k"
- , siné . . .
|k](COS Ok COS Pow SINOpyy + TSinGor| Giz/vl SiN 6,4 (COS Oy COS P COS Py — SIN Pre SIN Powy)),
- . ) sinfpwy . . .
|k|(€OS Oke SIN Opwy SIN oy + TSinGow ]| SiN 04 (COS e SIN Prp + COS Opyyr COS e SIN Py ),
Sin2 %

|k|(cOS B¢ COS By — COS e SINBry)) -

| Sin Oew|
(A.40)
The kaon and the neutrino momenta are on-shell, and hence k? = M% and ¢? = 0. In the above, we

abbreviate )

2,/Q% ' 21/Q?2
The Lorentz transformation now consists of two rotations and one boost. To transform a four-vector
in the W center of mass frame to the ¢~ center of mass frame, furthermore, two rotations are

E% =k + k> = (A.41)

needed
Q" ’e-c.m.s. =AY Ry (0ow) R- (d)ZW)g Qumf-c.m.s,’ (A.42)

where the boost reads as in equation with
1Guw|

Eow
Eow

Ve

The momentum that is missed in the detector is that of the pion and the two neutrinos. We define

b=
(A.43)

G = (@ +q+p)?. (A.44)
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We identify five Lorentz invariant quantities that we will use to describe our phase space elements
with. They are

(k+q)* =Q
(Q+q2)* =P°
Y (Q—go) = (1PI” ~ BwpErp)(|Q] — Eow) — 2| P||Q|(Ew s — Exp) COS bow (A.45)

VP2

g2 - (k — q1) = function of cos 0k,

e(k,q1, g2, p") = function of linear combination of ¢x, dew .

The latter two functions are lengthy expressions, therefore we do not give them here.
The two-body phase space element for the decay B~ (p) — W~ (P)xn(p’) reads

Bl Pf) = 30— P =) ot L (n46)
The two-body phase space element for the decay W~ (P) — £~ (Q)v(gz) reads
dDo(P;Q, ) = 0*(P — Q — go) (QW‘)lszgw (%;fzqzyw ‘ (A.47)
The two-body phase space element for the decay ¢~ (Q) — K~ (k)v(q1) reads
40a(Q: ko) = 5(Q — b — q1) oo (n48)

(21)32E 5 (21)°2E,;

The[Footnote T|regarding the Levi-Civita symbol is not applicable in this process.
Using the recursion formulaleqg. (A.2), we arrive at the full three-body phase space element

d®4(P;p' k. q1,q2) = d®a(p; Q, g2) d®2(Q; k, q1)(27)2dQ* . (A.49)
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Appendix B

Interference Term

Schematically, the process B~ — K v is described by two subprocesses: the “short-distance” (loop-
induced) signal process with amplitude Mg; and the “long-distance” (tree-level-induced) background
process with amplitude Mgp;. Since both the initial state and the final states of both processes are
identical, we have to sum their amplitudes coherently. The narrow width approximation is used to
get:

575; o | Ms(q?) +MBPI(Q2,Q2)|2 (B.1)
= ’MS(QQ)‘Q +2Re {M5(¢*)Mpp1(Q*,¢°)} + ’MBPI(Q27(I2)|2 (B.2)
~ IMsta)]” + 2Re { M3 (@ ) G ) 63)

. 2
0 2 2 ¢
* Y ; Q2 B ‘21' + TFT
~ IMsla)f +2Re { M5 () (@2 )1 b I 55
~ 9 9 2 1
M@ e (B.6)
= [Ms(e)]" +2Re { M5(6) Mp(Q% ) (0(Q* = m2) + m. T | —T—6(Q% — m2) (8.7)
~ 2
M@, 5@ - m?) (B.8)

™

5(Q* —m3) (B.9)

= |Ms()]” + 2Re { MA() Mp(@,0") b 15(@7 — m2) + [ M@, )|

m.1;

We want to know which of these terms contribute significantly. The first term scales with G%. The

g—? = G%.. The second term, however, scales with G%.. This makes this SM-BSM
F

interferrence term insignificant compared to the others. We neglect it in the analysis.

last term scales with
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Appendix C

The Matrix Elements of
B~ — 7V~ [—> K_V} U

In this appendix, elements M,; of the background process B~ — 7%~ [— K~v] v are given without
further explanation so that they can be used as a reference for future research. These elements are
summed to create the full amplitude given in equation|5.17,

The elements M;; are:

My, v =Y [a(q)y* Pru(Q)] [5(Q)y" Prv(ge)] (K~ (k)| 570 Pru |0) (x(p')| 47, PLb| B~ (p)) ,

£ spin
, ) ,
= Z my [4(q1) Pr(Q + myg) PRy v(go)] ic (f+(p+p) +(fo— f+)M M’TP ) e
£ spin
i 2
= [u(q1) Pry"v(g2)] m?% (f+(p+p/) + (fo— f+)MB Mep, )

My, v w = Y [(g) v Pru(Q)] [0(Q)7" Pro(gz)] (K~ (k)| 5va Prul0) (m(p')| 47, PLb | B~ (p)) ,

£ spin
= Z my [u(q1) Pru(Q)] [u(Q) Pry"v(gq2)] =~ i (f+(p+p) + (fo— f+)M MWPM> ,
£ spin
. 2 2
e [l Pe@otaa] 5 (04 )+ o - 10 B2, )
(C.2)
My, 5., = Y [w(q) Pru(Q)] [@(Q)y" PLo(ge)] (K~ (k)| $PLu0) (m(p')| uy, PLb| B~ (p)) |
£ spin
= [@(q1) Pr(Q + m¢) Pry"v(go)] m (f+(p +)" + (fo — f+)MPMTrP“)
[l Prr o ()] (ke f )+ (o= ) MBS ).
(C.3)
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My, pspn =Y la(@) Pru(@Q)] [w(@)y" Pro(az)] (K~ (k)| sPru0) (m(p')| @y, PLb B~ (p)) ,

£ spin

= [a(a1) PL (@ + me) Pry"v(g2)] m (mp )+ (o — g MM pu)
 luta) P o) 5 2 (oo + - mMpu)
Mri v = 32 " o@D Pl (€ (915700 60 0, Pub B0 o
el Pa(@ + mo P o(ae) 2 (1o 9+ (o 10 MEZMER)
 futa) Pavlan) mt 2L £yt o) (= o Mo )

My avi = Y [a()7* Pru(Q)] [0(Q)7" Pro(g2)] (K~ (k)| 570 Pru |0) (m(p')| 4, PLb B~ (p)),

£ spin
. 2
= Z me [u(q1) P (@ + me) Pry v(qe)] —— i <f+(p+]9) + (fo— f+)M — M u> , (C.6)
£ spin
= [a(q1) Py v(g2)] mi ‘i (f+(p+p) (fo—f+)M M’TP>

My rsin = Y [a(a) Pru(Q)] [@(@)7" Pro(g2)] (K~ (k)| 5Prul0) (m(p')| 4y, Prb|B™ (p) ,

£ spin
a0 Pu(@ + o) P ola)) 5 PR () = o M),
= [0(00) P o(0)] s Faly 4 (o= )P ).
(C.7)
Myysen = 3 (1) PLu(@)] [6(Q)7" Pro(a2)] (K~ (k)| 3Pru 0) (x()| 57, PLb | B~ (p))
£ spin
i 2 2 2
~[0(a0) L@ + m) Py o) g (folp+ )+ (o= £ B P ).
i m 2 2 2
~[n(an) Py o(ae)) g (o )+ (o~ £ PP )
(C.8)
Msy vy = 3 [ala)r™ Pou(Q)) [a(Q)Pro(a)] (K~ (k)] 570 P |0) (w(p))| @PLb B (1))
£ spin
=" me[u(q) Pr(Q + me) Prv(gs)] Zf’jlfow, (C.9)
£spin My
i 2 2
— (a0 Pr@y*vlae)|my T 2=
Ms, vin =Y [0(g)7* Pru(Q)] [0(Q) Prv(g2)] (K~ (k)| 870 Pru |0) (w(p)| @PLb B~ (p))
£ spin
= > me[u(q) PL(@ + me) PLo(ga)] if’;foﬂm, (C.10)
£spin u
Z 2 2
= [alan) Poyo(g)) my et Mo = M

4 mp — My,
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Ms, psp0 = ) [a(a) Pru(Q)] [a(Q)Pro(ge)] (K~ (k)| 3Pru0) (w(p')| uPLb| B~ (p))
£ spin

ifkfoMz M% — M?

=[1(g1) Pr(@ +me) Pro(ga)] o= S0 (C11)
_ ifw foM2 M2 — M2
= [u(q1) PrPv(g2)] 4(7;2 o e
Ms, 50 n = [8(q)PLu(@)] [5(Q)Prv(g2)] (K~ (k)| sPru|0) (x(p')| aPLb| B~ (p)),
£ spin
= [a(g1) PL(@ + me) Pro(go)] 4222 ff\gi ) A:f — nj‘f , (C.12)
= [u(q1)Prv(ge)] me 4Z(J;ifij\ii) ]\:f ::Zj
Ms, qvi, = Y [(g)7* Pou(Q)] [u(Q) Pro(g2)] (K~ (k)| 87a Pru |0) (w(p)| @PLb B~ (p))
£spin
e 500 (@ + o) Pro() T2 M5 = M (B
= [alar) Pro(ge)] my Lo M = M
my m
Ms, avi = 3 [6(q1)y* Pru(Q)] [6(Q) Pro(g2)] (K~ (k)| $7aPru |0) (x(p')| wPLb |B™ (p)),
£ spin
e [ii(g1)PL (@ + me) Pro(a2)] ﬁ“w (C14)
= [a(q1) PL@v(ga)] me ififk ]\:@lj :n]\fﬂ ‘
Ms, ns,, = > [5(q) Pru(Q)] [t(Q) Prv(g2)] (K~ (k)| 5Pru 0) ((p')| wPLb| B~ (p)) ,
£ spin
=[u(q1)Pr(Q + m¢)Prv(g2)] 4ifo0M%{ M - M7%7 (C.15)
(ms + mu) mp — My,
) ifw foM2 M2 — M2
= [u(q1) Prv(q2)] me4(nz —(l)—mi) mf Ty
Ms, psen =3 [ulq)PLu(Q)] [a(Q)Pru(g2)] (K~ (k)| Pru [0) (w(p')| uPLb B~ (p)) .
£ spin
= (0(00)PL(@ + o) P (a)] LR Mh = M c
mg My, ) My m
_ ifi foM2 M2 — M2
= [ula) Po@o(2)] g7 =S T
My, =Y [alg)y* Pou(@)] [0(Q)o" Pro(qz)] (K~ (k)| 570 Prul0) (w(p')| o, b | B~ (p)) ,
£spin
=[u(q1) Pr(@ + me) Prov(g2)] ﬁm [Pu(p+1)u— @+p)uPul, (C.17)
= [l Pr@o" o] {37 s P+ )= (04 8.
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Moy, = Y [a(@)r* Pru(Q)) [a(Q)o"” Pro(ge)] (K~ (k)| 870 Prul0) (m(p')| @0,,b | B~ (p)),

MTLSL,L

£ spin

[0 PL(@ + mo)Puo ()] LT

4(Mgp + M,

5 ny _m%foT /
= [u(q1)Pro" v(qz)] 1My + M) [P.(p+71)

] [P(p+0)u— @+D)uPul,

n (p+p/)up,u} .

= [alg1) Pru(@Q)) [w(Q)o™ Pru(az)] (K~ (k)| 5Pru |0) (n(p')| w0, b| B~ (p)) |

£ spin

= () Pr(@ + me) Pro™ v(a2)] 1

= [u(q1) Pr@o"" v(qz)]

—frfrM%

—fx frMp

(Mp + Myz)(ms +my)

[P(p+1)u— @+p)uPul,

4(Mp + Mz)(ms +my,)

[Pu(p +pl)u - (p —|—p’)VPM] .

Mrys, =Y lula) Pru(@)] [w(Q)o" Pro(ge)] (K~ (k)| 5Pru |0) (w(p)| 4o b | B~ (p)) ,

£ spin

= [(q1) PL(@ + me) PrLo"”v(gs)]

—fr frM%

i(Mp + My)
—fr frmeM%

= [u(q1) Pro"v(ga)] 1

MB + Mﬂ')(ms + mu)

(ms + mu) [Py(p +p/)# N (p +p/)ypll} )

[P(p+p )y —(@+D) P

Mgy, = Y [a(@)r* Pru(Q)] [w(Q)e" Pro(g2)] (K~ (k)| 870 Prul0) (m(p')| @0,,b | B~ (p)),

MTRVL,R =

£ spin

=[u(q1)Pr(Q + me) Pro" v(gz)] _—mefK ST

= [u(q1) Pro"" v(q2)] —

A(

£ spin

=[u(q1)PL(@ + me) Pr

= [u(q1)PL@o" v(g2)]

MB + Mﬂ')

4(Mp + M,

mific/r [P,(p+p)

U“”U((h)] 4_m€foT

—my [ fr

(s 1 0,) |

) [PV(p+pl)H - (p+p/)VPu] 9

w— 0+l

> (@) Pru(Q)] [0(Q)o" Pro(a2)] (K~ (k)| 70 Pru |0) (x(p')| 40,b B~ (p))

P(p+1)u—p+0)uPul,

1t + gy PP = 40P

Mrys, . = Y [alg) Pru(Q)] [0(Q)o™ Pro(q2)] (K~ (k)| 5Pru|0) (n(p')| 0,b B~ (p))

£ spin

= [a(q1) Pr(@ + me) Pro™ v(a2)]

—fr frM%

(MB + Mﬂ)
—fr frMEmy

=[u(q1)Pro""v(qz)] K

MB + M‘n’)(ms + mu)

[P,

(mg +my,) [P+ 2 = (0 + 2 Pl

(P40 ) — (40Pl

Mipsyn = Y [ala) Pru(Q)] [a(Q)o™ Pro(gz)] (K~ (k)| 8Pru |0) ((p") 40, b| B~ (p)) ,
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£ spin

= [u(q1) PL(@ + me) Prov(g2)]

~ [a(a1) P (@) 5

—frfrM%

4(Mp + M)
—fr frME

(ms + M) [Pop+ 2 = 0+ 2P

(Mp + Mz)(ms + my)

[Po(p+p)p— (@+D).Ful.

(C.18)

(C.19)

(C.20)

(C.21)

(C.22)

(C.23)

(C.24)
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