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Abstract

Dark matter (DM) remains one of the biggest unresolved mysteries in cosmology and particle physics.
Whereas astrophysical and cosmological observations strongly support its existence, direct detection
efforts have yet to provide conclusive evidence of its particle nature. This thesis investigates the potential
detection of fermionic DM via nucleon scattering mediated by Axion-Like Particles (ALPs). By using
effective field theory, we establish a translation between relativistic operators and non-relativistic building
blocks, that can be found in literature. The second-order expansion of operators provides an interesting
addition, when leading-order terms are suppressed. Next within this effective theory, we examine the
scattering amplitude of DM–up-quark scattering at tree-level and find that the cross section is momentum
suppressed, as well as suppressed by the ALP decay constant fa ∼ 1 TeV. We calculate the scattering
amplitude at one-loop order, leveraging the top-quark mass scale to lift the suppression of fa, and
find that the loop contribution dominates the cross section of SI interactions. We examine ultraviolet
divergences and renormalization effects, evolving the ALP’s vector and axial-vector couplings down to
the top-quark mass scale, assuming the ALP is less massive than the top-quark. Based on current
experimental bounds on Kaon and B-meson decays, we establish constraints on the coupling for ALP
masses below 250 MeV/c2 and 5 GeV/c2, respectively. Our findings suggest that current direct detection
experiments could probe ALP-mediated dark matter with masses between 10 and 20 GeV/c2, while
heavier DM is excluded by current experiments. Although the neutrino fog may pose a problem and new
experiments would be needed to probe these masses, the expectation based on our outcome is within
the region where more statistics make detecting small DM masses possible, which make the neutrino fog
less problematic. This work highlights the importance of loop-effects in ALP phenomenology and their
potential impact on DM detection.
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CHAPTER 1

Introduction

Dark matter (DM) plays a crucial role in our understanding of modern cosmology. Despite its
significance, DM has neither been directly detected nor produced in experiments, making it one of
the central open questions in cosmology and particle physics. Baryonic matter and the particles
of the Standard Model of particle physics cannot explain all the astrophysical observations, which
are touched upon later. The ΛCDM model, the standard model of cosmology, is consistent with
a wide range of high-quality observations [1]. In this model, Λ represents dark energy, and CDM
stands for cold dark matter. Together with inflationary theory, described in ΛCDM, this model
provides a detailed picture of the Universe’s structure formation [2].

First let us answer why DM needs to be ‘cold’. Cold DM refers to particles with insignificant
velocity dispersion relative to the Hubble flow and minimal non-gravitational interactions [3].
DM must lack an electric charge to avoid interacting with photons, ensuring it remains “dark”.
Simulations comparing hot (relativistic) and cold (non-relativistic) DM demonstrate that hot and
cold DM lead to significantly different results in large scale structures of the Universe. These
simulations lead to the conclusion that hot dark matter could not account for all the DM in the
Universe [4]. Cold DM makes, therefore, a more viable candidate.

There are numerous observations supporting cold DM. One of the most compelling pieces
of evidence for DM comes from galaxy rotation curves. According to Newtonian gravity, the
rotational velocity of stars at a radius r from the galactic center is

v(r) =

√
Gm(r)

r
(1.1)

where G is the gravitational constant and m(r) is the total mass contained within r [5]. Beyond
the galactic disk, the enclosed mass should be approximately constant. Combining information
with Eq. (1.1), we see that for distances beyond the galactic disk v(r) ∝ r−1/2. However, obser-
vations show that rotation curves flatten at these radii instead of following Keplerian behavior
(see Fig. 1.1) [6]. This flattening of rotation curves implies that m(r) ∝ r at large distances. Two
explanations have been proposed: either Newtonian mechanics does not apply on these scales
(e.g. Modified Newtonian Dynamics) or the discrepancy is caused by DM [7]. As the name
suggests, the former theory modifies Newtonian dynamics to make up for the discrepancy with
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Figure 1.1: Measured rotational speeds of HI regions in NGC 3198 and (dashed) the ideal
Keplerian behavior [5].

observations. This thesis focuses on the latter theory, where DM is expected to form halos, i.e.
gravitationally bound regions decoupled from the Hubble expansion [8].

Gravitational lensing provides further evidence for DM. In general relativity, massive objects
bend light, and in some cases, form Einstein rings with a radius given by

θE =

√
4GM

c2
dLS

dLdS
.

Here c is the speed of light, M is the mass of the lens, dLS , dL and dS are the distance between the
lens (L) and the source (S), the distance to the lens and the distance to the source, respectively.

Lensing observations allow the mass distribution within galaxies and clusters to be estimated.
For instance, in cluster CL 0024+1654 (Fig. 1.2), over 98% of the mass is associated with smoothly
distributed DM rather than luminous matter [9]. In Fig. 1.2 the smooth distribution of DM can
be seen in galaxy cluster 0024+1654 (in orange). This cluster lenses the background galaxy in
eight different subimages.

Similarly, the Bullet Cluster (Fig. 1.3), a colliding cluster of galaxies, provides direct evidence
for DM through the separation of baryonic matter (pink) and DM (blue), with DM passing
through unaffected by the collision. This effect requires there to be DM [10]. Fig. 1.3 shows
that a lot of mass is concentrated in the blue regions, which is not associated with baryonic
(luminous) matter and therefore ‘dark’.

The last piece of evidence we will address is evidence found in anisotropies in the Cosmic
Microwave Background (CMB). The CMB was created about 3 × 105 year (z ' 1100) after
the Big Bang. In this period, known as cosmological recombination, the temperature dropped.
The photons in the early Universe no longer scattered with electrons and ions, making ions and
electrons able to bind and create atoms, i.e. photons decoupled from baryonic matter. Now
photons were able to travel freely, which is what we now detect as the CMB. Small temperature
fluctuations in the CMB (δT/T ≈ 10−5) encode information about the density and composition
of the Universe [12]. A map of the temperature fluctuations in the CMB is given in Fig. 1.4a.
From the CMB, the auto-correlation of the temperature fluctuations can be extracted and given
in terms of the multipole moments. The associated power spectrum is given in Fig. 1.4b. During
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Figure 1.2: The reconstructed total mass density in CL 0024+1654. The DM is shown in orange
and the mass associated with luminous matter (the galaxies) is shown in blue. The contours
shown are at 0.5, 1, and 1.5 times the critical lensing density [9].

Figure 1.3: Image of the Bullet Cluster taken by Chandra X-Ray Observatory. The hot gas
made of baryonic matter is colored in pink. The region where the most mass is concentrated,
determined using gravitational lensing, is colored in blue. The mass in the blue regions is
associated with dark matter. [11]
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Figure 1.4: Left: A map of the temperature fluctuations of the CMB made by the Planck
telescope in 2020 [13]. Right: The Planck temperature power spectrum in 2015, where the red
line is a fit of the ΛCDM model [14]. The residual with respect to the model is plotted in the
lower panel.

recombination the interaction between photons and baryonic matter is influenced by DM. Ba-
ryonic matter falls into gravitational potential wells created by DM, which in turn heats up the
plasma and generates outward pressure. This pressure causes the plasma to expand, cooling the
plasma down again. A cycle of compression and expansion induces acoustic oscillations of the
baryon-photon fluid. These baryonic acoustic oscillations made an imprint in the peaks of the
CMB power spectrum. Changing the abundance of DM in turn changes the power spectrum of
the CMB. [15] The ΛCDM model fits well with the CMB power spectrum, as seen in Fig. 1.4b.
The Planck data [16] suggests the DM density in the Universe is approximately 24%.

Given this evidence, is there some prediction we can make about the evolution of DM in
the Universe? Using the thermal evolution of the Universe, a prediction on the annihilation
cross section (or actually the thermally averaged cross section) can be made, assuming that dark
matter is made of particles. In the early Universe, the temperatures were high enough that all
particles were in thermal equilibrium. We assume that the number density and energy density
of a particle i with mass m at temperature T is described by

neq,i(T ) = gi

∫
d3p

(2π)3
f(p, T ), (1.2a)

ρeq,i(T ) = gi

∫
d3p

(2π)3
E(p)f(p, T ). (1.2b)

Here, gi are the number of internal degrees of freedom, such as spin, f(p, T ) is the phase-space
distribution and E2(p) = p2+m2 is the energy of particle i. The phase-space distribution f(p, T )
is given by the Fermi-Dirac distribution (+) for fermions and the Bose-Einstein distribution for
bosons (−):

f(p, T ) =
1

exp ((E(p)− p)/T )± 1
. (1.3)

As the Universe expands, the temperature decreases. Assuming that all particles remain in
thermal equilibrium, the temperature eventually decreases to a point where it drops below the
mass of the particles m � T . When this happens the phase-space distribution reduces to a
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Maxwell-Boltzmann distribution, for both bosons and fermions. The annihilation rate is linearly
dependent on the number density neq,i. In order to keep the Universe in thermal equilibrium, the
particle’s interaction rate must be much larger than the Hubble rate: Γ � H. This interaction
rate is defined as

Γ(T ) = neq(T )σvrel(T ), (1.4)

where σ is the interaction cross section and vrel is the relative velocity between particles. In this
situation, particles interact so frequently, they are not bothered by cosmological expansion and
any fluctuations in the densities is smoothed out, such that the system returns to equilibrium.
This interaction rate is different for various species of particles and different types of interactions.
When for some species in the early Universe Γ ∼ H, it decouples from the other particles. Then
particles freeze-out from equilibrium and attain some fixed abundance. At freeze-out the particles
are no longer in chemical equilibrium, but remain in kinetic equilibrium with the surrounding
plasma. [7, 17–19]

Postulating that DM follows the same history as the SM particles, we conclude that DM
should be non-relativistic, i.e. CDM, and should have an energy density of Ωχh

2 = 0.12 [16].
The cosmological evolution of DM can be traced using the Boltzmann equation: [17]

dnχ
dt

+ 3H(T )nχ = −〈σv〉
(
n2χ − n2χ,eq

)
. (1.5)

Here, 〈σv〉 is the thermally averaged annihilation cross section for the process χχ→ (SM)(SM)
[20]:

〈σv〉 = 1

8m4
χTK

2
2 (mχ/T )

∫ ∞

4m2
χ

ds σ(s)
√
s
(
s− 4m2

χ

)
K1

(√
s

T

)
. (1.6)

As the Universe expands the number density decreases. It is useful to scale with the expansion
instead, and use the comoving number density Yχ = nχ/s, where s is the total entropy density
of the Universe. The Boltzmann equation can be rewritten in terms of Yχ, writing x = mχ/T ,
using that sa3 is constant (where a is the scale-factor), T ∝ 1/a, and dx/dt = H(x)x:

dYχ
dx

= −xs 〈σv〉
H(mχ)

(
Y 2
χ − Y 2

eq,χ
)
. (1.7)

Solving the equation for CDM (see [7, 17]) results in the following expression for the energy
density of DM today

Ωχ =
mχstodayYtoday

ρcr
, (1.8)

where ρcr is the critical density of the Universe. This value is often called the relic abundance,
because it is the density remaining after freeze-out. To match the experimental results of Ωχh

2,
the thermally averaged cross section for a WIMP-like DM candidate has to be of the order of
〈σv〉 ∼ 10−26 cm2 [17].

This prediction has led to the WIMP miracle, with a DM mass around the 100 GeV and
coupling of 0.01, which we now know not to be a miracle. Essentislly, the coupling α–not only
0.01–can take any value between 0 and 1, which opens up a wider range of DM masses. With
α2/m2

χ remaining constant, mχ can take any value between approximately 1 keV and 100 TeV,
because lighter DM particles have a small coupling and would still be relativistic at freeze-out,
while heavier DM particles would have a larger coupling and perturbative calculations are not
applicable anymore. [7]

The conlcusion from the above discussion, is that in order to explain the relic abundance of
DM, DM must have some kind of interaction with Standard Model particles. Given the strong
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evidence for DM, knowing that DM must interact with Standard Model particles and that a wide
range of masses mχ are possible, detecting it directly remains a major goal in physics. Direct
detection experiments are still increasing their sensitivity in the cross-section–DM-mass search-
space. As we mentioned, different models have been trying to explain DM, but none have been
experimentally confirmed, yet. One of these models assumes ALPs as mediators between DM
and the SM.. In this thesis we have found a way to make the direct detection of ALP-mediated
DM via nucleon scattering work.

First, in Chapter 2 we will focus on direct detection experiments and discuss how they work.
Since cold DM is non-relativistic, the predictions from relativistic quantum field theory must be
adapted to the non-relativistic regime. In Chapter 2 we discuss the non-relativistic theory from
literature and calculate the first and second order non-relativistic expansion of the relativistic
theory. Next, in Chapter 3, we examine a specific DM model involving ALPs as a mediator using
ALP effective field theory. We then obtain an expression for tree-level scattering in Section 3.2,
where we identify some problems involving suppression. This suppression can be lifted by going
to one-loop order calculations. So, in Section 3.3 we calculate the loop integral and simplify
and approximate it, to obtain the leading order contribution to the loop integral. Since the
diagrams are divergent, we identify the operator and diagrams that renormalize our integral in
Section 3.4. It was found in literature that meson decay can set constraints on the flavor-changing
ALP coupling to quarks. In Section 3.6 we are able to set bounds on the couplings in our loop
diagrams for certain ALP masses. Next, we evolve the couplings from the cutoff scale of the
ALP effective field theory down to the top-mass in Section 3.5, using RGEs found in literature,
where we run into complicating situations. Lastly, in Section 3.7 we estimate the cross section
and compare our prediction to experimental results and constraints.



CHAPTER 2

Dark Matter Direct Detection

In the previous chapter we discussed some properties of dark matter (DM) and the evidence
for DM. With all this observational evidence, a natural question arises: how can we establish
experimental evidence of DM? Various experiments around the world are focused on so-called
direct detection to confirm the existence of DM. In this chapter we will first discuss direct
detection experiments and their working principles in Section 2.1. Next, in Section 2.2 we
discuss effective field theory (EFT) for direct detection of DM with relativistic operators. But,
cold DM is non-relativistic (NR), meaning that we must take an NR limit of the relativistic
theory in order to make predictions. In Section 2.3 we do this. This chapter will be concluded
by Section 2.4, where we go to second order expansion in the NR limit and its caveat of needing
the center-of-mass frame.

2.1 Experiments
As discussed in the introduction, numerous gravitational pieces of evidence for DM have been
observed, coming to the conclusion that it must be electrically neutral and massive. In Chapter 1
we have seen that in order to explain the relic abundance of DM via a dynamical process, it
must have another property; it must have interactions – although weak – with Standard Model
(SM) particles. Experimental verification is essential to confirm the existence of DM and probe
the properties of these particles, if DM is another type of particle. There are three types of
interactions that experiments can observe: DM production, DM annihilation/decay, and DM-
SM scattering. These processes are illustrated in Fig. 2.1. The direction of the arrows in the
diagram indicates the flow of time, hence, indicating how the diagram should be read and what
process is represented by the diagram. Experiments like the Large Hadron Collider (LHC) have
prospects producing DM [21]. In such high-energy environments, SM particles may acquire
sufficient energy to produce DM through non-SM interactions. Since DM is electrically neutral
and detector instruments (like calorimeters) only detect particles via strong or electromagnetic
interactions [22], DM would manifest itself as missing energy or momentum in detectors that is
not of neutrino origin. However, when this thesis was written, no DM signal has been observed
yet at the LHC [23].

10
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Figure 2.1: Diagram for scattering Standard Model (SM) particles with dark matter (DM), and
the production and annihilation of dark matter. The direction of the arrows is the direction time
flows in.

The second type of interaction, DM annihilation, involves DM particles annihilating and
producing SM particles. The DM present in and around astrophysical objects in or close to our
galaxy could self-annihilate into SM particles, which could lead to measurable signatures [24].
The latter is categorized as indirect detection and the former as collider-detection of DM.

The third type, DM-SM scattering, constitutes direct detection, because the effect of DM is
observed with direct interactions with SM particles. DM particles are believed to permeate the
Universe and should occasionally scatter with particles on Earth. Such interactions cause nuclear
recoil with some recoil energy ER, that can potentially be measured. If the recoil energy is large
enough, it may be possible to detect scatterings and infer the properties of DM from kinematics
[7]. The nuclear recoil energy of a nucleus with mass mN after scattering with a DM particle is
given by [7]

ER =
q2

2mN
' 50 keV

( mχ

100 GeV

)2(100 GeV
mN

)
, (2.1)

where |q| ∼ mχv is the NR three-momentum transfer in the collision, and v ∼ 10−3 is the
NR average velocity of DM particles in the Milky Way halo. For a nucleus of mass mN ∼ 100
GeV/c2, the recoil energy is less than 1 keV for mχ ≤ 10 GeV/c2. A recoil energy of this scale is
too low for experiments like LZ and XENONnT to detect [25, 26]. However, for DM masses in
the range 10 − 103 GeV/c2, the recoil energy is large enough to produce a detectable signal in
these experiments. Other experiments, like DarkSide and PandaX, are specialized in detecting
smaller DM masses, in the range of 1− 10 GeV/c2 [27, 28].

A basic quantity of interest in direct detection is the scattering rate between DM and the
targets. The differential scattering rate of a DM particle off a nuclear target is [7]

dR

dER
=

ρχ
mχmN

∫ vmax

vmin

d3v vf(v + vobs, t)
dσ

dER
. (2.2)

Here, ρχ is the local DM density in the galaxy, f is the DM velocity distribution in the galactic
frame, vmax is the Milky Way escape velocity, and vmin is the minimum velocity required to
scatter with a nucleus with energy ER. Assuming that the nucleus is at rest and DM is NR and
moving in the x-direction, the four-momenta are kµ = (mN ,0) and pµ = (mχ+

1
2mχv

2,mχv, 0, 0),
respectively. Defining the momentum transfer in terms of the recoil energy ER and the scattering
angle θ, qµ = (ER,

√
2mNER cos θ,

√
2mNER sin θ, 0), one obtains the minimum velocity for some

recoil energy ER. The density ρχ and velocity distribution f are astrophysical parameters. A
common distribution-type for f is the Maxwell-Boltzmann distribution. From this differential
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rate, two key observables can be extracted: the DM mass mχ and the cross section σ. If the
mediating force is known, one can obtain the cross section and a relation between the mass and
the cross section (since the cross section will be dependent on the DM-mass). Hence, direct
detection experiments search the mass-cross section parameter space for signals of DM particles.

Direct detection experiments distinguish between spin-independent (SI) and spin-dependent
(SD) interactions because their sensitivities differ [29]. It is, therefore, convenient to split the
cross section into an SI and SD part. SI cross sections are generally larger than SD cross sections,
because SD interactions are always accompanied by momenta, meaning that these are momentum
suppressed in the NR-limit. This feature will be discussed further in Section 2.3. Moreover, SI
scattering is coherent and experiments detect the coherent recoil energy of the nucleus, resulting
in the cross section being enhanced by the atomic number [30]. From the differential cross section
dσ/dER, the SI DM-nucleus cross section can be expressed as [7]

dσ

dER
=

mN

2µ2v2
σSIF

2(q), (2.3)

where µ is the reduced mass of the DM-nucleus system, v is the relative velocity between the
DM and nucleus, F (q) is the nuclear form factor and mN is the mass of the nucleus. We now
have a relation for the DM-nucleus cross section, but this is dependent on the type of nucleus
(e.g. Xenon or Argon). To make results independent of the nuclear target, it is convenient to
relate the SI DM-nucleus cross section, σSI, to the SI DM-nucleon cross section, σp, via [7]

σSI =
µ2

µ2
p

A2σp. (2.4)

Here, µp is the reduced mass of the DM-nucleon system and A is the atomic mass number.
Using a standard quantum field theory approach, one calculates the amplitude M for DM-

nucleus scattering, after which one can obtain the cross section. One can show that the NR
amplitude has the following relation to the differential cross section dσ/dER (see Appendix A.1):

dσ

dER
=

mN

2πv2
〈
|MNR|2

〉
. (2.5)

Combining Eqs. (2.3) to (2.5), the nucleon cross section can be expressed in terms of the NR
amplitude [7]

σpF
2(q) =

µ2
p

πA2

〈
|MNR|2

〉
. (2.6)

This provides the tools to calculate σp if the amplitude is known.
As experimental sensitivities of direct detection experiments improve, they approach the

region where coherent elastic neutrino-nucleus scattering (CEνNS) becomes relevant. Neutrino-
induced nuclear recoil signals resemble those from DM, complicating detection. Previously this
region was considered the “neutrino floor”, but is now better understood to be the “neutrino fog”.
Neutrinos causing the CEνNS have different sources, such as solar neutrinos, atmospheric neut-
rinos and neutrinos from nuclear reactors. Although the whole mass-cross section search space
below the neutrino floor is sensitive to CEνNS, some parts have a larger neutrino-background
due to these different sources. Each source has a distinct feature in the search space, as can be
seen in Fig. 2.2. Although the background in these regions is very large, outside these neutrino-
background soures the neutrino-bakground is much smaller and a distinction between DM and
neutrino scattering can be made with sufficient statistics. Hence, the neutrino floor does not
remain a hard limit anymore and it is now called a fog, because one can still “see” through the
neutrino background (with sufficient statistics) [31]
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Figure 2.2: In the left panel, the colormap shows the neutrino fog where different sources of
the strong neutrino background are indicated. The gray line on top of the neutrino fog is the
neutrino floor line, where above n < 2 and below n ≥ 2. The sensitivity of different experiments
are given, where the green-shaded region is the search-space that is excluded by experiments. In
the top- and bottom-right panel the cross section and gradient of the discovery limit are given
as a function of the number of 8B events, respectively. [31]

Consider that a discovery limit σ decreases as the number of background events N increases.
The neutrino fog is quantified by taking the gradient of the discovery limit [31]

n = −
(
d lnσ

d lnN

)−1

. (2.7)

Here, n is the index, with n = 2 for normal Poissonian statistics, n > 2 for saturation and n < 2
undefined. However, the neutrino background is dependent on the type of noblegas that is used
in the detector. The experiments XENONnT and LZ use liquid Xenon in their detectors. Hence,
in the rest of this thesis we will make use of the neutrino background in Xenon, which is also
given in Fig. 2.2. For each value of DM mass mχ, there exists a cross section σ where n crosses
2. This defines the boundary of the neutrino fog and is referred to in the rest of this thesis as
the neutrino floor (eventhough it is not an inpenetrable floor).

Apart from knowing the theory behind direct detection experiments, it is good to know how
such experiments generally work. Direct detection experiments use dual-phase time projection
chambers (TPCs) to detect DM. TPCs contain liquid Xenon (LXe) with a thin layer of gaseous
Xenon at the top of the tank. A sketch of the LXe detector is shown in Fig. 2.3. Photomultiplier
tube (PMT) arrays are located at the top and bottom of the cylindrical tank. Two signals are
generated by the nuclear recoil and caused by secondary effects of scintillation light and ionization
electrons. Together, these signals reveal both the position and the recoil energy of the scattering
event. In the left panel, an incoming particle interacts with the LXe, producing scintillation light
(the S1 signal), which is detected by the PMTs at the top and bottom of the detector, causing
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Figure 2.3: Illustration of the principle of a dual-phase liquid Xenon time projection chamber
(LXeTPC). In the left figure, S1, an incoming particle deposits energy. The scintillation light of
this scattering is detected in the top and bottom photomultiplier tube arrays. On the right, S2,
ionized electrons are drifting to the surface, due to the electric field. From the signal of these
electrons, information on the position can be extracted. [32]

the small signal bump on the time axis. Ionization electrons that do not recombine, drift toward
the liquid surface of the LXe due to an electric field, as shown in the right panel. In the gaseous
Xenon region, these electrons gain sufficient energy through the electric field to excite Xenon
atoms, generating electroluminescence (the S2 signal). Photons from the electroluminescence are
also detected by the PMT arrays. Signal S2 is delayed with respect to the signal S1, because it
takes time for the electrons to drift to the gaseous Xenon at the top of the detector. The time
delay between S1 and S2 signals provides the depth of the interaction, while the light distribution
in the PMT arrays of S2 determines the location of the interaction in the (x, y)-plane.[32, 33]

Direct detection experiments work in the NR regime, because of the low velocity of DM. To
quantify DM scattering experiments, one needs a NR theory for DM scattering. For this we have
to go to effective field theory.

2.2 Effective Field Theory and Non-Relativistic Building
Blocks

The full or more fundamental theory for DM is missing, but it would be good to still be able to
make predictions. In these cases effective field theories (EFTs) are a convenient tool to describe
new phenomena in physics [34]. EFTs allow one to compute experimental measurable quantities
with finite error and uses the separation of energy scales in physics [34, 35]. An example of an
effective field theory is Fermi’s theory of the weak interaction. Since we know the full theory of
the weak force, we know that when the ratio between the momentum transfer and the W -boson
mass, q2/M2

W , is small, the propagator of the W -boson becomes momentum-independent and
the propagator shrinks to a point. In this setting, a diagram with two two-fermion vertices
connected with the W -boson, becomes a four-fermion vertex with some effective coupling. This
effective coupling is Fermi’s coupling and is dependent on the inverse of the W -mass squared,
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i.e. the constant is small if q2 �M2
W .

An EFT is a quantum field theory (QFT) in its own right and, given some Lagrangian, one
can compute all the relevant QFT quantities [35]. Like many other QFTs, an EFT needs some
ingredients on which it is build: degrees of freedom, symmetries and expansion parameters [34].
In an effective field theory (EFT) the Lagrangian is typically expressed as follows [35]

LEFT =
∑
d≥4

∑
i

c
(d)
i O

(d)
i

Λd−4
, (2.8)

where O(d)
i are allowed operators of dimension d, c(d)i are the corresponding Wilson coefficients

and Λ is the cutoff scale for the theory. Operators are allowed if they possess the symmetries
of the theory. At energies above the cutoff scale Λ the theory ceases to be valid or complete.
It serves as a boundary, separating the low-energy phenomena that the EFT is designed to
describe from the high-energy physics that is not included in the EFT. Below the cutoff scale
high-energy effects factorize from low-energy effects in the EFT. The cutoff suppression of the
effective interactions by the cutoff scale also keeps the dimensionality of the Lagrangian at 4.

In this work we are interested in fermion DM-nucleon interaction. The effective interaction
Lagrangian in terms the DM and nucleon spinors, is given by [36]:

Lint =
∑

N=p,n

∑
i

c
(N)
i χNOiNχ, (2.9)

where ci are the Wilson coefficients, in which we have absorbed every other object, and therefore
having mass dimension −2 such that the Lagrangian has mass dimension 4, because the Oi’s are
taken to be dimensionless. From this point onward, all quantities with N are nucleon quantities
instead of nucleus quantities in the previous section. The operators Oi in Eq. (2.8) and operators
Oi in Eq. (2.9) are different operators, because in the former fields are inside the operator and
in the latter the fields are not inside the operator.

The Lagrangian is applicable to the relativistic regime, so Eq. (2.9) still has the spinor-fields
χ (DM) and N (nucleon) in it. Since DM-nucleon interactions are NR, the Lagrangian must also
have a NR form that looks something like

LNR,int =
∑

N=p,n

∑
i

c
(N)′

i ξr
′,†

χ ξs
′,†

N ONR
i ξsNξ

r
χ. (2.10)

To construct this NR interaction Lagrangian, the set of NR operators of the theory – or building
blocks as we will call them from now on – have to be determined. Relativistic operators must
be Lorentz-invariant, meaning that the NR building blocks have to be Galilean-invariant. In
order to construct all these Galilean-invariant building blocks for direct detection, all possible
rotational- and boost-invariant operators have to be written down. These operators are built
with classical kinematic variables: initial and final DM(nucleon) momentum, p(k) and p′(k′)
respectively. The mass of the nucleon is denoted as mN and the DM mass as mχ. Momentum
conservation implies that there are three independent momenta, which we choose to be:

P = p+ p′, K = k+ k′ and q = p− p′ = k′ − k. (2.11)

It is easy to see that q (the momentum transfer) is Galilean-invariant. To obtain another NR
boost-invariant object, one needs a combination of the momenta, such that the Galilean trans-
formation as a whole cancels. There are only two relevant independent momentum combinations,
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Table 2.1: All relevant building blocks of spin- 12 DM-nucleon interactions. The numbering of [36,
37] is maintained in this table. SN (Sχ) is the spin of the nucleon (DM), q is the momentum
transfer, v⊥

el is the elastic transverse velocity, mN (mχ) the mass of the nucleon (DM) and 1N

(1χ) is the identity operator of the nucleon (DM) in spin-space.

O1 = 1χ1N O10 = iSN · q
mN

1χ

O3 = iSN ·
(

q
mN

× v⊥
el

)
1χ O11 = iSχ · q

mN
1N

O4 = Sχ · SN O12 = Sχ ·
(
SN × v⊥

el
)

O5 = iSχ ·
(

q
mN

× v⊥
el

)
1N O13 = i

(
Sχ · v⊥

el
) (

SN · q
mN

)
O6 =

(
Sχ · q

mN

)(
SN · q

mN

)
O14 = i

(
Sχ · q

mN

) (
SN · v⊥

el
)

O7 = SN · v⊥
el1χ O15 =

[
Sχ ·

(
q

mN
× v⊥

el

)](
SN · q

mN

)
O8 = Sχ · v⊥

el1N O16 =
(
Sχ · v⊥

el
) (

SN · v⊥
el
)

O9 = iSχ ·
(
SN × q

mN

)
O17 = i

[
Sχ ·

(
q

mN
× v⊥

el

)] (
SN · v⊥

el
)

since the third corresponds to an overall movement of the DM-nucleon system. For elastic scat-
tering, this combination of momenta leads to the elastic transverse velocity [37]

v⊥
el ≡

P

2mχ
− K

2mN
. (2.12)

The momentum transfer and elastic transverse velocity are perpendicular to each other, i.e.

v⊥
el · q = 0. (2.13)

The building blocks have to be hermitian on top of being Galilean-invariant. Taking the hermitian
conjugate exchanges the incoming and outgoing momenta, meaning that v⊥

el is hermitian by itself,
but q is not. In order to make it hermitian, a factor of i is needed in front of the momentum
transfer: iq.

DM-nucleon interactions may be spin-dependent. Spin dependencies are parameterized by
the identity operator 1 in spin-space and the spin operator S, with the appropriate index for
DM and nucleon. The spin operator is defined as S = σ

2 , where σ is the vector of Pauli matrices.
Using this we establish that there are six boost-invariant and hermitian ingredients out of which
the building blocks for 2-to-2 DM-nucleon interactions can be made: iq,v⊥

el ,1N ,1χ,SN and Sχ.
In [36, 38] it was found that these ingredients create the relevant and valid building blocks given
in Table 2.1. The operators in Table 2.1 can be classified in a number of different ways. Since
the direct detection experiments work in the NR regime, the larger the power of velocity or
momentum in the operator, the larger the NR suppression is. Hence, it is useful to classify the
building blocks on their velocity dependence:

O1,O4 ∼ O(v0),

O7,O8,O9,O10,O11,O12 ∼ O(v1),

O3,O5,O6,O13,O14,O16 ∼ O(v2),

O15,O17 ∼ O(v3).



2.2. EFFECTIVE FIELD THEORY AND NON-RELATIVISTIC BUILDING BLOCKS 17

From this we see that building blocks O1 and O4 have no NR suppression, and are therefore
generally favorable if other operators are not enhanced or the O(v0) operators are suppressed by
some coefficient. In general, a DM-nucleon interaction generates several NR interactions, which
can involve several orders in the NR expansion.

One may have noticed that one building block is missing: O2. In [36] this building block is
defined as

O2 =
(
v⊥

el
)2
1N1χ.

This building block can also be seen as
(
v⊥

el
)2 O1, i.e. as a coefficient of the first building block.

A general interaction operator written in terms of these NR 16 building blocks is given by [37]∑
i

fi

(
|q|2,

(
v⊥

el
)2)Oi, (2.14)

where the fi’s are arbitrary functions of |q|2,
(
v⊥

el
)2 and of non-dynamical constants, such as

masses. Operator O2 is, therefore, a redundant operator. Putting Eq. (2.9) and Eq. (2.14)
together, one is able to set up an interaction Lagrangian using the building blocks in Table 2.1
for specific interactions.

Notice that the theory discussed so far is only for elastic scattering interactions, i.e. the mass
of the DM particle is unchanged after the scattering. For inelastic scattering the initial mass of
the DM particle is m and the final mass is m + δ, where δ is the mass splitting-parameter [36,
37]. δ is positive for exothermic scattering and negative for endothermic scattering. Hence, the
scattering taking place is χ1Oi,χχ2, where χ1 and χ2 have different masses. The operators can
be extended to inelastic scattering for a generic mass-splitting parameter by imposing [37]

v⊥
inel ≡ v⊥

el −
δ

|q|2
q, (2.15)

for which
v⊥

inel · q = 0 and v⊥
el · q = δ 6= 0. (2.16)

It is straightforward to see that elastic scattering is recovered when δ = 0. In all building blocks
in Table 2.1 v⊥

el can be replaced by v⊥
inel, turning the building blocks into inelastic scattering

building blocks Oinel
i . Using Eq. (2.15), all inelastic building blocks can be written in terms of

elastic building blocks:

Oinel
3 = O3, Oinel

13 = O13 − i
δmN

q2
O6,

Oinel
5 = O5, Oinel

14 = O14 − i
δmN

q2
O6,

Oinel
7 = O7 + i

δmN

q2
O10, Oinel

15 = O15,

Oinel
8 = O8 + i

δmN

q2
O11, Oinel

16 = O16 +
δ2m2

N

q4
O6 + i

δmN

q2
(O13 +O14) ,

Oinel
12 = O12 + i

δmN

q2
O9, Oinel

17 = O17 − i
δmN

q2
O15.

(2.17)

Similarly, these relations can be inverted such that all elastic building blocks can be written in
terms of inelastic building blocks. An easy way to do this, is by taking the hermitian conjugate
of the relations in Eq. (2.17) and exchange the label ‘inel’ to the other side, e.g.

O7 = Oinel
7 − i

δmN

q2
O10. (2.18)



2.3. NON-RELATIVISTIC LIMIT OF OPERATORS 18

Inelastic scattering introduces an asymmetric initial and final state, meaning that the parameter δ
is always accompanied by the imaginary unit. Eventhough we will focus in this thesis on elastic
scattering, it is convenient to know the translation between elastic and inelastic scattering.
Knowing the translation, one does not need to perform seperate calculations for elastic and
inelastic scattering, one can simply perform one calculation and use the relations above to go
from one to the other.

2.3 Non-Relativistic Limit of Operators
Given the building blocks in Table 2.1, we can take the NR limit of the various scattering
interactions and express them in terms of these building blocks. Although this is not within the
scope of this thesis, using Eq. (2.15) the results can be extended to inelastic scattering as well,
allowing for more general results. We have performed all NR-limit calculations in this section
and verified the results with [37].

For each type of interaction – scalar (S), vector (V), tensor (T) and their pseudo/axial
counterparts – there are four combinations, leading to a total of 12 operators. In Chapter 3, we
will see that Lorentz structures will appear where γµ is contracted with the momentum of the
other particle. Since the Dirac equation cannot be used in that case, it leads to a different set of
12 operators. Each of these operators has some NR counterpart that can be expressed in terms
of the building blocks. We aim to create a list of NR limits of different operators that may be
needed for calculation in predicitions in the setting of direct detection experiments.

In quantum field theory, fermions are represented by spinors and interactions are characterized
by certain Lorentz structures, such as scalar interactions of the form (ee) (µµ), where e and µ
are spinors. Going to a NR regime, requires us to take the NR limit of a spinor, because the γ-
matrices are independent of momentum. Following the conventions of [39], the general expression
for spinors u with four-momentum p and spin-index s is given by

us(p) =

(√
p · σξs√
p · σξs

)
, (2.19)

where ξs are the two-component spinors, σ = (I2,σ), σ = (I2,−σ) and σ are the Pauli matrices,
such that the normalization is

us(p)us(p) = 2mξs
′,†ξs, (2.20)

with ξs′,†ξs = δs′,s and where m is the mass of the spinor. The four-momentum is the kinematic
variable characterizing the spinor, which in turn relies on the mass and three-momentum. In the
NR regime p/m � 1, the energy of the fermion can then be expanded in p/m. Keeping only
terms up to first order in momentum, the expansion leads to the NR-limit of the spinor (see
Appendix A.4):

us(p) ≈
√
m

(
(1− p · σ/2m) ξs

(1 + p · σ/2m) ξs

)
. (2.21)

Having obtained the NR limit of the spinor, we now have the necessary tools to calculate the
NR limit of various Lorentz structures and, subsequently, the corresponding operators.

As an illustrative example, we will demonstrate the procedure for deriving the NR limit of
the scalar Lorentz structure, beginning with the relativistic expression for the scalar Lorentz
structure. This involves explicitly writing the interaction in terms of spinors and γ-matrices. We
then proceed to take the NR limit and write the spinors in their NR form. Following this, we
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perform the necessary matrix and vector multiplications, and simplify the result:

us
′
(p′)us(p) = u†,s

′
(p′)γ0us(p)

NR
≈ m

(
(1− p′ · σ/2m) ξs

′

(1 + p′ · σ/2m) ξs
′

)†(
0 I2
I2 0

)(
(1− p · σ/2m) ξs

(1 + p · σ/2m) ξs

)
= 2mξ†,s

′
ξs.

(2.22)

While the calculations of the NR limit of the different Lorentz structures and operators are ex-
tensive and not central to the discussion, the derivation of all 12 Lorentz structure and all 24
operators are found in Appendix A.5. The final results of the NR limit of different Lorentz struc-
tures are summarized in Table A.1. The results in the table follow the momentum convention,
such that they provide the Lorentz structure for the DM part of the operator. To obtain the
corresponding structures for the nucleon, one must make the substitutions P → K and q → −q,
consistent with the definitions of these quantities in terms of the incoming and outgoing mo-
menta. Note that when there are open indices, the result will not be scalar like the result above,
but takes the form of the object with the open indices (see Table A.1). For example, a vector
Lorentz structure (uγµu) has an open index and will therefore not be a scalar, but it will be
a four-component vector where the spatial components are grouped together, apart from the
zeroth component.

With the NR limit of the Lorentz structures now derived, we are equipped to derive the
various operators and express them in terms of the NR building blocks. Before presenting the
results, it is crucial to highlight an important simplification regarding the tensor structure σµνγ5.
As one may know, this Lorentz structure is not a basis element for the 4×4 matrices, so somehow
the γ5 in this structure does not introduce a new basis of 4× 4 matrices [39]. In general, such a
structure may show up in some kind of interaction, but since it is not a basis matrix, it must be
some linear combination of basis γ-matrices. Actually, this structure can be rewritten purely in
terms of σµν , eliminating the explicit presence of γ5 in the expression. To achieve this, we use
the following two identities:

γµγνγργµ = 4ηνρI4, (2.23)
γµγνγρ = ηµνγρ + ηνργµ − ηµργν − iεσµνργσγ

5. (2.24)

To derive the relation, begin by multiplying Eq. (2.24) by γµ from the right. Next, use Eq. (2.23)
to cancel the sole term on the right-hand side involving the Minkowski metric. Then, utilize the
anti-symmetry property of εσµνρ to rearrange terms appropriately. Finally, multiplying both
sides with γ5 from the right gives the desired identity relating the two Lorentz structures:

σµνγ5 =
i

2
εσρµνσσρ. (2.25)

This relation proves particularly useful for simplifying certain calculations. For instance, in the
case of the contracted tensor operator, where two σµνγ5 Lorentz structures are contracted, the
above identity allows us to reduce the operator to a simpler form:(

N
s′

(k′)σµνγ5Ns(k)
)(

χr′(p′)σµνγ
5χr(p)

)
=
(
N

s′

(k′)σµνNs(k)
)(

χr′(p′)σµνχ
r(p)

)
. (2.26)

Similarly, the operators where only one of the particles contains the γ5 can also be simplified:(
N

s′

(k′)σµνγ5Ns(k)
)(

χr′(p′)σµνχ
r(p)

)
=
i

2
εσρµν

(
N

s′

(k′)σσρN
s(k)

)(
χr′(p′)σµνχ

r(p)
)
.

(2.27)
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Table 2.2: The non-relativistic limit of the operators. Here, Ns(k) is the nucleon spinor with
spin index s, four-momentum k and mass mN . Similarly, χr(p) is the DM particle spinor with
spin index r, four-momentum p and mass mχ. k(p) and k′(p′) are the incoming and outgoing
nucleon (DM) four-momenta, respectively. Here 〈Oi〉 = ξ†,s

′

N ξ†,r
′

χ Oiξ
r
χξ

s
N denotes the matrix

element between the two-dimensional spinors associated with the initial and final state of the
DM particle and the up-quark. Color-coding used: O(v0) is green, O(v1) is orange, O(v2) is blue
and O(v3) is pink.

Relativistic Operators NR-Limit(
N

s′

(k′)Ns(k)
)(

χr′(p′)χr(p)
)

≈ 4mNmχ [〈O1〉](
N

s′

(k′)γ5Ns(k)
)(

χr′(p′)χr(p)
)

≈ 4mNmχ [i 〈O10〉](
N

s′

(k′)Ns(k)
)(

χr′(p′)γ5χr(p)
)

≈ 4mNmχ

[
− imN

mχ
〈O11〉

]
(
N

s′

(k′)γ5Ns(k)
)(

χr′(p′)γ5χr(p)
)

≈ 4mNmχ

[
−mN

mχ
〈O6〉

]
(
N

s′

(k′)γµN
s(k)

)(
χr′(p′)γµχr(p)

)
≈ 4mNmχ [〈O1〉](

N
s′

(k′)γµγ
5Ns(k)

)(
χr′(p′)γµχr(p)

)
≈ 4mNmχ

[
−2 〈O7〉 − 2mN

mχ
〈O9〉

]
(
N

s′

(k′)γµN
s(k)

)(
χr′(p′)γµγ

5χr(p)
)

≈ 4mNmχ [2 〈O8〉 − 2 〈O9〉](
N

s′

(k′)γµγ
5Ns(k)

)(
χr′(p′)γµγ5χr(p)

)
≈ 4mNmχ [−4 〈O4〉](

N
s′

(k′)σµνNs(k)
)(

χr′(p′)σµνχ
r(p)

)
≈ 4mNmχ [8〈O4〉](

N
s′

(k′)σµνγ5Ns(k)
)(

χr′(p′)σµνγ
5χr(p)

)
(
N

s′

(k′)σµνγ5Ns(k)
)(

χr′(p′)σµνχ
r(p)

)
≈ 4mNmχ

[
− 2imN

mχ
〈O10〉

+2i 〈O11〉+ 8i 〈O12〉]
(
N

s′

(k′)σµνNs(k)
)(

χr′(p′)σµνγ
5χr(p)

)

It is straightforward to see that, since the operator contains no open indices, the operator with
γ5 on the DM part is equivalent to the one where γ5 appears on the nucleon part.

In the SM fermions possess a chirality, meaning that they can be either right- or left-handed.
Similarly, DM particles could, in principle, also possess chirality. However, in this thesis we do
not consider chiral interactions for the quarks or DM particles. Instead, we present the results
in a non-chiral basis, because one can easily switch between the two bases. The results for
the operators are summarized in Tables 2.2 and 2.3, while the explicit expressions – with the
building blocks written out in full – are detailed in Tables A.3 and A.4 and the derivation is
given in Appendix A.7. In both tables the relativistic normalization and the building blocks have
been separated, i.e. the building blocks are all in between square brackets with the relativistic
normalization given as a pre-factor. To make the NR suppression of the operators easier to
identify, we use the same color-coding scheme for the building blocks as in the previous section.

The order of NR suppression of the operators is not surprising, the NR suppression is at
most O(v1) for all but one operator: the pseudo-scalar–pseudo-scalar (P-P) operator. Naively,
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Table 2.3: The non-relativistic limit of vector and axial-vector operators contracted with the
momentum of the other particle. Here, Ns(k) is the nucleon spinor with spin index s, four-
momentum k and mass mN . Similarly, χr(p) is the DM particle spinor with spin index r,
four-momentum p and mass mχ. k(p) and k′(p′) are the incoming and outgoing nucleon (DM)
four-momenta, respectively. Here 〈Oi〉 = ξ†,s

′

N ξ†,r
′

χ Oiξ
r
χξ

s
N denotes the matrix element between

the two-dimensional spinors associated with the initial and final state of the DM particle and the
up-quark. Color-coding used: O(v0) is green, O(v1) is orange, O(v2) is blue and O(v3) is pink.

Relativistic Operators NR-Limit(
N

s′

(k′)/pNs(k)
)(

χr′(p′)χr(p)
)

≈ 4mNm
2
χ [〈O1〉](

N
s′

(k′)Ns(k)
)(

χr′(p′)/kχr(p)
)

≈ 4m2
Nmχ [〈O1〉](

N
s′

(k′)/pNs(k)
)(

χr′(p′)/kχr(p)
)

≈ 4m2
Nm

2
χ [〈O1〉](

N
s′

(k′)/pγ5Ns(k)
)(

χr′(p′)χr(p)
)

≈ 4mNmχ [imN 〈O10〉 − 2mχ 〈O7〉](
N

s′

(k′)γ5Ns(k)
)(

χr′(p′)/kχr(p)
)

≈ 4mNmχ [−imN 〈O10〉](
N

s′

(k′)/pγ5Ns(k)
)(

χr′(p′)/kχr(p)
)

≈ 4mNmχ

[
im2

N 〈O10〉 − 2mχmN 〈O7〉
]

(
N

s′

(k′)/pNs(k)
)(

χr′(p′)γ5χr(p)
)

≈ 4mNmχ [−imN 〈O11〉](
N

s′

(k′)Ns(k)
)(

χr′(p′)/kγ5χr(p)
)

≈ 4mNmχ [−imN 〈O11〉+ 2mN 〈O8〉](
N

s′

(k′)/pNs(k)
)(

χr′(p′)/kγ5χr(p)
)

≈ 4mNmχ [−imχmN 〈O11〉+ 2mχmN 〈O8〉](
N

s′

(k′)/pγ5Ns(k)
)(

χr′(p′)γ5χr(p)
)

≈ 4mNmχ

[
−m2

N

mχ
〈O6〉+ 2imN 〈O14〉

]
(
N

s′

(k′)γ5Ns(k)
)(

χr′(p′)/kγ5χr(p)
)

≈ 4mNmχ [−mN 〈O6〉+ 2imN 〈O13〉](
N

s′

(k′)/pγ5Ns(k)
)(

χr′(p′)/kγ5χr(p)
) ≈ 4mNmχ

[
−m2

N 〈O6〉+ 2im2
N 〈O13〉

+2imχmN 〈O14〉 − 4mχmN 〈O16〉]
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each pseudo-scalar structure gives a spin and momentum dependence, leading to momentum
suppression. Therefore, the NR suppression order of the P-P operator in the tables is a logical
consequence of its structure. Also, axial-vector, pseudo-scalar and tensor structures lead to SD
DM-nucleon scattering. As noted previously, SD scattering is not coherent and it, therefore,
typically has smaller scattering rate than SI scattering.

All second order terms in the calculations of the NR-limit of the Lorentz structures, operators
and spinor are discarded, therefore, other building blocks that are O(v2) and O(v3) suppressed
are not present. To include the second order velocity terms, the spinor has to be expanded
to second order as well, ensuring all second order terms are included. This is the focus in the
next section. In the next section, we will also address why the results from the second-order
calculations of the operators can be used to obtain the first-order expansion of the operators.

2.4 Expansion to Second Order
As discussed in the previous section, the results presented in Table 2.2 do not contain O(v2) or
higher suppressed operators – apart from the P-P operator – since all second order velocity terms
have been discarded. In this section, we expand the spinors, Lorentz structures and operators to
second order. Since this has not been done in the literature, we cannot compare it to results in
literature.

Expanding to second order in momentum is important, because it systematically captures
momentum-dependent corrections that can become significant under certain circumstances. For
instance, in cases where a propagator scales as 1/q2, nominal second-order terms (with factors
of q2) can cancel this suppression, effectively contributing as O(v0) terms. This means that
higher-order corrections might not be as suppressed as expected and can influence leading-order
behavior. Moreover, when interference effects or cancellations occur among lower-order terms,
the second order contributions become important. Furthermore, including these corrections
refines the matching between the underlying relativistic theory and its non-relativistic effective
field theory, ensuring that subtle momentum-dependent effects are accurately incorporated in
predictions for scattering amplitudes and cross sections.

It is important to note that expanding the spinor to second order breaks Galilean invariance.
The zeroth- and first-order terms are Galilean-invariant, but the second-order terms are not.
This becomes problematic when calculating the NR limit of the operators, because Galilean
invariance was one of the criteria of obtaining the building blocks and the NR limit. Tables 2.2
and 2.3 provide us with useful information that we can use to predict what operators will gain
higher-order terms and which will not. Zeroth- and first-order terms will immediately result
in the desired operators in Tables 2.2 and 2.3, because the second-order expansion will not do
anything with lower-order terms. By including also second-order terms, the operators generally
gain terms that are two powers higher in momentum, i.e. first-order terms will gain third- or
higher-order corrections. This means that operators that are zeroth-order in Tables 2.2 and 2.3
will gain second-order velocity terms, while the operators only containing first-order terms at
first-order will not gain second-order terms. The only operator that is already second-order in
momentum at first-order expansion is P-P operator. By the same reasoning, the P-P operator
is already second-order in momentum at first-order expansion, and will, therefore, not gain any
new terms when expanding to second order.

Because the operators at second-order expansion will not be Galilean-invariant anymore,
to obtain sensible results from the second order terms that are not present at leading order
expansion, a relation between P and K is required. In fact, only a relation between either the
incoming momenta p,k or outgoing momenta p′,k′ is needed, because q relates the incoming
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and outgoing momenta. Having a relation between the incoming or outgoing momenta, we are
able to obtain a relation between P and K. One way to do this, is by assuming the particles
are in the DM-nucleon center-of-mass (CM) frame. In the CM frame, the momenta possess the
following relations

p+ k = 0 and p′ + k′ = 0. (2.28)

Two straightforward calculations lead to the following two relations in the CM frame

P+K = 0, (2.29a)

v⊥
el =

1

2µ
P. (2.29b)

Going over the same steps as for the first order expansion of the spinor, but now including the
second-order in each step, gives (see Appendix A.4)

u(p) =
√
m

((
1− p · σ/2m+ p2/8m2

)
ξ(

1 + p · σ/2m+ p2/8m2
)
ξ

)
. (2.30)

Similar to the first order expansion in the previous section, we go through the calculations of
all Lorentz structures and operators, but include all terms up to and including second order
velocity terms. Before going to the CM frame, we can see in Appendix A.7 that some terms look
similar to some building blocks in Table 2.1. However, these terms cannot be written as building
blocks, because either P or K is present, while both are needed for making it a building block.
So indeed, there is no way to solve this without assuming some relation between the momenta
(either by being in some frame or another type of relation). The NR limit of the operators up
to and including second-order velocity terms in the CM frame that have changed by going to
second-order expansion, are given in Tables 2.4 and 2.5.

First, it is important to note that in the limit of small momentum transfer (q → 0) and
negligible initial nucleon momentum (k → 0), the second-order corrections do not vanish. In-
stead, they become solely dependent on the elastic transverse velocity, (v⊥

el)
2 q2,k2→0

= |p|2/m2
χ.

This observation implies that even for small momentum transfers, the second order corrections
can yield non-negligible contributions to the effective operators, potentially dominating the phe-
nomenology when the leading order operators are absent or suppressed.

Second, an interesting finding is that the second-order corrections do more than modify
the existing operators, but give rise to a dependence on different NR building blocks as well.
These operators, which emerge at second order in the momentum expansion, are structurally
distinct from the leading-order terms and can have significant phenomenological consequences.
In particular, if the leading-order operators are absent or suppressed, e.g. due to cancellations,
the second-order correction induced operators may become the dominant contributions. This
potentially alters the amplitude and may enhance the amplitude in case of cancellation of leading-
order terms.

As noted, these results hold for the DM-nucleon CM frame. So the question arises whether
these results hold for arbitrary frames or not. Let us show this by expanding the spinor again,
but in a frame p̃ Starting in a general frame with four-momenta p, p′, k and k′, and perform a
boost to the CM frame with the desired boosting velocity v. In momentum space one can verify
that in the relativistic setting, the scalar operator remains unchanged after boosting:

us
′
(p′)us(p) = us

′
(p̃′)us(p̃), (2.31)

where p̃′ and p̃ are the boosted four-momenta. Suppose that the necessary boost to go to the
CM frame, must be performed in the z direction, i.e. v = vẑ. The boosted momenta are then
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given by

p̃µ =
(
Λ−1

)µ
ν
pν =

(
Ẽ
p̃

)
, (2.32)

with Ẽ = m + (p+mv)2

2m and p̃ = p +mv in the NR limit. Hence, our spinor in the NR-limit
equals

u(p̃) =
√
m

((
1 + p̃2/8m2 + (p̃ · σ)/2m

)
ξ(

1 + p̃2/8m2 − (p̃ · σ)/2m
)
ξ

)
=

√
m

((
1 + [p+mv]2/8m2 + ([p+mv] · σ)/2m

)
ξ(

1 + [p+mv]2/8m2 − ([p+mv] · σ)/2m
)
ξ

)
.

(2.33)
This means that the calculations for both frames are equal and so the scalar Lorentz structure
in terms of the unboosted momentum becomes

us
′
(p̃′)us(p̃) ≈ 2m

[
ξs

′,†ξs +
q2

8m2
ξ†,s

′
ξs − i

4m2
ss

′,s
u · (P× q)− i

4m2
ss

′,s
u · (2mv × q)

]
(2.34)

To compare, the unboosted expression is given by (see Appendix A.6):

us
′
(p̃′)us(p̃) ≈ 2m

[
ξ†,s

′
ξs +

q2

8m2
ξ†,s

′
ξs − i

4m2
ss

′,s
u · (P× q)

]
. (2.35)

Comparing Eq. (2.34) and Eq. (2.35), we see that most terms coincide and that P′ = P+ 2mv,
as expected. From this it is easy to see that the extra term that depends on boosting velocity v,
introduces extra terms that will not cancel. Then, it follows that boosting the system to the CM
frame, other terms are introduced in the scalar-scalar interaction and therefore, the unboosted
and boosted expressions are not equal. Hence, we conclude that the results of the interactions
by including the second order expansion do not hold for arbitrary frames.
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Table 2.4: Non-relativistic limit of operators at second order expansion that changed, in the CM
frame. Here, Ns(k) is the nucleon spinor with spin index s, four-momentum k and mass mN .
Similarly, χr(p) is the DM particle spinor with spin index r, four-momentum p and mass mχ.
Additionally, µ is the reduced mass of the DM-nucleon system. k(p) and k′(p′) are the incoming
and outgoing nucleon (DM) four-momenta, respectively. Here, 〈Oi〉 = ξ†,s

′

N ξ†,r
′

χ Oiξ
r
χξ

s
N denotes

the matrix element between the two-dimensional spinors associated with the initial and final
state of the DM particle and the up-quark. Color-coding used: O(v0) is green, O(v1) is orange,
O(v2) is blue and O(v3) is pink.

(
N

s′

(k′)Ns(k)
)(

χr′(p′)χr(p)
) ≈ 4mNmχ

[
〈O1〉

(
1 +

q2(m2
N+m2

χ)

8m2
Nm2

χ

)
+ µ

2mN
〈O3〉

+µmN

2m2
χ
〈O5〉

]
(
N

s′

(k′)γµN
s(k)

)(
χr′(p′)γµχr(p)

) ≈ 4mNmχ

[
〈O1〉

(
1 + 1

2v
⊥
el
2
)
− mχ+2mN

2(mN+mχ)
〈O3〉

− q2

mNmχ
〈O4〉−mN (mN+2mχ)

2mχ(mN+mχ)
〈O5〉+mN

mχ
〈O6〉

]
(
N

s′

(k′)γµγ
5Ns(k)

)(
χr′(p′)γµγ5χr(p)

) ≈ 4mNmχ

[
−〈O4〉

(
4+

q2(m2
N+m2

χ)

2m2
χm

2
N

)
− m2

N

2mχ(mN+mχ)
〈O3〉− mχ

2(mN+mχ)
〈O5〉

+
m2

χ+m2
N

2m2
χ

〈O6〉−2 〈O16〉
]

(
N

s′

(k′)σµνNs(k)
)(

χr′(p′)σµνχ
r(p)

)
≈ 4mNmχ

[
〈O4〉

(
8+4v⊥

el
2
)
− q2

2mNmχ
〈O1〉

−mN (mN+2mχ)
mχ(mN+mχ)

〈O3〉− 2mN+mχ

mN+mχ
〈O5〉−4 〈O16〉

+
m2

N+m2
χ

m2
χ

〈O6〉
](

N
s′

(k′)σµνγ5Ns(k)
)(

χr′(p′)σµνγ
5χr(p)

)
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Table 2.5: The non-relativistic limit of vector and axial-vector operators contracted with the
momentum of the other particle that have changed at second order expansion, in the CM frame.
Here, Ns(k) is the nucleon spinor with spin index s, four-momentum k and mass mN . Similarly,
χr(p) is the DM particle spinor with spin index r, four-momentum p and mass mχ. Additionally,
µ is the reduced mass of the DM-nucleon system. k(p) and k′(p′) are the incoming and outgoing
nucleon (DM) four-momenta, respectively. Here, 〈Oi〉 = ξ†,s

′

N ξ†,r
′

χ Oiξ
r
χξ

s
N denotes the matrix

element between the two-dimensional spinors associated with the initial and final state of the
DM particle and the up-quark. Color-coding used: O(v0) is green, O(v1) is orange, O(v2) is blue
and O(v3) is pink.

Relativistic Operators NR-Limit

(
N

s′

(k′)/pNs(k)
)(

χr′(p′)χr(p)
) ≈ 4mNm

2
χ 〈O1〉

(
1+ 1

2

(
v⊥

el +
q

2mχ

)2
+ µ

2mN
v⊥

el ·
(

mN−µ
mN

v⊥
el +

q
2mχ

)
+ q2

8m2
χ

)
−2m2

χ
2mN−µ

mN
〈O3〉+ 2µm2

N 〈O5〉

(
N

s′

(k′)Ns(k)
)(

χr′(p′)/kχr(p)
) ≈ 4m2

Nmχ 〈O1〉
(
1+ 1

2

(
v⊥

el +
q

2mN

)2)
−2im3

N
2mχ−µ

mχ
〈O5〉+ 2mχmNµ 〈O3〉

(
N

s′

(k′)/pNs(k)
)(

χr′(p′)/kχr(p)
) ≈ 4m2

Nm
2
χ 〈O1〉

(
1+ 1

2

(
(v⊥

el)
2 + q

2mχ

)2
+ 1

2

(
(v⊥

el)
2 + q

2mN

)2)
+2m3

N (2mχ − µ) 〈O5〉 − 2mNm
2
χ(2mN − µ) 〈O3〉



CHAPTER 3

ALP-Mediated Dark Matter-Nucleon Scattering

In the previous chapter we derived the non-relativistic (NR) limit of 24 different operators and
expressed them in terms of NR building blocks. In the end we want to make predictions for the
cross section-DM mass search space. Hence, we need to calculate the cross section for DM-nucleon
scattering. To obtain a cross section, we need a theory or model to work with. In this model we
know we need fermionic DM, as this is our assumption, but in order to have interactions between
DM and Standard Model (SM) particles we need a mediator as well. The possible candidate
mediator that we will use is the axion-like particle (ALP). In this chapter we first introduce in
Section 3.1 the ALP and ALP effective field theory from literature, where we will derive the vertex
factor for this model. Although scattering could be with any fermion in the SM, we are eventually
interested in nucleon scattering, and will therefore use DM–up-quark scattering. Knowing the
Feynman rules, we calculate the simplest scattering process in Section 3.2: scattering at tree-
level. This type of scattering comes with problems and calls for going to loop-level calculations.
Thus, we perform a one-loop calculation of the scattering process to find an enhanced cross
section in Section 3.3. The calculation calls for the use of Passarino-Veltman reduction and,
because of the long expression, for simplifications and approximations. Next, we discuss the
UV-divergence of the loop integrals in Section 3.4. There are some processes discussed in the
literature that help us to set bounds on the couplings and cutoff scale, that are discussed in
Section 3.6. Next, in Section 3.5 we use the renormalization-group equations derived in [40] to
evolve the couplings down to other scales. Lastly, in Section 3.7 we make a prediction of the
cross section and compare it with experimental results, using bounds from meson experiments.

3.1 ALP Effective Field Theory
The ALP is a generalization of the QCD axion. The QCD axion was introduced to solve the
strong CP problem. The strong CP problem arises from the term

LθQCD =
θαs

4π
Ga

µνG
a,µν , (3.1)

in the QCD Lagrangian, which is violating CP-symmetry. Here, θ is the CP-violating angle, αs is
the strong coupling constant and G is the gluon field strength tensor, with G̃µν = 1

2ε
αβµνG̃αβ the

27
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dual tensor. This term is odd under CP and introduces CP-violating interactions, including the
electric dipole moment (EDM) in the neutron, dn [41]. In [42] the authors calculated the EDM in
the SM to be dn ≈ 3.6×10−16θ e cm, while experiments constrain the EDM to |dn| < 3.6×10−26 e
cm (95% CL) [43]. Comparing the two results, we come to the conclusion that θ . 10−10.

If strong interactions are CP-conserving, then θ = 0. The question arises: why is θ so small or
why is the strong force CP-conserving? Peccei and Quinn [44, 45], Weinberg [46] and Wilczek [47]
tried to solve the strong CP problem by introducing a U(1)PQ symmetry that is spontaneously
broken. Spontaneously breaking this symmetry effectively replaces the CP-violating angle θ with
a CP-conserving field, called the axion. The QCD axion is a Nambu-Goldstone boson arising
from the broken U(1)PQ symmetry [46, 47]. Under U(1)PQ transformations the axion field
transforms as a → a + αfa, where Λ = 4πfa is the energy scale associated with breaking the
U(1)PQ symmetry and α is a free parameter. The Lagrangian should be invariant under this
transformation, and so θ should transform like θ → θ − α. When the axion couples to other
particles–where CP-violating angle θ is not present–the axion field should appear together with
a derivative ∂µa, if field redefinitions are not possible, such that the Lagrangian stays invariant
under this shift symmetry where θ → θ + α. [40]

In the past decades, besides the WIMP, axions and ALPs have been a theoretical candidate for
DM [48]. ALPs do not necessarily tied to the strong CP problem and are generic pseudo-Nambu-
Goldstone bosons. ALPs are among the best-motivated candidates for new particles in beyond
the SM physics [49]. By imposing fermionic DM, the question may arise how this form of DM
interacts with the SM. SM particles are uncharged under the PQ-symmetry, but the effective
ALP couplings to the SM fermions must exhibit the shift-symmetry and, therefore, ALP has
derivative couplings to fermion currents and resembles a pseudo-scalar particle with Yukawa-
like couplings [49]. Since the U(1)PQ symmetry is broken at scale 4πfa, the ALP couplings
are naturally suppressed by decay constant fa. For simplicity, we will refer to fa as the cutoff
scale throughout this thesis. However, we emphasize that fa is not the scale for new physics,
which is instead Λ = 4πfa. This suppression provides a weakly interacting DM theory, that is
needed to align with the observational evidence for DM. Couplings to the ALP are beforehand
undetermined, but – as we will see – can be experimentally constrained.

Unlike the name may suggest, ALPs are particles whose couplings are not (necessarily) related
to the strong CP problem. The ALP mass is not required to come from some symmetry group,
unlike the QCD-axion described above. Similar to the axion, the ALP is a pseudo Nambu-
Goldstone boson, a, that appears after breaking of a global symmetry and transforms as a singlet
under the SM. ALPs also have a shift symmetry, such that a→ a+ c, where c is a constant. The
ALP can acquire flavor-violating couplings to quarks and leptons if the underlying symmetry is
flavor-dependent. [50]

Flavor-violating couplings to the ALP open up larger sector of interactions, that would not
be seen in SM-type interactions. The most general effective Lagrangian including operators of
dimension up to 5 is [50]

Ld≤5
eff =

1

2
(∂µa) (∂

µa)− m2
a

2
a2 +

∂µa

fa

∑
F

ψF cF γµψF

+ cGG
αs

4π

a

fa
Gb

µνG̃
b,µν + cWW

α2

4π

a

fa
WA

µνW̃
A,µν + cBB

α1

4π

a

fa
BµνB̃

µν , (3.2)

where Gb
µν (b = 1, . . . , 8),WA

µν (A = 1, 2, 3) and Bµν are the field-strength tensors of the
SU(3)c, SU(2)L and U(1)Y gauge fields, respectively, with dual field-strenth tensor defined like
above. The couplings αs, α2 and α1 are the SM gauge couplings for SU(3)c, SU(2)L and U(1)Y ,
respectively. In the first line, the sum is over chiral fermion multiplets F ∈ {U,D,E, u, d, e},
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where capital letters represent left-handed fermions and the small letters represent right-handed
letters. The fermion couplings of the ALP, cF , are 3× 3 hermitian matrices in generation space.
Since the ALP couplings feature a shift symmetry, the fermions and Higgs boson have derivative
couplings to the ALP, while the effect of the shifting of a can be removed by field redefinitions
of the W and B fields [50].

In the ALP EFT discussion below, we follow [40, 50]. An equivalent form of the fermion part
of the Lagrangian is

Lferm
eff = − a

fa

(
QφỸ ddR +Qφ̃Ỹ uuR + LφỸ eeR + h.c.

)
. (3.3)

Here,

Ỹ d = i (Y dcd − cQY d) , Ỹ u = i (Y ucu − cQY u) and Ỹ e = i (Y ece − cQY e) , (3.4)

where Y f are the SM fermion Yukawa matrices. Using this form of the Lagrangian one can see
the distinguishing feature of the shift symmetry of the ALP from any other pseudoscalar boson.
The authors in [40] note that although there is no apparent reason for the complex matrices Ỹ f

to have any particular structure, the shift symmetry of the ALP gives rise to the hierarchical
structure of the matrices, resulting in the appearance of the SM Yukawa matrices.

The SM Yukawa matrices can be diagonalized via a bi-unitary transformation, such that

U †
fY fW f = Y diag

u , f = u, d, e. (3.5)

By redefining the fermion field by

Q→ UuQ, uR → W uuR, dR → W ddR, L→ U eL and eR → W eeR, (3.6)

the lepton-sector and up-sector Yukawa matrices are diagonalized, while the down-sector Yukawa
matrix is transformed to Y d → V Y diag

d , where V = U †
uUd is the CKM matrix.

To obtain the Lagrangian in the mass basis of the fermions, flavor matrices cF must transform
to new hermitian matrices under the field redefinition above. Redefining the fermion fields by
means of the unitairy matrices above, gives

kU = U †
ucQUu, kD = U †

dcQUd, kE = U †
ecLU e,

ku = W †
ucuW u, kd = W †

dcdW d, ke = W †
eceW e.

(3.7)

It is fairly straightforward to see that the matrices kU and kD are related via the CKM matrix
as kD = V †kUV . One can choose a basis such that all transformation matrices are the unit
matrix, except for Ud = V . Similarly to [50], by choosing this basis, the two matrices k and c
are related via

kU = cU , kD = V †cQV ,

kE = cν = cL ku,d,e = cu,d,e.

Now writing the Lagrangian Eq. (3.2) in the mass basis, the fermion interaction Lagrangian
becomes

Lint
eff =

∑
f,F

∂µa

2fa

[
f(kf + kF )γµf + f(kf − kF )γµγ

5f
]
, (3.8)

by using that the fR,L = 1
2

(
1± γ5

)
f . Now, f ∈ {u, d, e} and F ∈ {U,D,E}. The first term in

Eq. (3.8) is identified as a vector term and the second term is identified as an axial-vector term.
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For each Lorentz structure there is a different combination of the matrices kf and kF . It is then
convenient to define new couplings, which are 3× 3 matrices, by

cVff = kf + kF and cAff = kf − kF , (3.9)

where the first coupling is the vector coupling and the second is the axial-vector coupling.
The ALP is a pseudo-scalar particle, and so the propagator is just the usual scalar propagator:

q

a
=

i

q2 −m2
a + iε

. (3.10)

The Feynman rules remain unchanged, such that external particle gives a spinor u(p) and has
propagator

q

ψ
=

i(/q +m)

q2 −m2
f + iε

. (3.11)

The vertex factor can be calculated using the Lagrangian in Eq. (3.8). Calculating the vertex
factor is fairly straightforward, by going to the momentum space, after which the vertex factor
can be easily read-off. Defining that particle i is the incoming particle and particle j is the
outgoing particle in the vertex, the interaction Lagrangian in momentum-space is given by

Lint
eff =

∑
f

∫
d4q

(2π)4

∫
d4p

(2π)4

∫
d4p′

(2π)4
ia(q)

2fa

[
cVfifjf j(p

′)/qfi(p) + cAfifjf j(p
′)/qγ

5fi(p)
]
eip

′·(y−z)e−ip·(x−z).

(3.12)
Here, q = p− p′. From this it is easy to see that the vertex factor is given by

fi

fj

q

a

p

p′ =
1

2fa

[
cVfifj/q + cAfifj/qγ

5
]
. (3.13)

Hermicity of the couplings imposes cV,Aij = (cV,Aji )†, which means that the couplings must be real.
Since the couplings in matrix form are hermitian, stating these matrices are symmetric implies
that cV,A ∈ R.

Notice that if the incoming and outgoing particle are on-shell, i.e. p2 = m2, both terms can
be simplified by using the Dirac equation

f j(p
′)/qfi(p) = f j(p

′)(/p− /p
′)fi(p) = (mi −mj)f j(p

′)fi(p), (3.14a)
f j(p

′)/qγ
5fi(p) = f j(p

′)(−γ5/p− /p
′γ5)fi(p) = −(mi +mj)f j(p

′)γ5fi(p). (3.14b)

Thus, the vector and axial-vector currents are for on-shell particles fi and fj , scalar and pseudo-
scalar currents, respectively. If the particles are the same, i.e. i = j, the vector part is actually
zero and, hence, does not contribute to the amplitude and cross section. This means that in
on-shell interactions, where the vector part does not contribute, the axial-vector coupling is the
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u u

χ χ

k k′

q a∗

p p′

Figure 3.1: The tree-level diagram of χu→ χu.

only coupling of interest. It turns out that this fact will be especially useful in Sections 3.2
and 3.3 to simplify the calculations. The axial-vector part will, naively, always contribute to the
amplitude, because the sum of two positive masses is never zero.

Knowing all about the axions and the ALP EFT, we can start calculating actual scattering
processes.

3.2 Scattering at Tree-Level
The simplest scattering process is scattering at tree-level. Although eventually one wants scat-
tering with a nucleon, we use that DM scatters with an up-quark. After the relevant quantities
are obtained using DM–up-quark scattering, we can use some relations to go from up-quark
scattering to nucleon scattering. In the ALP EFT this process is represented by the diagram in
Fig. 3.1, where we have used the convention of time going from left to right.

In the previous section we used the assumption of on-shell incoming and outgoing particles
to simplify the vertex factor, from (axial-)vector to (pseudo-)scalar currents. The stable external
DM particles are assumed to be on-shell in this scattering process. This is a reasonable assump-
tion for DM, since they are real particles interacting with the quarks. But, it is a little more
tricky for quarks inside nucleons, because they are generally not exactly on-shell. Although one
could argue that because nucleons are much heavier than the up- and down-quarks, these valence
quarks are likely to be (almost) on-shell, this argument may be too simple. A commonly used
and good working framework for modeling baryons is the covariant spectator framework. In this
spectator framework, the baryons have a diquark pair that is on-shell and a single quark that
is off-shell. When the valence quarks are close together, the on-shell diquark pair configuration
changes around. [51, 52]

Using both arguments, it is reasonable to assume the valence quarks to be (approximately)
on-shell. Hence, for simplicity we assume in this thesis that the incoming and outgoing up-quarks
are on-shell. The ALP does not need to be on-shell.

Before writing down the amplitude, note that with the on-shell assumption the vertex factor
is simplified as shown in Eqs. (3.14a) and (3.14b). The momentum transfer given in terms
of the up-quark momenta has a minus-sign with respect to the definition used in Eqs. (3.14a)
and (3.14b), resulting in an overall minus-sign. Using the Feynman rules from the previous
section, the amplitude for this tree-level process is

Mtree =
−imumχc

A
uuc

A
χχ

f2a

[
χ(p′)γ5χ(p)

] [
u(k′)γ5u(k)

]
q2 −m2

a

. (3.15)
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In order to make predictions, this amplitude has to be in terms of nucleon fields instead of up-
quark fields. For this one must evaluate the operator matrix element

〈
N |Qγ5Q|N

〉
. Although

the exact expression for this translation would be difficult to obtain, because one needs to account
for a form factor, we can say that the amplitude would be something of the form

Mtree, nucleon ∝ FSD(q)
−imNmχc

A
uuc

A
χχ

f2a

[
χγ5χ

] [
Nγ5N

]
q2 −m2

a

, (3.16)

where N is the nucleon field and FSD(q) is the form factor, that in our case includes all factors
that are needed to go from up-quarks to nucleons. Taking the NR-limit of the amplitude and
using Table 2.2 to write the operator in terms of the building blocks, gives

Mtree,nucleon
NR = FSD(q)

im2
Nc

A
uuc

A
χχ

f2a

〈O6〉
−q2 −m2

a

. (3.17)

That in turn gives the DM-nucleon cross section [7]

σp ∝
µ2
Nm

4
Nm

2
χ(c

A
uu)

2(cAχχ)
2

(q2 +m2
a)

2f4a
| 〈O6〉 |2, (3.18)

where the bar on top of the building block represents the average over dark fermion spins, µN

is the reduced mass of the DM-nucleon system and mN is the nucleon mass. There are several
problems that arise from this interaction, that make this process undetectable with current
experiments. In all scenarios the momentum transfer q is of the order q4/f4a . In the first
scenario ma � q, the cross section scales with momentum transfer q4, making the cross section
highly momentum suppressed. If that suppression could be lifted by e.g. a large mass, then it
would be detectable. Although the up-quark mass is not present anymore in σp, the scale of the
proton and neutron mass (∼ 1 GeV) does not account for the large scale of the cutoff scale (∼ 1
TeV).

The second scenario assumes that ma � q, then the cross section does not scale with the
momentum transfer q4 anymore and is only dependent on the dot-product of the direction of
the momentum transfer and the spin-operators. Although this is not momentum suppressed
anymore, it is still heavily suppressed by the cutoff scale as it scales as m4

N/f
4
a .

The last scenario is where q and ma are on similar scales. In that case, one would obtain
approximately half of the result of the second scenario, resulting in the same problems.

Not only is the diagram generally suppressed by the cutoff scale fa and for massive ALPs also
by the momentum transfer q, experiments are generally less sensitive to spin-dependent interac-
tions. The difference in sensitivity could be five orders of magnitude, because spin-independent
interactions is coherent across all nucleons and therefore enhanced by A2, while SD scattering
involves only one nucleon inside the nucleus [29].

To overcome the suppressions and spin-dependence of the tree-level described above, we
perform one-loop level calculations.

3.3 One-Loop Calculation
3.3.1 Setting Up the Problem
By going to one-loop order, we try to solve the problems that arose from the tree-level diagram.
Vector and scalar interactions should arise from the one-loop diagram(s), for spin-independent
scattering to take place. The diagram(s) must therefore not or not only give rise to only axial-
vector or pseudo-scalar structures, causing momentum suppression. Moreover, there has to be
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some scales or masses that counter the effect of the cutoff scale. Although the first requirement
is not guaranteed, it likely gives rise to a more complex loop structure, resulting in a depend-
ence on scalar and vector structures as well. The one-loop diagram that arises from these two
requirements is given in Fig. 3.2.

As we will see, this loop diagram is not dependent on only pseudo-scalar and axial-vector
structures, but contains several combinations of (axial-)vector and (pseudo-)scalar structures.
In this diagram are four powers of the vertex factors, resulting in four powers of the cutoff
scale in the denominator. Naively thinking, at each vertex masses are generated, because of the
derivative coupling of the ALP to the fermions. The propagator for quark Q could essentially
be for any quark, but since masses are generated at each vertex, a large mass would help to lift
effects of fa. Since fa ∼ 1 TeV, the only quark mass that comes close to this scale is that of the
top-quark. The logical conclusion is to choose for Q to be the top-quark. This would lead to a
dependence of m2

χm
2
t/f

4
a in the integral. If it is not momentum suppressed, this could lift the

scale suppression.
Since only the initial and final states of the process can be measured, the diagram in Fig. 3.2

is not the only diagram. Two of the ALP vertices can be ‘exchanged’, such that one obtains a
diagram where the ALP propagators cross. In Fig. 3.3 both diagrams with all momenta are given,
where Fig. 3.3a is the trivial diagram and Fig. 3.3b is the crossed ALP propagator diagram. The
amplitude and total loop integral, is given by the sum of the two diagrams.

Particles inside the loop are off-shell at the external momenta and are denoted with an
asterisk. As mentioned in Section 3.2 we assume that the external particles are on-shell.

Applying Feynman rules to diagram Fig. 3.3a, its loop integral is given by

I1 =
−1

16f4a

∫
d4`

(2π)4
1

[`2 −m2
a] [(`− q)2 −m2

a]
[
(`− p)2 −m2

χ

]
[(`+ k)2 −m2

t ]

× χ(p′)
[
cVχχ(/̀− /q) + cAχχ(/̀− /q)γ

5
] (
/̀− /p−mχ

) [
cVχχ/̀+ cAχχ/̀γ

5
]
χ(p)

× u(k′)
[
cVtu(/̀− /q) + cAtu(/̀− /q)γ

5
]
(/̀+ /k +mt)

[
cVtu/̀+ cAtu/̀γ

5
]
u(k),

(3.19)

and diagram Fig. 3.3b gives

I2 =
1

16f4a

∫
d4`

(2π)4
1

[`2 −m2
a] [(`− q)2 −m2

a]
[
(`− p)2 −m2

χ

]
[(`− k′)2 −m2

t ]

× χ(p′)
[
cVχχ(/̀− /q) + cAχχ(/̀− /q)γ

5
] (
/̀− /p−mχ

) [
cVχχ/̀+ cAχχ/̀γ

5
]
χ(p)

× u(k′)
[
cVtu/̀+ cAtu/̀γ

5
]
(/̀− /k

′ −mt)
[
cVtu(/̀− /q) + cAtu(/̀− /q)γ

5
]
u(k).

(3.20)

The numerator contains two distinct parts: the DM and the quark part. Because the external
particles are on-shell, the momenta /p, /p′, /k and /k

′ can be turned into their corresponding masses
using the Dirac equation. Moreover, it would help to rearrange terms such that factors in the
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Figure 3.3: The one-loop diagrams for χu→ χu, with loop momentum `.

denominator are cancelled. Working out each part and performing the aforementioned simpli-
fications, one can verify that the DM part in the numerator of the integrand for both diagrams
simplifies to

χ(p′)
{(
cVχχ − cAχχγ

5
)2 [

(`− p)2 −m2
χ

]
/̀+ 2mχc

A
χχ

(
cAχχ + cVχχγ

5
) [

(`− p)2 −m2
χ

]
+4m2

χ(c
A
χχ)

2/̀
}
χ(p).

(3.21)

Going through similar steps, the quark part of the first integral, I1, simplifies to

u(k′)
{(
cVtu − cAtuγ

5
)2 [

(`+ k)2 −m2
t

]
/̀+m2

t

(
cVtu − cAtuγ

5
)2
/̀

− 2mtmu

(
(cVtu)

2 − (cAtu)
2
)
/̀+mt(m

2
t −m2

u)
(
(cVtu)

2 − (cAtu)
2
)

+mt

(
(cVtu)

2 − (cAtu)
2
) [

(`+ k)2 −m2
t

]
−mu

(
cVtu + cAtuγ

5
)2 [

(`+ k)2 −m2
t

]
−mu(m

2
t −m2

u)
(
cVtu + cAtuγ

5
)2

+m2
u

(
cVtu + cAtuγ

5
)2
/̀
}
u(k),

(3.22)

and of the second integral, I2, to

u(k′)
{(
cVtu − cAtuγ

5
)2 [

(`− k′)2 −m2
t

]
/̀+m2

t

(
cVtu − cAtuγ

5
)2
/̀

− 2mtmu

(
(cVtu)

2 − (cAtu)
2
)
/̀−mt

(
(cVtu)

2 − (cAtu)
2
) [

(`− k′)2 −m2
t

]
−mt(m

2
t −m2

u)
(
(cVtu)

2 − (cAtu)
2
)
+mu

(
cVtu − cAtuγ

5
)2 [

(`− k)′2 −m2
t

]
+mu(m

2
t −m2

u)
(
cVtu − cAtuγ

5
)2

+m2
u

(
cVtu + cAtuγ

5
)2
/̀
}
u(k).

(3.23)

By multiplying the DM and quark parts, the integrals I1 and I2 are obtained. Summing I1 and I2
gives the total one-loop integral of the process χu→ χu. Because of factors of the loop-momenta
in the numerator, one can see that the integrals I1 and I2 are tensor integrals, which are generally
difficult to integrate and obtain analytical expressions of. Since the analytic expressions for the
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scalar integrals are known, the tensor integrals must be reduced to scalar integrals. This is where
we will need to use Passarino-Veltman reduction of one-loop integrals. In the next section we
will introduce the theory and describe the procedure to go from tensor to scalar integals.

3.3.2 Passarino-Veltman Reduction
As loops become more complicated, the integrals become harder to calculate. One method to
reduce tensor loop integrals to scalar integrals was introduced by Passarino and Veltman in [53].
This technique is now known as Passarino-Veltman (PV) reduction. Like every method, the PV-
reduction scheme has drawbacks. The main drawback is the appearance of Gram determinants
in the denominator, which are numerically unstable if they are small. Alternative procedures
have been devised to fix the instabilities, e.g. [54]. The other drawback is that as the rank of
the tensor integral increases, the computational complexity rapidly increases [55]. Although it
has these drawbacks it is still a powerful technique to reduce tensor to scalar integrals.

In this thesis we follow the conventions from [56]. One-loop N -point tensor integrals in D
dimensions, with N propagator factors and P integration momenta in the numerator, generally
have the form

TN
µ1µ2···µP

(p1, . . . , pN−1,m0, . . . ,mN−1) =
(2πµ)4−D

iπ2

∫
dD`

`µ1 · · · `µP

D0D1 · · ·DN−1
, (3.24)

where the denominator factors are

D0 = `2 −m2
0, Di = (`+ pi)−m2

i + iε, i = 1, 2, . . . , N − 1 (3.25)

and originate from the propagators in the loop. The parameter µ has mass-dimension and serves
to keep the mass-dimension fixed for varying D. If the power of integration momenta in the
numerator exceeds the power of integration momenta in the denominator, i.e. P +D− 2N ≥ 0,
the integral is generally UV-divergent. These divergences are regularized by calculating the
integral in D 6= 4. The diagramatic form of Eq. (3.24) is given in Fig. 3.4. Every N -point
integral TN is denoted by the (N − 1)th letter of the alphabet: T 1 ≡ A, T 2 ≡ B, . . .. If there are
no integration momenta in the numerator, P = 0, the integral is scalar and caries the lower-index
0.

A rank-P N -point function is symmetric in all its indices µi, meaning that switching two
indices µi, µj does not affect the integral:

TN
µ1···µi···µj ···µP

(p1, . . . , pN−1,m0, . . . ,mN−1) = TN
µ1···µj ···µi···µP

(p1, . . . , pN−1,m0, . . . ,mN−1).
(3.26)

Note that switching either two momenta or two masses does change the integral:

TN
µ1µ2···µP

(p1, . . . ,pi, . . . , pj , . . . , pN−1,m0, . . . ,mi, . . . ,mj , . . . ,mN−1)

6= TN
µ1µ2···µP

(p1, . . . , pj , . . . , pi, . . . , pN−1,m0, . . . ,mi, . . . ,mj , . . . ,mN−1),

(3.27)

but it is invariant under changing the momenta pi, pj and masses mi,mj simultaneously, such
that the momenta and masses with the same index are paired up again.

Lorentz covariance allows every tensor integral to be decomposed into tensors, constructed
by the external momenta and the metric tensor gµν . The explicit Lorentz decomposition for
rank-one and rank-two N -point integrals reads [56]

Tµ =

N−1∑
i=1

piµTi, (3.28a)
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Figure 3.4: N -point integral convention.

Tµν = gµνT00 +

N−1∑
i,j=1

piµpjνTij . (3.28b)

The goal is to reduce the tensor integrals to scalar integrals, but the reduction above does not
provide an explicit decomposition in terms of T0-type integrals. Let us go through the simplest
example for PV-reduction, which is reducing the integral Bµ to scalar form. This integral is
defined as

Bµ(p,m1,m2) =
(2πµ)4−D

iπ2

∫
dD`

`µ
[`2 −m2

1] [(`+ p)2 −m2
2]
. (3.29)

Eq. (3.28a) suggests that this integral is decomposed by Bµ = pµB1, i.e. it is projected onto
momentum pµ. Using this decomposition, we contract the integral with pµ and divide by p2,
resulting in

B1(p;m1,m2) =
1

p2
(2πµ)4−D

iπ2

∫
dD`

p · `
[`2 −m2

1] [(`+ p)2 −m2
2]
. (3.30)

The numerator can also be written as 1
2

(
(`+ p)2 − p2 − `2

)
. Adding and subtracting masses to

cancel terms in the denominator, gives

B1(p;m1,m2) =
1

2p2
(2πµ)4−D

iπ2

∫
dD`

(`+ p)2 −m2
2 − `2 +m2

1 − p2 −m2
1 +m2

2

[`2 −m2
1] [(`+ p)2 −m2

2]
. (3.31)

By simplifying this expression and rewriting the simplified integrand as scalar integrals, we obtain
the definition of B1 in terms of scalar integrals

B1(p;m1,m2) =
1

2p2
[
A0 (m1)−A0 (m2)−

(
p2 +m2

1 −m2
2

)
B0 (p,m1,m2)

]
. (3.32)

Now we know B1, we also know Bµ, because of the decomposition of Eq. (3.28a). It is compu-
tationally expensive to decompose every tensor integral by hand, especially for integrals with a
higher rank or higher-order N integrals. Packages like FeynCalc [57–60] in Mathematica do this
decomposition for you. In this thesis we used FeynCalc to decompose some integrals presented
in Section 3.3.3.
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Knowing the general procedure of tensor integral reduction, the last thing that is needed is
the analytical form of the scalar N -point functions. The one- and two-point integrals have the
simplest expressions, where the analytic expression of the two-point function is most relevant in
this work. The scalar one-point function is given by [56]

A0(m0) = m2
0

(
∆− log

m2
0

µ2
+ 1

)
, (3.33)

where
∆ =

2

4−D
− γE + log 4π, (3.34)

is the UV-divergence and the γE is Euler’s constant. Here, the factor µ appears in the logarithm
and is an artificial energy scale. The analytic expression of the scalar two-point function is [56]

B0(p,m0,m1) = ∆+ 2− log
m0m1

µ2
+
m2

0 −m2
1

p2 + iε
log

m1

m0
− m0m1

p2 + iε

(
1

r01
− r01

)
log r01, (3.35)

where r and 1
r are determined from

x2 +
m2

0 +m2
1 − p2 − iε

m0m1
x+ 1 = (x+ r01)

(
x+

1

r01

)
. (3.36)

The solution for r then reads

r01 =
m2

0 +m2
1 − p2 − iε±

√
(m2

0 +m2
1 − p2 − iε)2 − 4m2

0m
2
1

2m0m1
. (3.37)

Even though both the positive and negative sign solution are equal in the combination
(
1
r − r

)
log r,

throughout this thesis we only use the positive sign.
Although Eq. (3.35) seems to be singular when p2 = 0, one can show that the limit as p2 → 0

does exist. Instead of taking a limit, it is easier to look at the integral representation to derive
expressions in this limit. First assume the masses are not equal, then using partial fractions

B0(0,m0,m1) =
(2πµ)4−D

iπ2

∫
dD`

1

[`2 −m2
0] [`

2 −m2
1]

=
1

m2
1 −m2

0

(2πµ)4−D

iπ2

∫
dD`

[
1

`2 −m2
1

− 1

`2 −m2
0

]
=
A0(m1)−A0(m0)

m2
1 −m2

0

. (3.38)

When the masses are equal we notice that taking the derivative of the scalar one-point function
with respect to m2 gives back the scalar two-point function:

d

dm2
A0(m) =

(2πµ)4−D

iπ2

∫
dD`

d

dm2

1

`2 −m2

=
(2πµ)4−D

iπ2

∫
dD`

1

[`2 −m2]
2

= B0(0,m,m). (3.39)

The same techniques can be used to go from a scalar three-point function with one or both
momenta equal to zero, to scalar one- and two-point functions. Without spoiling too much of
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the end result, we will see that the scalar three-point function where one momentum is zero and
two masses are equal, C0(0, p,m,m,M), can be reduced to an expression dependent on only the
two-point function. Using the above reasoning, this scalar three-point function has the following
relation to the scalar two-point function:

C0(0, p,m,m,M) =
d

dm2
B0(p,m,M). (3.40)

It is important to note that the momentum p appears together with mass M , not mass m. If it
appears together with mass m this does not hold anymore. Taking the derivative of the two-point
function can easily be done, given the anayltic expression in Eq. (3.35). Assuming that p2 =M2,
the derivative then is

m2 d

dm2
B0(M,m,M) =

1

2

[
−1 +

2m2

M2
log

M

m
− m2 −M2

M2
− m

M

(
1

r
− r

)
log r

−m
2

M

(
1− log r

r2
− 1− log r

)
dr

dm

]
, (3.41)

where we have multiplied the derivative by m2 to obtain a result that has no mass dimension,
like the scalar two-point function itself. Here we have used that

r =
m2 − iε+

√
(m2 − iε)2 − 4m2M2

2mM
(3.42a)

dr

dm
= − r

m
+

2m
(
r − M

m

)√
(m2 − iε)2 − 4m2M2

. (3.42b)

Last, the rank-p N -point functions may contain divergent parts. For example, the scalar two-
point function given in Eq. (3.35) has a divergent part of −2

D−4 . It is useful to know what the
UV-divergent parts are of the tensor integrals. Below we listed the UV-divergent parts of different
tensor integrals that appear in the loop integral, where all divergent parts are given as a product
of D − 4 and the integral itself [56]:

(D − 4)A0(m) = −2m2, (3.43a)
(D − 4)B0(p,m0,m1) = −2, (3.43b)
(D − 4)B1(p,m0,m1) = 1, (3.43c)

(D − 4)B00(p,m0,m1) =
1

6

(
p2 − 3m2

0 − 3m2
1

)
, (3.43d)

(D − 4)B11(p,m0,m1) = −2

3
, (3.43e)

(D − 4)C00(p1, p2,m0,m1,m2) = −1

2
. (3.43f)

For the integrals where the divergent part is independent of masses and momenta, i.e. constant,
the difference of two of the same integral-type results in canceling the divergent part. As an
example, the rank-two three-point integral has a constant UV-divergent part of − 1

2 . If there
is another rank-two three-point function that is subtracted from the first one, the divergences
cancel.

After this intermezzo of PV-reduction, we can go back to our problem: the one-loop integ-
ral(s).
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3.3.3 Simplifications, Approximations and Final Result
After multiplying the DM and quark parts in Eqs. (3.21) to (3.23), symplifying the expressions,
writing them in terms of the Passarino-Veltman integral functions, and adding up I1 and I2, we
obtain the total loop integral I in Eq. (B.4). I is a long expression, and reducing a tensor integral
like the rank-two four-point integral Dµν is complex and computationally expensive. If the full
expression of I is reduced, the result would be very long. Not all terms in I have the same order
of magnitude. Some terms may be negligible compared to other terms in the integral. In order to
make predictions we need to simplify the integral and do some well-motivated approximations.

The first simplifications that can be done is by utilizing the properties of the two- and three-
point functions. First, if the Bµ integral functions depend only on momentum transfer q, the
reduction of Bµ(q,m0,m1) is qµB1(q,m0,m1) and therefore gives a factor of qµ. Then, when
contracted with a vector Lorentz structure, this term will be zero (see Eq. (3.14a)) and when
contracted with an axial-vector structure, it results in twice the mass times the pseudo-scalar
structure (see Eq. (3.14b)).

Next, by utilizing the momentum transfer dependence of the three-point functions, the in-
tegration variable can be shifted by q. A three-point function dependent on momentum k′ can
then be expressed in terms of three-point functions dependent on momentum k only. Because
most three-point functions appear as a sum or difference of two three-point functions, where one
carries momentum k and the other k′, these terms can be heavily simplified by also using the
knowledge of what happens when one contracts with (axial-)vector structures. In Section B.2.1
we showed the following relations:

Cµν(k,−q,ma,mt,ma)− Cµν(−k′,−q,ma,mt,ma) = qµCν(k,−q,ma,mt,ma)

+ qνCµ(k,−q,ma,mt,ma)

− qνqµC0(k,−q,ma,mt,ma),

(3.44a)

Cµ(k,−q,ma,mt,ma)− Cµ(−k′,−q,ma,mt,ma) = 2Cµ(k,−q,ma,mt,ma)

− qµC0(k,−q,ma,mt,ma),

Cµ(k,−q,ma,mt,ma) + Cµ(−k′,−q,ma,mt,ma) = qµC0(k,−q,ma,mt,ma),

(3.44b)

Cν(k,−q,ma,mt,ma)− Cν(−k′,−q,ma,mt,ma) = 2Cν(k,−q,ma,mt,ma)

− qνC0(k,−q,ma,mt,ma),
(3.44c)

C0(k,−q,ma,mt,ma) + C0(−k′,−q,ma,mt,ma) = 2C0(k,−q,ma,mt,ma), (3.44d)
C0(k,−q,ma,mt,ma)− C0(−k′,−q,ma,mt,ma) = 0. (3.44e)

Now, one can see that a lot of terms are zero when the momentum transfer is contracted with
vector structures, and axial-vector become pseudo-scalar structures. Unfortunately, the same
cannot be done for the four-point function. Performing a similar trick allows one to change the
−k′ to a k, but then −p changes to p′. The four-point function terms therefore stay in their full
form.

Most up-masses appear together with the top-mass, i.e. mt±mu. The mass of the top-quark
is about 172.57 GeV/c2, which is much larger than the mass of the up-quark (a few MeV) [61].
Hence, all up-masses that appear together with a top-mass are neglected.

The simplifications and mass approximation above already reduces the integral to a more
compact expression.

64iπ2f4aI = 64iπ2f4a (I1 + I2)
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= 2mχm
2
tmu(c

A
χχ)

2cVtuc
A
tu [χ(p

′)χ(p)]
[
u(k′)γ5u(k)

]
C0(k,−q,ma,mt,ma)

+ 2mχm
2
t (c

A
χχ)

2cVtuc
A
tu [χ(p

′)χ(p)]
[
u(k′)γ5γνu(k)

]
Cν(k,−q,ma,mt,ma)

+ 2m2
χm

2
t (c

A
χχ)

2cVtuc
A
tu [χ(p

′)γµχ(p)]
[
u(k′)γ5γνu(k)

]
× [Dµν(k,−q,−p,ma,mt,ma,mχ)−Dµν(−k′,−q,−p,ma,mt,ma,mχ)]

+ 2m2
χm

2
tmu(c

A
χχ)

2cVtuc
A
tu [χ(p

′)γµχ(p)]
[
u(k′)γ5u(k)

]
× [Dµ(k,−q,−p,ma,mt,ma,mχ)−Dµ(−k′,−q,−p,ma,mt,ma,mχ)]

−mχmt(c
A
χχ)

2
(
(cVtu)

2 − (cAtu)
2
)
[χ(p′)χ(p)] [u(k′)u(k)]

[
B0(−q,ma,ma) +m2

tC0(k,−q,ma,mt,ma)
]

−m2
χmt(c

A
χχ)

2
(
(cVtu)

2 − (cAtu)
2
)
[χ(p′)γµχ(p)] [u(k′)u(k)] [−2Cµ(q, p,ma,ma,mχ)

+m2
tDµ(k,−q,−p,ma,mt,ma,mχ) +m2

tDµ(−k′,−q,−p,ma,mt,ma,mχ)
]

−mχm
2
t (c

A
χχ)

2
(
(cVtu)

2 + (cAtu)
2
)
[χ(p′)χ(p)] [u(k′)γνu(k)]Cν(k,−q,ma,mt,ma)

−m2
χm

2
t (c

A
χχ)

2
(
(cVtu)

2 + (cAtu)
2
)
[χ(p′)γµχ(p)] [u(k′)γνu(k)]

× [Dµν(k,−q,−p,ma,mt,ma,mχ)−Dµν(−k′,−q,−p,ma,mt,ma,mχ)] .

(3.45)

If a term has an axial-vector or pseudo-scalar Lorentz structure, it means the term contains both
a vector and an axial-vector fermion coupling to the ALP. In order to explain this, note that
in the vertex factor the vector-coupling term does not contain a γ5-factor and that each axial-
vector term contains a factor of γ5. Because both the DM and quark part have two vertices, two
factors of γ5 can be brought together, that results in I4. This only occurs with two axial-vector
couplings. If there is a mix of an axial-vector and vector coupling, there is only one factor of γ5,
and we cannot use the identity (γ5)2 = I4. Only when the axial-vector and vector coupling of
the quark-part are non-zero, axial-vector and pseudo-scalar structures appear.

Note that the DM part is only dependent on the axial-vector coupling, even though no
assumptions have been made on the DM vector coupling. We have introduced only one type
of DM particle, hence, the DM-ALP vector coupling has to be absent for the shift symmetry
to be fulfilled. Another way to look at it is, that at each vertex a difference of the masses is
generated for the vector coupling, because of the derivative coupling. Since the DM particle
in the propagator has the same mass as the incoming and outgoing DM particles, the vector
term will not be present after performing the simplifications of shifting the three-point functions
momenta and using the reduction of the rank-one two-point function. The integral is now highlu
dependent on the axial-vector DM-ALP coupling. If cAχχ is zero, this whole scattering interaction
is impossible. So either the axial-vector coupling cannot be zero or, similar to the quark-part, a
different particle is needed in the propagator with mass that differs from mχ. The other thing
to note, before futher simplifying any further, is that if the coupling strength of the vector and
axial-vector up-top-ALP couplings are equal, the integral is not UV-divergent anymore.

In dark matter direct detection experiments the momentum transfer and all external momenta
are small, meaning that axial-vector and pseudo-scalar currents are momentum suppressed, as
seen in Sections 2.3 and 3.2. Compared to the leading-order scalar and vector currents, the
axial-vector and pseudo-scalar currents are negligible for small momenta. We can, therefore,
discard all terms dependent on axial-vector and pseudo-scalar type structures. The simplified
and approximated expression of the loop integral then reads

− 64iπ2f4aI = m2
χm

2
t (c

A
χχ)

2
(
(cVtu)

2 + (cAtu)
2
)
[χ(p′)γµχ(p)] [u(k′)γνu(k)]

× [Dµν(k,−q,−p,ma,mt,ma,mχ)−Dµν(−k′,−q,−p,ma,mt,ma,mχ)]
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+m2
χmt(c

A
χχ)

2
(
(cVtu)

2 − (cAtu)
2
)
[χ(p′)γµχ(p)] [u(k′)u(k)] [−2Cµ(q, p,ma,ma,mχ)

+m2
tDµ(k,−q,−p,ma,mt,ma,mχ) +m2

tDµ(−k′,−q,−p,ma,mt,ma,mχ)
]

+mχm
2
t (c

A
χχ)

2
(
(cVtu)

2 + (cAtu)
2
)
[χ(p′)χ(p)] [u(k′)γνu(k)]Cν(k,−q,ma,mt,ma)

+mχmt(c
A
χχ)

2
(
(cVtu)

2 − (cAtu)
2
)
[χ(p′)χ(p)] [u(k′)u(k)] [B0(q,ma,ma)

+m2
tC0(k,−q,ma,mt,ma)

]
. (3.46)

Even though there are only four terms left, reducing the rank-two and rank-one four-point
functions give long and complex expressions. It would, therefore, be good to rank and at the
same time approximate each term, and eventually only using the dominant terms. We know that
k2 � m2

t , so the propagator-factor
[
(`+ k)2 −m2

t

]
can be expanded in k2/m2

t :

1

(`+ k)2 −m2
t

=
1

`2 −m2
t

1

1 + 2k·`+k2

`2−m2
t

≈ 1

`2 −m2
t

[
1− k2 + 2k · `

`2 −m2
t

+ · · ·
]
, (3.47)

and similarly for the propagator involving k′.
In Section B.2.2 we have gone through the procedure for each term in Eq. (3.46) that is

dependent on k, k′. The first term in Eq. (3.46) involving the rank-two four-point functions is
proportional to the up-quark momenta. Hence, this term is suppressed by the momenta k and k′.
Using packages like FeynCalc one can verify that the pre-factor of this term, m2

χm
2
t , is cancelled

by the denominator after reducing the four-point tensor integrals.
The second term in Eq. (3.46) is not proportional to any small masses or momenta after

performing the approximation. Together with its pre-factor in the integral, this term’s pre-factor
scales with mχmt and the scalar N -point functions are not suppressed by any momentum or
mass.

The third term in Eq. (3.46) is small and at leading-order in mt

mu
, it is zero, because after

performing the approximation (i.e. the expansion of the top propagator in Eq. (3.47)) the rank-
one three-point function is proportional to qν . After contracting with the DM vector-current it
gives [u/qu], which is shown to be zero.

The last term in the integral has the prefactor mχmt and the expansion of the propagator
does not gain or lose any power of mχ or mt, meaning that the order in mass dimension remains
the same.

To summarize, the second and last term in Eq. (3.46) are of the same order in DM-mass and
top-mass, while the third term’s contribution is zero in leading-order approximation and the first
term is suppressed by the up-quark momenta. Hence, the second and fourth term are at leading
order the leading terms in Eq. (3.46) and the other terms can be discarded.

With the same reasoning as for discarding the axial-vector and pseudo-scalar structure, we
can approximate our integral by setting the momentum transfer to zero. This is only justifyable if
m2

a 6� q2, which is alright since Kaon decays strongly constrain the light ALPs with FCNC. This
is the last approximation that we do, which makes the resulting approximation of the one-loop
integral only dependent on the DM momentum. The highest order and only N -point function
that our integral is dependent on, is then the two-point function and its derivative with respect
to m2

a. Since the scalar two-point function is dependent on only the square of the momentum
(see Eq. (3.35)), the DM-momentum can be replaced by the DM-mass, because of the on-shell
assumption.
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After these approximations, the reduction of the integrals and contraction of momenta, the
final form of our one-loop integral is (using the expansions derived in Section B.2.2)

I ≈ imχmt

64π2(m2
t −m2

a)
2f4a

(cAχχ)
2
(
(cVtu)

2 − (cAtu)
2
)
[χ(p′)χ(p)] [u(k′)u(k)]

×
[
m2

a

(
m2

a − 2m2
t

)
B0(mχ,ma,mχ) +m4

tB0(mχ,mt,mχ)

−m4
a(m

2
t −m2

a)
d

dm2
a

B0(mχ,ma,mχ)

]
.

(3.48)

With this result, we now have an analytical expression of the dominant parts of the loop integral
of the diagrams in Fig. 3.3, where the analytical expressions of the scalar two-point function and
its derivative with respect to m2

a are given by Eqs. (3.35) and (3.41), respectively.
Note that when (cVtu)

2 = (cAtu)
2, this approximation of the integral is zero. If the couplings are

equal, the first and third terms in Eq. (3.46) are the leading order terms, which are momentum
suppressed and zero at leading order, respectively. In that case, the diagrams in Fig. 3.3 are
heavily suppressed by the up-mass and the up-quark momenta k, k′.

3.3.4 Limiting Cases
It is good to look at the behavior of the integral in some limiting cases. In Eq. (3.48) the
expression is divided by (m2

t −m2
a)

2, which means it has a potential pole where ma = mt. If
there is a pole at the top-mass, this would prove there is no such interaction taking place, because
the cross section would also diverge and experments would have already seen such an interaction
in their detectors. Although the original expression of the integrals in Eqs. (3.19) and (3.20)
did not give any reason to have a pole where the top quark and ALP-masses are equal, it is
good to check that no artificial pole is created after the PV-reduction. All together the limiting
cases that are studied are the heavy ALP and DM limits, massless ALP and DM limits, and the
ma = mt limit. In Appendix B.3 the limiting cases have been derived more thoroughly, in this
subsection we will go through the procedure, results and their implications.

In the massless ALP limit we expect there not to be any problems, because the ALP-mass is
only present in the denominator of Eqs. (3.19) and (3.20). A massless ALP-mediator would also
not cause the integral to be zero, i.e. no interaction. It suffices to show that no extra divergences
arise in the ALP-mass dependent two-point functions when the ALP is massless, because then
these terms are zero due to the pre-factor m2

a. The factor raχ is finite and nonzero when ma → 0,
so the logarithm is finite and so is 1/raχ. Substituting this into the expression of the two-point
function B0(mχ,ma,mχ), this function remains finite, meaning that when multiplied by m2

a

the whole term is zero. Using that raχ remains finite and is nonzero, then taking the limit
of m2

a
d

m2
a
B0(mχ,ma,mχ) shows that it remains finite in the massless ALP limit. Since the

ALP-mass dependent terms are zero, the only term that remains is the ALP-mass independent
two-point function B0(mχ,mt,mχ). Although it is enough to know the behavior, we have an
exact expression for this limit:

lim
ma→0

I =
imχmt

64π2f4a
(cAχχ)

2
(
(cVtu)

2 − (cAtu)
2
)
[χ(p′)χ(p)] [u(k′)u(k)]B0(mχ,mt,mχ). (3.49)

From this we can conclude that for low ALP-masses or massless ALPs the integral (and also the
cross section) is nonzero and constant as a function of the ALP-mass.

To study the behavior of the integral when ALPs are heavy, requires us to take the limit
ma → ∞, i.e. the ALP is heavier than all other scales in I. In this limit raχ = ma/mχ and
ma

draχ

dma
= ma/mχ. The ALP-mass independent two-point function is constant, and because of
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the pre-factor of m−4
a , this term is zero in the heavy ALP limit. This factor of m−4

a cancels with
the pre-factor of the ALP-mass dependent two-point function terms and partially cancels the
pre-factor of its derivative, where a factor of m2

a remains. Now dependencies are substituted in
the expression of the two-point function and its derivative and the limits then are:

lim
ma→∞

B0(mχ,ma,mχ) ∝ − log
m2

a

µ2
, (3.50)

lim
ma→∞

m2
a

d

dm2
a

B0(mχ,ma,mχ) = −1. (3.51)

Since logma is much larger in the limit than − 1
2 , this constant can be neglected as an overall

dependence. Hence, the proportionality of the integral in the heavy ALP limit is I ∝ − logma

and is thus log-divergent. Eventually I only appears squared, and therefore the minus-sign is
not important for the cross section.

It turns out the supposed pole at ma = mt is not a real pole, since the diverging denominator
is cancelled by the PV-part of I. To see this, first note that at first I takes the form 0

0 in the
limit. Then using L’Hôpital’s rule to evaluate the limit and simplifying, gives

lim
ma→mt

I ≈ lim
ma→mt

imχmt

64π2f4a
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1

2
m4
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d(m2
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2
B0(mχ,ma,mχ)

]
.

(3.52)

All terms in this expression are finite when ma = mt. Hence, the integral does not diverge where
the ALP-mass is equal to the top-mass.

Going through similar steps for heavy and massless DM, gives the following limiting behavior:

lim
mχ→0

I = mχ → 0 (3.53)

lim
mχ→∞

I ∝ mχ log
m2

χ

µ2
(3.54)

Hence, no interaction takes place when the DM particle is massless, as expected. If the DM-
mass is very small, the cross section is proportional to m2

χ log
(mχ)

2

µ2

2

. This means that for small
DM-masses the cross section decreases even faster. Heavy DM seems, therefore, more favorable,
since the cross section would be large enough measure scattering events. In the heavy ALP limit
the same proportionality is obtained as for the massless DM limit. This shows that the cross
section grows faster with the DM-mass than the ALP-mass.

Although heavy ALPs and DM particles seem to be favorable, but purely guided by propor-
tionality it is more favorable to have heavy DM. It is favorable, because then the cross section
would be much larger than for light masses. For the ALP there is a lower limit on the magnitude
of I, since it is constant and nonzero when in the massless ALP limit. In the worst case the
ALP is massless, but for heavy DM it still grows with mχ logmχ. If DM has a low mass, then
I becomes very small, but even for heavy ALPs it only grows with logma, which may not be
enough to ‘cancel’ the low mass effect of DM.

3.4 UV-Divergences
The one-loop integrals in Eqs. (3.19) and (3.20) have at most six powers of integration momentum
in the numerator (P = 6), and these integrals both have four propagator-factors in the numerator
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Figure 3.5: Diagrams that renormalizes the UV-divergence of the loop-diagrams in Fig. 3.3,
where H is the Higgs boson.

(N = 4). In four dimensions (D = 4), the equation from Section 3.3.2 tells us that this integral
is UV-divergent: P + D − 2N = 2 ≥ 0. A quick look at Eqs. (3.48) and (B.4) tells us already
that the integral is divergent. Although most divergences cancel, e.g. the divergences of the Cµν

integrals, there is one divergence that does not cancel: the divergent part of the scalar two-point
function B0. From Section 3.3.2 we see–from either Eq. (3.35) or Eq. (3.43b)–that the divergent
part of the scalar two-point function is −2

D−4 . Then the divergent part of the total loop integral
is

D − 4

2
IUV-div =

−i
64π2f4a

mχ(c
A
χχ)

2
(
(mt −mu)(c

V
tu)

2 − (mt +mu)(c
A
tu)

2
)
[χ(p′)χ(p)] [u(k′)u(k)] .

(3.55)

On the quark part in Fig. 3.3, the chirality has to flip from left to right or vice versa. It is more
obvious looking at Eq. (3.3), and we see that the Higgs causes a flip in chirality for the quarks.
The operator that will renormalize our amplitude is (χχ)

(
QCY uCφ̃uR

)
, for some couplings C

and up-type Yukwawa matrices Y u. In our diagrams the only couplings are C31 and C13, that
results in having Y 33, which is the top-Yukawa coupling. Having the top-Yukawa coupling in
the operator means that the Higgs couples to the top. Hence, the Higgs is inserted in the top-
propagator and we set the reference scale µ = mt. The resulting diagrams are given in Fig. 3.5.

3.5 Evolution of the Couplings
At this moment the couplings are evaluated at the scale Λ, which we set to be 4π TeV. The goal
is to obtain a cross section in the NR regime, which is at the energy scale of the momentum
transfer |q| � Λ. There are several scales in our diagrams that have to be taken into account. In
Fig. 3.6 these different energy scales and the valid diagram at each scale is shown for a particular
mass hierarchy. Between these scales, the amplitude for χ-u scattering can be calculated using
the diagrams in Fig. 3.3. The difference between the diagrams at the two scales is the value of
the couplings and can be seen in Fig. 3.6. As we will see, the couplings are dependent on the
energy scale they are evaluated at. So at the cutoff scale the couplings are cA,V

tu (Λ), while at
the top-mass the couplings are different, namely cA,V

tu (mt). Below the top-mass the top-quark is
integrated out of the theory and the top-propagator is pinched to a point, i.e. no longer present
in the diagram.

If we follow the mass hierarchy in Fig. 3.6, the DM particle is integrated out next. Between
the DM-mass and top-mass scales, the second diagram from above in Fig. 3.6 is our new diagram.
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Figure 3.6: Example of separation of energy scales for the renormalization-group equations and
the diagrams that correspond to this energy scale.
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Figure 3.7: One-loop diagrams accounting for operator mixing through Yukawa and gauge in-
teractions, contributing to the RGEs. [40]

Figure 3.8: Two-loop diagram contributing to the RGEs. [40]

When χ is integrated out, we are in the region between ma and mχ, where the third diagram in
Fig. 3.6 is the new valid diagram. At the scale of ma, the effective coupling Cχu(ma) is dependent
on our original couplings cA,V

tu and on the energy scale it is evaluated at.
To go down to the energy scale of the momentum transfer, that is on the keV scale, it is the

ALP’s turn to be integrated out. The diagram that is left is a vertex connecting four external
lines, that has an effective coupling Cχu(|q|), as can be seen in Fig. 3.6. This is the effective
coupling that is measured by experiments.

Using the renormalization-group equations (RGEs) the couplings can be evolved from the
cutoff down to top-mass scale, and furhter down to lower energy scales. Apart from assuming
the ALP is massive, we also assume that the ma is of order mt or less, but let us not assume
anything about mχ. The Wilson coefficients (i.e. couplings) and operators in the effective
Lagrangian can be evolved down to the top-mass by solving the RGEs.

Let us start with the evolution from the cutoff scale to the top-quark mass scale. This
procedure has been derived in [40]. We will go through the steps from [40] below, and we then
derive the evolution of the vector and axial-vector couplings used in our calculations.

At one-loop order there are contributions to the running of the fermion Wilson coefficients
from Yukawa interactions. These diagrams are given in Fig. 3.7. In general the multiplicative
renormalization effects from the first two diagrams are not diagonal in generation space. The
third diagram leads to mixing of SU(2)L singlet and doublet coefficients cQ and cu,d. In addition,
the last diagram shows that there is also mixing between the Wilson coefficients of the ALP-
boson interactions, cV V and the coefficients cF . These terms are diagonal in generation space.
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There are additional generation-independent contributions to the RGEs at two-loop order in
gauge interactions that are proportional to the ALP-fermion couplings. Corrections from this
type are shown in Fig. 3.8 and are diagonal in generation space. Altogether, this gives rise to
the following evolution equations of the singlet and doublet Wilson coefficients for the quarks,
respectively,

d
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1
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{
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†
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†
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− 1
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+
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F c̃GG − 3α2

2

4π2
C

(3)
F c̃WW − 3α2

1

4π2
Y2
q c̃BB

]
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(3.56)

d
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Y2
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(3.57)

where C
(N)
F = N2−1

2N is the eigenvalue of the quadratic Casimir operator in the fundamental
representation of SU(N), Yq denotes the hypercharge of the SM quarks, and

X = Tr
[
3cQ

(
Y uY

†
u − Y dY

†
d

)
− 3cuY

†
uY u + 3cdY

†
dY d − 3cLY eY

†
e + 3ceY

†
eY e

]
. (3.58)

Eqs. (3.56) to (3.58) are a set of coupled differential equations, that can be simplified by means
of bi-unitary transformations. The SM Yukawa matrices are diagonalized as follows,

U †
uY uW u = Y diag

u = diag (yu, yc, yt) , (3.59a)

U †
dY dW d = Y diag

d = diag (yd, ys, yb) . (3.59b)

When we redefine the fermion field by

Q→ UuQ, uR → W uuR and dR → W d, (3.60)

the up Yukawa matrix is diagonalized, while the down Yukawa matrix is transformed into

Y d → U †
uY dW d = V Y diag

d . (3.61)

Here, V = U †
uUd is the CKM matrix. The top-quark is much heavier than other SM particles,

so it is a good approximation to neglect all Yukawa couplings other than yt. For our purpose,
we only look at the off-diagonal couplings. After field redefinitions, the RGE for off-diagonal
couplings, with (i 6= j), is

d

d lnµ
[cQ(µ)]ij =

y2t
32π2

(δi3 + δj3) [cQ]ij , (3.62)

d

d lnµ
[cu(µ)]ij =

y2t
16π2

(δi3 + δj3) [cu]ij . (3.63)

(3.64)

These equations are not coupled anymore and can be solved quite easily. The general solution to
the evolution equations of the off-diagonal up-type quark-ALP couplings down to the top-mass
are given by

[cQ(mt)]ij = e−(δi3+δj3)U(mt,fa) [cQ(Λ)]ij , (3.65)
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[cu(mt)]ij = e−2(δi3+δj3)U(mt,fa) [cu(Λ)]ij , (3.66)

where
U(µ,Λ) = −

∫ µ

Λ

dµ′

µ

α2
t (µ

′)

8π
, (3.67)

with αt = y2t /(4π). The top-quark Yukawa and the strong coupling follow a set of coupled
differential equations

dαs(µ)

d lnµ
= −7α2

s(µ)

2π
and dαt(µ)

d lnµ
=
αt(µ)

2π

[
9

2
αt(µ)− 8αs(µ)

]
. (3.68)

Here, small effects from the weak interaction are ignored. In the solution of this set of coupled
diffeential equations, the running of αt(µ) tracks the running of αs(µ). With reference scale µ0,
one finds

αt(µ)

αt(µ0)
=

(
αs(µ)

αs(µ0)

)8/7
[
1 +

9

2

αt(µ0)

αs(µ0)

[(
αs(µ)

αs(µ0)

)1/7

− 1

]]−1

. (3.69)

Using the exact expression for the top-quark Yukawa coupling, the integral solution to the integral
in Eq. (3.67) can be solved and gives

U(µ,Λ) = − 1

18
log

(
1− 9

2

αt(µ)

αs(µ)

[
1−

(
αs(Λ)

αs(µ)

)1/7
])

. (3.70)

In our calculations we are not working with these flavor couplings cF . Rather, we work with a
vector and an axial-vector coupling, which in turn depend on couplings from the Lagrangian in
the mass basis, kF , as in [50]. The transformation relating cF and kF given in Section 3.1, makes
that the evolution for the up-type quark couplings cF and kF is equal. Using our definitions in
Eq. (3.9) and the solutions to the RGEs, one finds the evolution of the vector and axial-vector
couplings to be

cVtu(µ) = ξ(µ) (ξ(µ) [ku(Λ)]tu + [kU (Λ)]tu) , (3.71)
cAtu(µ) = ξ(µ) (ξ(µ) [ku(Λ)]tu − [kU (Λ)]tu) , (3.72)

with

ξ(µ) =

(
1− 9

2

αt(µ)

αs(µ)

[
1−

(
αs(Λ)

αs(µ)

)1/7
]) 1

18

. (3.73)

In the loop integral the couplings are in the combination (cVtu)
2 − (cAtu)

2, which means that(
cVtu(µ)− cAtu(µ)

) (
cVtu(µ) + cAtu(µ)

)
= 4ξ3(µ) [ku(Λ)]tu [kU (Λ)]tu . (3.74)

For convenience, we take (cVtu)
2 − (cAtu)

2 = 1 at Λ. Assuming cAtu = a, gives cVtu = ±
√
a2 + 1. At

Λ we obtain that [ku(Λ)]tu = a±
√
a2+1
2 and [kU (Λ)]tu = −a∓

√
a2+1
2 , from which follows that

(cVtu(µ))
2 − (cAtu(µ))

2 = ξ3(µ). (3.75)

For simplicity, we will neglect the RGE below the top-mass.
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Figure 3.9: Two-loop diagrams contributing the RGEs.

3.6 Bounds on the Couplings
Up until now the couplings have (to some extent) arbitrary values. For cross section predictions
and comparison to experimental results and projections, it would be good to try to constrain
the couplings as much as we can. An upper bound for the couplings will in turn give an upper
bound for the cross section. These upper bounds will give more realistic predictions to compare
to experiments, but also help to make modeling choices. Namely, if the bounds are too large or
strong for certain ALP-masses, detecting scattering events for these masses may be impossible
with current detectors.

It was found in [62] that stringent bounds on the top couplings to the ALP are obtained from
virtual corrections in low-energy observables. Radiative Yukawa corrections from the top-ALP
coupling at the cutoff scale Λ give sizable contributions to flavor-changing down-quark couplings
as well, because of the large mass of the top-quark. Assuming diagonal couplings are zero and
only including the top-up coupling, the radiative corrections to the coupling cVdidj

are [62]

∆cVdidj
(µ) = − y2t

64π2
log

fa
µ

[
V ∗
udi
Vtdj

+ V ∗
tdi
Vudj

] (
cVtu(Λ)− cAtu(Λ)

)
. (3.76)

The total coupling at energy scale µ is cij(µ) = ∆cij(µ) + cij(Λ). Stringent constraints on ctu
are obtained by assuming that ∆cdidj

(µ) � cdidj
(Λ). If this cannot be assumed, it means that

the coupling cij(Λ) is on the same order or larger than the radiative corrections. Thus, the
constraints on ctu due to radiative corrections ∆cdidj are not stringent constraints since there
could be accidental cancellation between ∆cdidj

and cdidj
(Λ), but depending on the size of the

corrections it may be stringent enough to exclude or include regions for different ALP-masses.
Let us define FV,A

ij = 2fa/cij , such that

2fa
cVtu(Λ)− cAtu(Λ)

= − y2t
64π2

log
Λ

µ

[
V ∗
udi
Vtdj + V ∗

tdi
Vudj

]
FV
didj

(µ). (3.77)

The couplings appear in Eq. (3.48) as ((cVtu)
2 − (cAtu)

2)/f2a , so the equation above gives part of
this expression. By multiplying by 2fa/(c

V
tu(Λ)+c

A
tu(Λ)), the couplings appear in the right form.

Constraining the difference of the couplings, also constrains the sum of the coulings to some
extent.

To constrain the top-up-ALP couplings, FV
didj

must be constrained first. For this we will
discuss three meson decay processes: B± → K±a, B± → π±a and K± → π±a. B-decays are
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Figure 3.10: Decay processes of K± → π±a (left), B± → π±a (middle) and B± → K±a (right).
The corresponding CKM matrix elements and the up-top-ALP coupling, ctu, are written down
at each vertex.

valid for ALP-masses up to about 5 GeV/c2 and Kaon-decay is valid up to about 250 MeV/c2.
The diagrams corresponding to these decays are given in Fig. 3.10, where one can see how
the coupling ctu is connected to these decays. Since the CKM matrix elements Vtb, Vud ∼ 1,
B± → π±a is expected to give a more stringent constraint than B± → K±a, which was–as far
as we could find–first noticed by one of my supervisors Ahn Vu Phan. The production rate for
an ALP from B± → h±a is [63]

ΓB±→h±a =
mB

16π

1

F 2
djb

(
1− m2

h

m2
B

)2

f20,B(m
2
a)λ

1/2(m2
B ,m

2
h,m

2
a), (3.78)

where λ(x, y, z) = x2 + y2 + z2 − 2(xy + xz + yz) is the kinematic function, and h± = K±, π±

and dj = s, d, respectively. The scalar form factor for the B-meson evaluated at the momentum
transfer equal to the ALP-mass, f0,B(ma), parameterizes hadronic effects in the decay of B → K.
Particle Data Group (PDG) provides the upper bound of the branching ratio B

(
B± → h±X0

)
<

4.9 × 10−5, where X0 is some uncharged unkown particle [61]. This data was obtained by the
CLEO II experiment. Relating the production rate to the branching ratio by ΓB±→h±a =
Γtot,BB

(
B± → h±X0

)
, we obtain an expression for Fdjb

Fdjb =

√
mB

16π

f20,B(m
2
a)

B(B± → h±a)Γtot,B

(
1−

m2
h

m2
B

)2

λ1/2(m2
B ,m

2
h,m

2
a). (3.79)

Similarly, for the Kaon decay

Fsd =

√
mK

16π

f20,K(m2
a)

B(K± → π±a)Γtot,K

(
1− m2

π

m2
K

)2

λ1/2(m2
K ,m

2
π,m

2
a). (3.80)

The NA62 collaboration has obtained estimates for an upper bound on the branching ratio for
K± → π±X0. If we assume the ALP to have a long lifetime (> 5ns) the strongest limit on
the branching ratio for ALP-masses of 150 − 250 MeV/c2 is B(K± → π±a) < 5 × 10−11 and
for ALP-masses of 0 − 110 MeV/c2 is B(K± → π±a) < 7 × 10−11 [64]. For the mass range
110−150 MeV/c2, the SM background makes it hard to estimate an upper bound. Nevertheless,
experiments have found an upper bound for the branching ratio of K± → π±π0 → π± + inv:
B(K± → π±π0 → π± + inv) < 8.8× 10−10 [61].

The form factor of the Kaon is [65]

f0,K(q2) = f+(0)

(
1 + λ′0

q2

m2
π

+
1

2
λ′′0

(
q2

m2
π

)2

+
1

6
λ′′′0

(
q2

m2
π

)3
)
, (3.81)
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with λ′0 =
m2

π

q2CT
[logC − 0.0398], λ′′0 = (λ′0)

2+4.16·10−4, λ′′′0 = (λ′0)
3+4.16·10−4 ·(3λ′0)+2.72·10−5

and f+(0) = 0.9709. In these definitions logC = 0.1998 and q2CT = m2
K −m2

π. Similarly, the
form factor of the B-meson is [66]

f0,B(q
2) =

1

1− q2/m2
R

2∑
k=0

α
(
z
(
q2
)
− z (0)

)k
, (3.82)

where mR = 5.540 GeV/c2 for dj = d and mR = 5.630 GeV/c2 is the resonance mass, α0 = 0.21,

z(t) =

√
t+ − t−

√
t+ − t0√

t+ − t+
√
t+ − t0

,

t± = (mB ±mh)
2
,

t0 = t+

(
1−

√
1− t−/t+

)
, (3.83)

and q2 ≤ 5 GeV2. Then the bounds with fa = 1 TeV and µ = mt (we will see why in the next
section), are

K± → π±a: 2fa
cVtu(Λ)−cAtu(Λ)

> 1.5× 105 TeV using Fsd for ma < 250 MeV/c2,

B± → π±a: 2fa
cVtu(Λ)−cAtu(Λ)

> 3.8× 103 TeV using Fbd for ma < 5 GeV/c2,

B± → K±a: 2fa
cVtu(Λ)−cAtu(Λ)

> 0.8× 103 TeV using Fsb for ma < 5 GeV/c2.

The implications of these strong bounds will be discussed in Section 3.7.

3.7 The Cross Section
Up to this point we have calculated the loop integral and simplified and approximated it as much
as possible to obtain the leading order contributions to the integral, and we calculated bounds
on the couplings and evolved the couplings from the cutoff scale Λ down to the scale of the
top-mass. This gives us the tools to calculate the cross section. Our effective Lagrangian is of
the following form

Leff = cS(µ)χχuu. (3.84)

Here,

icS(µ) =
imχmtξ

3(µ)

64π2(m2
t −m2

a)
2f4a

(cAχχ)
2
[
m2

a(m
2
a − 2m2

t )B0(mχ,ma,mχ)

+m4
tB0(mχ,mt,mχ)−m4

a(m
2
t −m2

a)
d

dm2
a

B0(mχ,ma,mχ)
]
, (3.85)

is the Wilson coefficient of the scalar operator. Following the notation of [7], the scattering
amplitude for nuclei with atomic number Z and mass number A, is

M = [Zfp + (A− Z)fn]χχnnF (q), (3.86)

where F (q2) is the nuclear form factor, n are the nucleus fields and fp(fn) is the coupling of DM
to the proton(neutron)

fp = cS
mp

mu
fpTu

and fn = cS
mn

mu
fnTu

. (3.87)
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The constants fpTu
= 0.0149 and fnTu

= 0.0117 [67], are the up-quark content of the proton
and neutron, respectively. Taking the NR limit of the amplitude and dropping the relativistic
normalization factors 2mχ and 2mu, we can now use Table 2.2 to write the amplitude in terms
of the building blocks:

MNR = [Zfp + (A− Z)fn]F (q) 〈O1〉 . (3.88)

Given the relation in Eq. (2.6), we obtain the DM-nucleon cross section:

σp =
µ2
p

π

[
mp

mu

Z

A
fpTu

+
mn

mu

(
1− Z

A

)
fnTu

]2
|cS(q)|2, (3.89)

where we take cS(q) = cS(mt). This gives the tools to plot the cross section as a function of
the ALP-mass and the DM-mass. The experiments we will include use Xenon, where a veriety
of isotopes are inside the liquid Xenon. Because there is not only one isotope of Xenon, the
abundances of the different isotopes has to be taken into account. For more details on this, see
[68] around Eq. (40). Although it is more accurate to take into account the different abundances
of the isotopes, we use Z = 54 and A = 131.29, for simplicity. We assume that fa = 1 TeV
and take cAχχ = 1. In ξ(mt) the values for αs are obtained and extrapolated from [69], and the
Yukawa coupling of the top-quark is yt = 1.16 [70].

Before looking at the cross section as a function of the DM-mass, let us take a look at the
cross section versus the ALP-mass in Fig. 3.11. The cross section as a function of the ALP-
mass is shown for a DM-mass of 40 GeV/c2, because LZ is most sensitive in this region [71].
Here we see that for low ALP-masses, the cross section is deep inside the neutrino fog, because
of the bounds presented in Section 3.6. Hence, it is far outside the measurable region of the
search-space in current experiments. For masses above 5 GeV/c2 there are no bounds yet on
the couplings, so the couplings just take the form of ξ3(mt) with fa = 1 TeV. ALP-masses up
to 70 GeV/c2 and above 145 GeV/c2 are excluded for this particular coupling strength, because
the cross section lies withtin the excluded region of current results from LZ. When cAχχ, fa and
cV,Atu are left constant, only by decreasing the DM-mass the cross section would be lowered for
all ALP masses.

At a mass of approximately 108 GeV/c2 the cross section becomes zero, because of an interplay
between the scale µ, ma and mχ in the B0-functions. When the scale µ is lowered appropriately,
by using the RGEs from the top-mass down to the scale of the momentum |q|, we expect the
sharp dip to become narrower, until it vanishes and the curve is smooth. This means that also
these masses are excluded by current experiments. Of course, the cutoff scale could be larger
than 4π TeV or the couplings could be smaller than 1 at Λ, in turn lowering the curve and
potentially not excluding some masses anymore. For example, if fa would be twice as large, the
cross section is 16 times smaller. Then, ALP-mediated DM is not excluded for a DM mass of 40
GeV/c2.

The important knowledge to take away from Fig. 3.11, is that plots with results for ALP-
masses around 100 GeV/c2 are not reliable, but that the results will likely be on the same order
as for masses further away from 100 GeV/c2. Moreover, the bounds on the couplings lower the
cross section by a lot, where the cross section is far outside the measurable regime and deep
inside the neutrino fog.

Next we discuss the curves in Figs. 3.12 and 3.13, where we examine the behavior of the
cutoff scale. In Fig. 3.12 the cross section is fixed at 5 × 10−48 cm2 and f2

a

cχχ

√
(cVtu)

2−(cAtu)
2

is

plotted as a function of the dark matter mass, for different values of the ALP-mass: 10, 50 and
150 GeV/c2, Overall, as the DM-mass mχ increases, the cutoff scale can also be larger or the
couplings smaller. Changing the ALP-mass does not influence the size of the cutoff scale by
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much, as they are all within one order of magnitude for different ALP-masses. If the couplings
are approximately f2

a

cχχ

√
(cVtu)

2−(cAtu)
2
= 1 TeV2, changing the ALP-mass only changes the cutoff

scale by a maximum factor of
√
10 TeV.

Depending on the ALP-mass, there are points for some DM-mass where the cutoff scale could
mathematically be zero and the cross section would remain the same. In a physical setting, having
the cutoff scale at zero, does not make a lot of sense. Even though this makes mathematical
sense, because if one rearranges terms in Eq. (3.89) one obtains

σp

(
f4a

(cAχχ)
2
(
(cVtu(mt))2 − (cAtu(mt))2

))2

=
µ2
p

π

[
mp

mu

Z

A
fpTu

+
mn

mu

(
1− Z

A

)
fnTu

]2
× | mχmt

64π2(m2
t −m2

a)
2

[
m2

a(m
2
a − 2m2

t )B0(mχ,ma,mχ)

+m4
tB0(mχ,mt,mχ)−m4

a(m
2
t −m2

a)
d

dm2
a

B0(mχ,ma,mχ)
]
|2.

(3.90)
If the right-hand side is zero, then so must the left-hand side. For these curves the same holds
as for the curve in Fig. 3.11: we expect the dip to become narrower until the curve is smooth.

In Fig. 3.13 – instead of fixing the cross section and ALP-mass, and varying the DM-mass –
we varied the cutoff scale and fixed the ALP and DM-masses. It is easy to verify if the behavior
of the curve is correct when we look at the dependence of σp on fa. A quick look at the figure
tells us the cross section scales with f−8

a , which we know to be correct. The range of the cross
section is set to the region where our prediction is not excluded. If one needs a larger cutoff
scale or smaller couplings, Fig. 3.13 favors heavy ALPs or heavy DM. At the same cutoff scale,
the cross section for heavy DM (∼ 100GeV/c2) is approximately one order of magnitude larger
than for smaller DM masses (∼ 40 GeV/c2). Although the cross sections below ∼ 10−49 cm2 are
in the neutrino fog, for most regions of the search-space, one can still detect signals of DM with
sufficient statistics.

Now, we finally look at the most important figure in this entire thesis: the spin-independent
cross section–DM-mass search-space in Fig. 3.14. The DM-mass is unkown, so in order to de-
crease the size of the search-space it is important to rule out DM-masses in combination with a
certain cross section. In Fig. 3.14 the current sensitivity results of the DarkSide-50, PandaX-4T,
XENONnT and LZ are shown, as well as the projected sensitivity of LZ and XENONnT. Since
no signal of DM has been detected in these experiments, this region of the search-space has been
ruled out and is shaded gray. The neutrino fog is shaded blue and on top of the neutrino fog
we added gray line that shows the boundary of the neutrino fog. The projected sensitivity of
LZ already seems to be in the neutrino fog, but in a light-blue region where sufficient statistics
help to decrease the background. The red lines show our prediction of the cross section from
Eq. (3.89) for ALP-masses ma = 10, 50, 150 GeV/c2. For these curves we expect, similar to the
other curves, when the couplings are evolved more properly down to |q|, the dips to also be-
come narrower, until the curves become smooth. Fig. 3.14 shows that for ALP-masses between
10− 150 GeV/c2, all DM-masses above ≈ 20 GeV/c2 are excluded by current results of LZ and
XENONnT. Also, the cross section for DM-masses below 10 GeV/c2 are all inside the neutrino
fog, making it more difficult to detect, but this does not exclude these masses. The most prom-
ising region of the search-space for our prediction is where 10 GeV/c2 ≤ mχ ≤ 20 GeV/c2. If
one would want to discover DM with a mass below 10 GeV/c2 one would need to increase the
sensitivity of current experiments by four or more orders of magnitude.



3.7. THE CROSS SECTION 54

Figure 3.11: Nucleon cross section σp as a function of the ALP-mass (red) at mχ = 40 GeV/c2.
The region that is shaded gray is the excluded by the LZ experiment, which has the highest
sensitivity of the experiments that are used in this work (see Fig. 3.14). The measured sensitivity
[29] and projected sensitivity [71] at mχ = 40 GeV/c2 are given in green and black, respectively.
The purple dashed line is where the ALP-mass is equal to the top-mass mt. The region shaded
blue is the neutrino fog at mχ = 40 GeV/c2.
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Figure 3.12: The cutoff scale and coupplings f2a/cAχχ
√
(cVtu)

2 − (cAtu)
2 at σp = 5 × 10−48 cm2 as

a function of the DM-mass mχ, for different values of the ALP-mass.

Figure 3.13: Nucleon cross section σp as a function of the cutoff scale and couplings
f2a/c

A
χχ

√
(cVtu)

2 − (cAtu)
2 for different ALP and DM-masses. In this plot, regions of σp that are

either excluded by experiments or too small to measure with current detectors or detectors in
the near future for these DM-masses, are not shown.
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Figure 3.14: Nucleon cross section σp as a function of the DM-mass (red). The region that is
shaded gray is the region excluded by current experiments. The blue-colored region is the region
of the neutrino fog and the gray line at the top of this region is the border where the neutrino fog
starts (n > 2). The data of DarkSide-50 measured sensitivity is taken from [27], LZ measured
sensitivity from [29], LZ projected sensitivity from [71], XENONnT measured sensitivity from
[72], XENONnT projected sensitivity from [73] and PandaX-4T sensitivity from [28].



CHAPTER 4

Summary, Conclusion & Discussion

In Chapter 1 we discussed several prominent pieces of evidence for DM, and established that DM
should have some kind of interactions with the Standard Model to explain the relic abundance
of DM. Although observational evidence exists, there is no direct evidence for DM. Observations
and models (like ΛCDM) suggest DM is NR. Hence, direct detection experiments that aim to
detect DM operate in the NR regime.

EFT is used to describe DM scattering with nucleons. In Chapter 2 we identified 24 relativistic
operators and took the NR limit of all 24 operators, resulting in Tables 2.2 and 2.3. In these tables
one can observe that only seven out of 24 operators are not momentum or velocity suppressed.
We observed that, generally, pseudo-scalar and axial-vector structures, and tensor structures
with one γ5 in the operator give rise to momentum suppressed behavior, except when both the
DM and SM part carry γ5 in their Lorentz structure.

By going to second-order in the NR limit, the only operators that gain higher-order terms
are operators that at first-order are not momentum or velocity suppressed. The second-order
expansion is important in case lower-order terms cancel or are in some way suppressed. The
second-order expansion does not add only corrections to the pre-factor of the existing building
block, but generates new building blocks in the operator. One downside is, that by going to
second order Galilean invariance is broken for second-order terms. Then, the building blocks can
only be generated by assuming some relation between the momenta. We have established our
relations in Tables 2.4 and 2.5 by assuming the center-of-mass frame. Hence, our second-order
expansion results are only valid in the center-of-mass frame.

In Chapter 3 we discussed ALP EFT from literature, and we derived the vertex factor for
the ALP Lagrangian. Before going to DM-nucleon scattering, we first used scattering between
DM and up-quarks. The simplest scattering process, scattering at tree-level, is cutoff scale and
momentum suppressed and only conntributes to SD scattering, to which experiments are less
sensitive. To resolve the suppression, we calculated the loop-integrals corresponding to the one-
loop diagrams in Fig. 3.3. Because of the derivative coupling of the ALP, a top-quark in the loop
enhances the cross section, such that the effects of extra factors of the cutoff scale are cancelled
to some extent by the top mass.

The pseudo-scalar and axial-vector-type structures lead (except when both the DM and SM
Lorentz structures carry a factor of γ5), in the NR limit, to spatial momentum-suppressed terms,
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making their contribution to direct detection negligible. Taking this into account allows us to
simplify the loop function and focus on the dominant interactions that influence experimental
observability. Together with neglecting the up-mass and expanding the top-propagator, this
leads to the expression of the leading contribution to the integral, that is given by Eq. (3.48).
This expression tells us that the loop-integral is UV-diverent. In Section 3.4 we identified the
operator and diagrams that renormalize our loop-integral.

Kaon (K → πa) and B-meson (B → Ka,B → πa) decays provide the tools to set bounds
on the ctu couplings (see Fig. 3.10). The lower bounds on the quantity 2fa/(c

V
tu − cAtu) for low

ALP masses, ma < 250 GeV/c2 for Kaon decays and ma < 5 GeV/c2 for B-meson decays, are
1.5× 105 TeV and 3.8× 103 TeV, respectively.

Bounds could not be set for larger ALP-masses by the use of meson-decays. Top-decays could
be useful to set bounds on large ALP-masses, but top-decay comes with multi-jet plus neutrino
signatures. This makes setting stringent bound on the couplings hard. With more data, from
e.g. the LHC, bounds on couplings for large ALP masses below the top-mass could be set, that
would make our prediction more reliable. But the branching ratio for this exotic top decay is
already very small.

Evolving the couplings down from the cutoff scale Λ to mt leads to Eq. (3.75), with constraint
(cVtu)

2 − (cAtu)
2 = 1 at Λ. In the instance for calculating DM-nucleon scattering, the ALP must

have a smaller mass than mt. To go down from the top-mass to lower scales, the diagrams in
Fig. 3.6 become important. Because the top-quark is inside the loop, the two-loop diagrams must
be calculated, since the RGE effects may be non-trivial. Calculating these diagrams is outside
the scope of this thesis, but we can predict what properly following the RGEs down to the scale
of the momentum transfer would possibly do to our cross section.

One may disagree with the chosen value of the couplings at Λ and cutoff scale. The couplings
could take a different value at scale Λ, e.g. (cVtu)

2−(cAtu)
2 = δ. At µ = mt and lower energy scales,

the value of the couplings would be scaled by δ. Increasing the value of fa with a factor η would
generally scale the cross section down by η8. Hence, increasing the cutoff scale or decreasing the
couplings is quite straightforward to implement, because the cross section is dependent on only
the ratio between the cutoff scale and couplings.

Fig. 3.11 shows the DM-nucleon scattering cross section as a function of the ALP-mass, with
mχ = 40 GeV/c2. Properly evolving the couplings would most likely smoothen the curve and the
dip vanishes. Together with Figs. 3.12 and 3.13 we observe that the ALP-mass does not have a
large influence on the cross section, because – at a fixed DM-mass – the difference for the cross
section and the cutoff scale (Fig. 3.12) are within one order of magnitude.

Finally, the main result of this thesis is given in Fig. 3.14. Similar to the curves in Fig. 3.11, the
curves in the σp-DM plot that have a dip would be smoothened as well. After smoothening, the
mass range of DM that we predict to be promising for ALPs with masses between 5−172 GeV/c2 is
10 Gev/c2 ≤ mχ . 30 Gev/c2. In this mass-range the cross section is for some ALP-masses above
the neutrino fog, which make it likely that current and future experiments may detect scattering
events. The cross section corresponding to this mass-range is 5× 10−49 cm2 . σp . 10−47 cm2.
The cross section for DM-masses smaller than 10 GeV/c2 are inside the neutrino fog, but are
within the region of the neutrino fog where sufficient statistics decrease the neutrino background.

In this thesis we primarily focused on GeV-scale DM. If one would want to focus on MeV-
scale DM-masses (0.1−103 MeV/c2), DM-electron scattering is generally better than DM-nucleon
scattering. The cross section for the same type of loop-induced scattering as in Fig. 3.3, where
the up-quark is replaced by the electron and the top-quark is replaced by the tau, has a maximum
value of 10−54 cm2 with a maximum ALP-mass of 1 GeV/c2. This small cross section is because
mτ/fa � mt/fa and DM-electron scattering does not have the A2 enhancement from coherent
scattering with nucleons. This is 20 orders of magnitude smaller than experiments like SENSEI
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can currently measure [74]. Similar to CEνNS, experiments become sensitive to electron-neutrino
scattering below some cross section. A cross section of ∼ 10−54 cm2, using liquid Xenon, is well
into the neutrino fog for electron scattering [75].

To conclude, this study demonstrates that ALP-mediated DM-nucleon scattering, particu-
larly through loop-induced top-quark interactions, provides a viable mechanism for direct DM
detection. The predicted cross-section falls within experimentally accessible ranges, making this
an important direction for future searches. Further work, including precise coupling evolution
and experimental refinements, will be crucial for validating these predictions.



APPENDIX A

Direct Detection & Operator Calculations

A.1 Differential Cross Section
We start with the following definition of the differential cross section

dσ =

〈
|M(χN → χN)|2

〉
4|EkN

p− EpkN |
dΠ2, (A.1)

where
〈
|M|2

〉
is the squared amplitude and averaged over the initial spins, EkN

(Ep) is the
energy of the nucleus (DM) and dΠ2 is the two-body phase-space element of the final state
momenta [39]:

dΠ2 =
d3p′

(2π)3
1

2Ep′

d3k′
N

(2π)3
1

2Ek′
N

(2π)4δ(4)(p+ kN − p′ − k′N ), (A.2)

where kN (k′N ) is the incoming (outgoing) four-momentum of the nucleus, p (p′) the incoming
(outgoing) dark matter four-momentum and q is the spatial-part of the transfer momentum.
Here we have taken the final state to be a DM particle and a nucleus and assumed that the
nucleus was initially at rest, and therefore obtained a final momentum of q. Since the direct
detection experiments work in the non-relativistic (NR) regime, we would like the NR limit of
the cross-section. Taking this limit, we obtain

dσ =

〈
|MNR(χN → χN)|2

〉
(4mNmχ)2v

d3p′

(2π)3
d3q

(2π)3
(2π)4δ(3)(p− p′ + kN − k′

N )δ(Ep −Ep′ +EkN
−Ek′

N
).

(A.3)
Integrating over p′ to get rid of the Dirac delta-function involving the momenta gives

dσ =

〈
|MNR(χN → χN)|2

〉
(4mNmχ)2v

d3q

(2π)2
δ

(
v|q| cos θ − |q|2

2µχN

)
, (A.4)

where cos θ = q̂ · p̂ and µχN is the reduced mass of the DM and nucleus. From this we see we
need to go to spherical coordinates. Going to spherical coordinates and integrating over φ and
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change variables from |q| to |q|2, we obtain

dσ =

〈
|MNR(χN → χN)|2

〉
4πv2

1

(4mNmχ)2
δ

(
cos θ − |q|

2µχNv

)
d|q|2 d cos θ. (A.5)

We need to have an expression which includes the recoil energy, which has the following relation
to momentum transfer q

ER =
|q|2

2mN
. (A.6)

Substituting this into Eq. (A.5) and integrating over cos θ, gives

dσ

dER
=
mN

〈
|MNR(χN → χN)|2

〉
2πv2

1

(4mχmN )2
. (A.7)

The factor (4mχmN )−2 is the relativistic normalization, which we can drop – but we have to
make sure to also drop the normalization inside the amplitude when taking the NR limit – doing
that, the results of the cross section are given by

dσ

dER
=
mN

〈
|MNR(χN → χN)|2

〉
2πv2

. (A.8)

A.2 Results for Lorentz Structure and Operator Calcula-
tions

Below one finds the non-relativistic limit of the spinors to first-order in Table A.1 and to second-
order in Table A.2. In Tables A.3 and 2.3 the results are given for the non-relativistic limit of
the relativistic operators.

Table A.1: Non-relativistic limit of different Lorentz structures, which have been verified with
[37]. Here mu is the mass of the spinor, s(s′) is the spin index of the spinor, P = p + p′ is
the sum of initial and final momentum respectively, q = p − p′ is the momentum transfer and
s
′s,s
u = ξs

′
Suξ

s is the expectation value of the spin operator. In the last row γµ is contracted
with momentum kµ of another fermion with mass mk. See Appendix A.5 for the derivations.

Lorentz structure NR-Limit

us
′
(p′)us(p) ≈ 2muξ

†,s′ξs

us
′
(p′)γ5us(p) ≈ 2q · ss′,su

us
′
(p′)γµus(p) ≈

(
2muξ

†,s′ξs

Pξ†,s
′
ξs + 2iq× ss

′,s
u

)
us

′
(p′)γµγ5us(p) ≈

(
2P · ss′,su

4mus
s′,s
u

)
us

′
(p′)σµνus(p) ≈

(
0 iqξ†,s

′
ξs − 2P× ss

′,s
u

−iqξ†,s′ξs + 2P× ss
′,s

u 4muεjkls
l,s′,s
u

)

u(p′)σµνγ5us(p) ≈

 0 4imus
s′,s
u

−4imus
s′,s
u εjklq

lξ†,s
′
ξs + 2iεjkl

(
P× ss

′,s
u

)l


us
′
(p′)/kus(p) ≈ 2mumkξ

†,s′ξs
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Table A.2: Non-relativistic limit of Lorentz structures expanded to second order in velocity. Here
mu is the mass of the spinor, s(s′) is the spin index of the spinor, P = p+p′ is the sum of initial
and final momentum respectively, q = p − p′ is the momentum transfer and s

′s,s
u = ξs

′
Suξ

s is
the expectation value of the spin operator. In the last row γµ is contracted with momentum kµ
of another fermion with mass mk. See Appendix A.6 for the derivations.

Lorentz structure NR-Limit

us
′
(p′)us(p) ≈ 2muξ

†,s′ξs + q2

4mu
ξ†,s

′
ξs − i

2mu
ss

′,s
u · (P× q)

us
′
(p′)γ5us(p) ≈ 2q · ss′,su

us
′
(p′)γµus(p) ≈

(
2muξ

†,s′ξs +P2ξ†,s
′
ξs/4mu + iss

′,s
u · (P× q) /2mu

Pξ†,s
′
ξs + 2iq× ss

′,s
u

)
us

′
(p′)γµγ5us(p) ≈

(
2P · ss′,su

A

)
us

′
(p′)σµνus(p) ≈

(
0 iqξ†,s

′
ξs − 2P× ss

′,s
u

−iqξ†,s′ξs + 2P× ss
′,s

u B

)
us

′
(p′)/kus(p) ≈ 2mumkξ

†,s′ξs
(
1 + k2

2m2
k
+ P2

8m2
u
− k·P

4mumk

)
+mkis

s′,s
u ·

(
P

2mu
× q

)
−2ik ·

(
q× ss

′,s
u

)

A = 4mus
s′,s
u + ss

′,s
u

q2

2mu
− 1

2mu

(
q · ss

′,s
u

)
q+

1

2mu

(
P · ss

′,s
u

)
P+

i

4mu
q×Pξ†,s

′
ξs (A.9a)

B = εijk

[
4mus

s′,s
u +

P2

2mu
ss

′,s
u +

i

4mu
P× qξ†,s

′
ξs + q

q · ss′,su

2mu
−P

P · ss′,su

2mu

]k
(A.9b)



A.2. RESULTS FOR LORENTZ STRUCTURE AND OPERATOR CALCULATIONS 63

Table A.3: Non-relativistic limit of operators written out with momentum transfer q, transverse
velocity v⊥

el , the expectation value of the spin operator ss
′,s

N and sr
′,r

χ for the nucleon and DM
particle, respectively. The expectation value of the unit operator in spin-space is given by the
Kronecker delta, i.e. δs′,s for the nucleon and δr′,r for the DM particle. The mass of the
nucleon (DM) is denoted by mN (mχ). Green, orange and blue are O(v0), O(v1) and O(v2) NR
suppressed, respectively. See Appendix A.7 for the derivation.

Relativistic Operators NR-Limit(
N

s′

(k′)Ns(k)
)(

χr′(p′)χr(p)
)

≈ 4mNmχ [δs′,sδr′,r](
N

s′

(k′)γ5Ns(k)
)(

χr′(p′)χr(p)
)

≈ 4mNmχ

[
−δr′,r

(
ss

′,s
N · q

mN

)]
(
N

s′

(k′)Ns(k)
)(

χr′(p′)γ5χr(p)
)

≈ 4mNmχ

[
mN

mχ
δs′,s

(
sr

′,r
χ · q

mN

)]
(
N

s′

(k′)γ5Ns(k)
)(

χr′(p′)γ5χr(p)
)

≈ 4mNmχ

[
−mN

mχ

(
sr

′,r
χ · q

mN

)(
ss

′,s
N · q

mN

)]
(
N

s′

(k′)γµN
s(k)

)(
χr′(p′)γµχr(p)

)
≈ 4mNmχ [δs′,sδr′,r]

(
N

s′

(k′)γµγ
5Ns(k)

)(
χr′(p′)γµχr(p)

) ≈ 4mNmχ

[
−2δr′,r

(
ss

′,s
N · v⊥

el

)
− 2imN

mχ
sr

′,r
χ ·

(
ss

′,s
N × q

mN

)]
(
N

s′

(k′)γµN
s(k)

)(
χr′(p′)γµγ

5χr(p)
) ≈ 4mNmχ

[
2δs′,s

(
sr

′,r
χ · v⊥

el

)
−2isr

′,r
χ ·

(
ss

′,s
N × q

mN

)]
(
N

s′

(k′)γµγ
5Ns(k)

)(
χr′(p′)γµγ5χr(p)

)
≈ 4mNmχ

[
−4sr

′,r
χ · ss

′,s
N

]
(
N

s′

(k′)σµνNs(k)
)(

χr′(p′)σµνχ
r(p)

)
≈ 4mNmχ

[
8sr

′,r
χ · ss

′,s
N

](
N

s′

(k′)σµνγ5Ns(k)
)(

χr′(p′)σµνγ
5χr(p)

)
(
N

s′

(k′)σµνγ5Ns(k)
)(

χr′(p′)σµνχ
r(p)

)
≈ 4mNmχ

[
2mN

mχ
δr′,r

(
ss

′,s
N · q

mN

)
−2δs′,s

(
sr

′,r
χ · q

mN

)
+ 8isr

′,r
χ ·

(
ss

′,s
N × v⊥

el

)](
N

s′

(k′)σµνNs(k)
)(

χr′(p′)σµνγ
5χr(p)

)
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Table A.4: The non-relativistic limit of vector and axial-vector operators contracted with the
momentum of the other particle. Here Ns(k) is the nucleon spinor with spin index s, four-
momentum k and mass mN . Similarly, χr(p) is the DM particle spinor with spin index r, four-
momentum p and mass mχ. k(p) and k′(p′) are the incoming and outgoing quark/nucleon (DM)
four-momenta, respectively. Here 〈Oi〉 = ξ†,s

′

N ξ†,r
′

χ Oiξ
r
χξ

s
N denotes the matrix element between

the two-dimensional spinors associated with the initial and final state of the DM particle and the
up-quark. Color-coding used: O(v0) is green, O(v1) is orange, O(v2) is blue and O(v3) is pink.

Relativistic Operators NR-Limit(
N

s′

(k′)/pNs(k)
)(

χr′(p′)χr(p)
)

≈ 4mNm
2
χ [δs′,sδr′,r](

N
s′

(k′)Ns(k)
)(

χr′(p′)/kχr(p)
)

≈ 4m2
Nmχ [δs′,sδr′,r](

N
s′

(k′)/pNs(k)
)(

χr′(p′)/kχr(p)
)

≈ 4m2
Nm

2
χ [δs′,sδr′,r](

N
s′

(k′)/pγ5Ns(k)
)(

χr′(p′)χr(p)
)

≈ 4mNmχ

[
−
(
ss

′,s
N · q

)
δr′,r − 2mχs

s′,s
N · v⊥

elδr′,r

]
(
N

s′

(k′)γ5Ns(k)
)(

χr′(p′)/kχr(p)
)

≈ 4mNmχ

[
−
(
ss

′,s
N · q

)
δr′,r

]
(
N

s′

(k′)/pγ5Ns(k)
)(

χr′(p′)/kχr(p)
)

≈ 4mNmχ

[
−mN

(
ss

′,s
N · q

)
δr′,r − 2mχmN

(
ss

′,s
N · v⊥

el

)
δr′,r

]
(
N

s′

(k′)/pNs(k)
)(

χr′(p′)γ5χr(p)
)

≈ 4mNmχ

[(
sr

′,r
χ · q

)
δs′,s

]
(
N

s′

(k′)Ns(k)
)(

χr′(p′)/kγ5χr(p)
)

≈ 4mNmχ

[(
sr

′,r
χ · q

)
δs′,s + 2mN

(
sr

′,r
χ · v⊥

el

)
δs′,s

]
(
N

s′

(k′)/pNs(k)
)(

χr′(p′)/kγ5χr(p)
)

≈ 4mNmχ

[
mχ

(
sr

′,r
χ · q

)
δs′,s + 2mχmN

(
sr

′,r
χ · v⊥

el

)
δs′,s

]
(
N

s′

(k′)/pγ5Ns(k)
)(

χr′(p′)γ5χr(p)
) ≈ 4mNmχ

[
−mN

(
ss

′,s
N · q

mN

)(
sr

′,r
χ · q

mN

)
−2
(
sr

′,r
χ · q

)(
ss

′,s
N · v⊥

el

)]
(
N

s′

(k′)γ5Ns(k)
)(

χr′(p′)/kγ5χr(p)
) ≈ 4mNmχ

[
−mN

(
ss

′,s
N · q

mN

)(
sr

′,r
χ · q

mN

)
−2
(
sr

′,r
χ · v⊥

el

)(
ss

′,s
N · q

)]

(
N

s′

(k′)/pγ5Ns(k)
)(

χr′(p′)/kγ5χr(p)
) ≈ 4mNmχ

[
−
(
ss

′,s
N · q

)(
sr

′,r
χ · q

)
−2mN

(
sr

′,r
χ · v⊥

el

)(
sr

′,r
N · q

)
−2mχ

(
sr

′,r
χ · q

)(
ss

′,s
N · v⊥

el

)
−4mχmN

(
sr

′,r
χ · v⊥

el

)(
ss

′,s
N · v⊥

el

)]

A.3 Useful Relations for Derivations
The general procedure for taking the NR-limit of different Lorentz structures is to first write
out the expression, then take the NR-limit of the spinors and multiplying out all vectors and
matrices. In some cases (e.g. the scalar structure) it is fairly straightforward to simplify the
expression, in other cases we need to use one or more of the following kinematic relations and
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identities:

P2 + q2 = 2
(
p2 + p′2

)
(A.10a)

P2 − q2 = 4p · p′ (A.10b)
2p′ × p = P× q (A.10c)
2k× k′ = K× q (A.10d)

(σ · p) (σ · p′) = p · p′ + iσ · (p× p′) (A.10e)

(p′ · σ)σi (p · σ) = (P · Su)P
i − qi(Su · q) + i

2
(q×P)

i − Si
u

2
(P2 − q2) (A.10f)

σjσk = iεjklσ
l for j 6= k (A.10g)

The following vector identities are also good to remember when taking the NR-limit:

a · (b× c) = b · (c× a) = c · (a× b) (A.11a)
(a× b) · (c× d) = (a · c) (b · d)− (a · d) (b · c) (A.11b)

(a× b)× c = b (c · a)− a (b · c) (A.11c)

Let us define the spin-operator as S = σ
2 , where σ is the vector of Pauli matrices, and let x̂i be

the unit vector in the ith direction. We use the Weyl representation of the γ-matrices:

γ0 =

(
0 I2
I2 0

)
, γi =

(
0 σi

−σi 0

)
, and γ5 = iγ0γ1γ2γ3 =

(
−I2 0
0 I2

)
. (A.12)

A.4 NR-Limit of Spinor
Writing out the definition of the spinors in Eq. (2.19) gives

us(p) =

(√
E − p · σξs√
E + p · σξs

)
(A.13)

In the NR-limit the relativistic energy is

E =
√
m2 + p2 = m

√
1 + p2/m2 ≈ m

(
1 +

p2

2m2

)
≈ m. (A.14)

We assumed that p/m� 1, so we are allowed to only include the zeroth and first order term in
the expansion. Substituting the above expression for the energy and doing a similar expansion
we obtain

us(p) ≈
√
m

(√
1− p · σ/mξs√
1 + p · σ/mξs

)
≈

√
m

(
(1− p · σ/2m) ξs

(1 + p · σ/2m) ξs

) (A.15)
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Where the last line is the expression we use for the first order expansion NR-limit of the spinors.
Doing the expansion to second order gives:

u(p) =

(√
p · σξ√
p · σξ

)
=

√
E

(√
I2 − p · σ/Eξ√
I2 + p · σ/Eξ

)
≈

√
m

(
1 +

p2

4m2

)((
1− p · σ/2E − p2/8E2

)
ξ(

1 + p · σ/2E − p2/8E2
)
ξ

)

≈
√
m

(
1 +

p2

4m2

)(1− (1− p2

2m2

)
p · σ/2m−

(
1− p2

m2

)
p2/8m2

)
ξ(

1 +
(
1− p2

2m2

)
p · σ/2m−

(
1− p2

m2

)
p2/8m2

)
ξ


≈

√
m

((
1− p · σ/2m+ p2/8m2

)
ξ(

1 + p · σ/2m+ p2/8m2
)
ξ

)

(A.16)

To go from the third to the fourth line, we used that 1√
1+x

≈ 1 − x
2 for small x and that 1/E

can be approximated like this.

A.5 First Order NR-Limit of Lorentz Structures
The procedure to calculate the limit of different Lorentz structures is very straightforward, be-
cause we have calculated the NR limit of the spinor already in Appendix A.4. Given some
structure, go through the following steps:

1. Write out the term such that all components (spinors and γ-matrices) are separated.

2. If necessary, simplify the γ-matrices using different identities.

3. Take the NR limit of the spinors and write out the γ-matrices in terms of their matrix
representation. Taking the NR limit of the spinor is in this section the same as substituting
the expression for the spinor derived in Appendix A.4.

4. Multiply the spinors and γ-matrices and discard all second order and higher order mo-
mentum terms.

5. Separate the relativistic normalization pre-factor from the rest of the expression (not ne-
cessary).

A.5.1 (Pseudo-)Scalar
Scalar:

uλ
′
(p′)uλ(p) = u†,λ

′
(p′)γ0uλ(p)

≈ m

(
(1− p′ · σ/2m) ξλ

′

(1 + p′ · σ/2m) ξλ
′

)†(
0 I2
I2 0

)(
(1− p · σ/2m) ξλ

(1 + p · σ/2m) ξλ

)
≈ 2mξ†,λ

′
ξλ

(A.17)
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Pseudo-scalar:

uλ
′
(p′)γ5uλ(p) = u†,λ

′
(p′)γ0γ5uλ(p)

≈ m

(
(1− p′ · σ/2m) ξλ

′

(1 + p′ · σ/2m) ξλ
′

)†(
0 I2
I2 0

)(
−I2 0
0 I2

)(
(1− p · σ/2m) ξλ

(1 + p · σ/2m) ξλ

)
≈ 2m

[ q
m

· sλ
′,λ

u

] (A.18)

A.5.2 (Axial-)Vector
The vector structure has four components, because there are 4 different γ-matrices. The zeroth
γ-matrix is different from the other three, because the latter all contain Pauli matrices and the
former does not. We therefore split the calculation in two, where we first take the NR-limit with
index µ = 0 and in the second we do the same for µ = 1, 2, 3 simultaneously. First starting with
the zeroth γ-matrix:

uλ
′
(p′)γ0uλ(p) = u†,λ

′
(p′)γ0γ0uλ(p)

≈ m

(
(1− p′ · σ/2m) ξλ

′

(1 + p′ · σ/2m) ξλ
′

)†(
(1− p · σ/2m) ξλ

(1 + p · σ/2m) ξλ

)
≈ 2mξ†,λ

′
ξλ

(A.19)

Now taking the i = 1, 2, 3 γ-matrix:

uλ
′
(p′)γiuλ(p) = u†,λ

′
(p′)γ0γiuλ

′
(p)

≈ m

(
(1− p′ · σ/2m) ξλ

′

(1 + p′ · σ/2m) ξλ
′

)†(
0 I2
I2 0

)(
0 σi

−σi 0

)(
(1− p · σ/2m) ξλ

(1 + p · σ/2m) ξλ

)
≈ 2mξ†,λ

′
[
σip · σ

2m
+

p′ · σ
2m

σi

]
ξλ

= ξ†,λ
′
[p · x̂i + iσ · (x̂i × p) + p′ · x̂i + iσ · (p′ × x̂i)] ξ

λ

= 2m

[(
P

2m

)i

ξ†,λ
′
ξλ +

(
iq

m
× sλ

′,λ
u

)i
]

(A.20)

Similar to the vector structure, the axial vector structure has four components. Hence, we take
the same approach as for the vector structure: separate calculations for the zeroth and i = 1, 2, 3
components. First the zeroth component:

uλ
′
(p′)γ0γ5uλ(p) = u†,λ

′
(p′)γ5uλ(p)

≈ m

(
(1− p′ · σ/2m) ξλ

′

(1 + p′ · σ/2m) ξλ
′

)†(
−I2 0
0 I2

)(
(1− p · σ/2m) ξλ

(1 + p · σ/2m) ξλ

)
≈ 2m

[
P

m
· sλ

′,λ
u

] (A.21)



A.5. FIRST ORDER NR-LIMIT OF LORENTZ STRUCTURES 68

using the identity (γ0)2 = I4. Then below the i = 1, 2, 3 components:

uλ
′
(p′)γiγ5uλ

′
(p) = u†,λ

′
(p′)γ0γiγ5uλ(p)

≈ m

(
(1− p′ · σ/2m) ξλ

′

(1 + p′ · σ/2m) ξλ
′

)†(
σi 0
0 σi

)(
(1− p · σ/2m) ξλ

(1 + p · σ/2m) ξλ

)
≈ 2m

[
2
(
sλ

′,λ
u

)i] (A.22)

A.5.3 Tensor
Before calculating every component, there are two observations we can make. Note that

σµν =
i

2
[γµ, γν ] . (A.23)

This means that all components for which µ = ν are zero:

uλ
′
(p′)σ00uλ(p) = 0 (A.24)

uλ
′
(p′)σiiuλ(p) = 0. (A.25)

Because σµν is the commutator of γ-matrices, the tensor is anti-symmetric. Hence, we only need
to calculate the NR-limit for the off-diagonal components σi0 and σjk (j 6= k, j, k = 1, 2, 3):

uλ
′
(p′)σi0uλ(p) =

i

2
uλ

′
(p′)

[
γi, γ0

]
uλ(p)

= −iu†,λ
′
(p′)γiuλ(p)

≈ −im
(
(1− p′ · σ/2m) ξλ

′

(1 + p′ · σ/2m) ξλ
′

)†(
0 σi

−σi 0

)(
(1− p · σ/2m) ξλ

(1 + p · σ/2m) ξλ

)
≈ −iξ†,λ

′ [
σi (p · σ)− (p′ · σ)σi

]
ξλ

= −iξ†,λ
′
[p · x̂i + iσ · (x̂i × p)− p′ · x̂i − iσ · (p′ × x̂i)] ξ

λ

= 2m

[
−
(
iq

2m

)i

ξ†,λ
′
ξλ +

(
P

m
× sλ

′,λ
u

)i
]

(A.26)

uλ
′
(p′)σjkuλ(p) = iu†,λ

′
(p′)γ0γjγkuλ(p) j 6= k

≈ −im
(
(1− p′ · σ/2m) ξλ

′

(1 + p′ · σ/2m) ξλ
′

)†(
0 iεjklσ

l

iεjklσ
l 0

)(
(1− p · σ/2m) ξλ

(1 + p · σ/2m) ξλ

)
≈ 2m

[
2εjkl

(
sλ

′,λ
u

)l] (A.27)

Similar to the previous tensor structure, the diagonal components are zero and – using the
asymmetry of σµν – we only need to calculate the off-diagonal components σ0i and σjk (j 6=
k, j, k = 1, 2, 3):

uλ
′
(p′)σ00γ5uλ(p) = 0 (A.28)

uλ
′
(p′)σiiγ5uλ(p) = 0. (A.29)
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uλ
′
(p′)σi0γ5uλ(p) =

i

2
uλ

′
(p′)

[
γi, γ0

]
γ5uλ(p)

= −iu†,λ
′
(p′)γiγ5uλ(p)

≈ −im
(
(1− p′ · σ/2m) ξλ

′

(1 + p′ · σ/2m) ξλ
′

)†(
0 σi

−σi 0

)(
−I2 0
0 I2

)(
(1− p · σ/2m) ξλ

(1 + p · σ/2m) ξλ

)
≈ 2m

[
−2i

(
sλ

′,λ
u

)
i

]
(A.30)

uλ
′
(p′)σjkγ5uλ(p) = iu†,λ

′
(p′)γ0γiγkγ5uλ(p) j 6= k

≈ −im
(
(1− p′ · σ/2m) ξλ

′

(1 + p′ · σ/2m) ξλ
′

)†(
0 iεjklσ

l

−iεjklσl 0

)(
(1− p · σ/2m) ξλ

(1 + p · σ/2m) ξλ

)
≈ εjklξ

†,λ′ [
σl (p · σ)− (p′ · σ)σl

]
ξλ

= εjklξ
†,λ′

[p · x̂l + iσ · (x̂l × p)− p′ · x̂l − iσ · (p′ × x̂l)] ξ
λ

= 2m

[
εjkl

( q

2m

)
l
ξ†,λ

′
ξλ + iεjkl

(
P

m
× sλ

′,λ
u

)
l

]
(A.31)

A.5.4 Contracted Momenta
uλ

′
(p′)/kuλ(p) = kµu

†,λ′
(p′)γ0γµuλ(p)

= kµu(p
′)γµu(p)

≈ (mk,−k)

(
2muξ

†,s′ξs

Pξ†,s
′
ξs + 2iq× ss

′,s
u

)
≈ 2mumkξ

†,s′ξs

(A.32)

A.6 Second Order NR-Limit of Lorentz Structures
The procedure to calculate the limit of different Lorentz structures to second order is the same
as to first order, with only two differences: use the spinor that is expanded to second order and
discard every term that is third order or higher in momentum. Given some structure, go through
the following steps:

1. Write out the term such that all components (spinors and γ-matrices) are separated.

2. If necessary, simplify the γ-matrices using different identities.

3. Take the NR limit of the spinors, include the second order momentum terms, and write
out the γ-matrices in terms of their matrix representation. Taking the NR limit of the
spinor is, in this section, the same as substituting the expression for the spinor derived in
Appendix A.4.

4. Multiply the spinors and γ-matrices and discard all third order and higher order momentum
terms.

5. Separate the relativistic normalization pre-factor from the rest of the expression (not ne-
cessary).
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A.6.1 Scalar
uλ

′
(p′)uλ(p) = u†,λ(p′)γ0uλ(p)

≈ m

(1− p′ · σ/2m+ p′2/8m2
)
ξλ

′(
1 + p′ · σ/2m+ p′2/8m2

)
ξλ

′

†(
0 I2
I2 0

)((
1− p · σ/2m+ p2/8m2

)
ξλ(

1 + p · σ/2m+ p2/8m2
)
ξλ

)

≈ 2mξ†,λ
′

[
1 +

p2 + p′2

8m2
− p′ · p

4m2
− i

4m2
σ · (p′ × p)

]
ξλ

= 2m

[
ξ†,λ

′
ξλ +

q2

8m2
ξ†,λ

′
ξλ − i

4m2
sλ

′,λ
u · (P× q)

]
(A.33)

A.6.2 Pseudo-Scalar
uλ

′
(p′)γ5uλ(p) = u†,λ

′
(p′)γ5uλ(p)

≈ m

(1− p′ · σ/2m+ p′2/8m2
)
ξλ

′(
1 + p′ · σ/2m+ p′2/8m2

)
ξλ

′

†(
0 I2

−I2 0

)((
1− p · σ/2m+ p2/8m2

)
ξλ(

1 + p · σ/2m+ p2/8m2
)
ξλ

)
≈ 2m

[ q
m

· sλ
′,λ

u

]
(A.34)

A.6.3 Vector
uλ

′
(p′)γ0uλ(p) = u†,λ

′
(p′)γ0γ0uλ(p)

≈ m

(1− p′ · σ/2m+ p′2/8m2
)
ξλ

′(
1 + p′ · σ/2m+ p′2/8m2

)
ξλ

′

†((
1− p · σ/2m+ p2/8m2

)
ξλ(

1 + p · σ/2m+ p2/8m2
)
ξλ

)

≈ 2mξ†,λ
′

[
1 +

p2 + p′2

8m2
+

(p′ · σ) (p · σ)
4m2

]
ξλ

= 2mξ†,λ
′

[
1 +

p2 + p′2 + 2p′ · p
8m2

+
i

4m2
σ · (p′ × p)

]
ξλ

= 2m

[
ξ†,λ

′
ξλ +

P2

8m2
ξ†,λ

′
ξλ +

i

4m2
sλ

′,λ
u · (P× q)

]
(A.35)
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uλ
′
(p′)γiuλ(p) = u†,λ

′
(p′)γ0γiuλ(p)

≈ m

(1− p′ · σ/2m+ p′2/8m2
)
ξλ

′(
1 + p′ · σ/2m+ p′2/8m2

)
ξλ

′

†(
−σi 0
0 σi

)((
1− p · σ/2m+ p2/8m2

)
ξλ(

1 + p · σ/2m+ p2/8m2
)
ξλ

)

≈ 2mξ†,λ
′
[
σip · σ

2m
+

p′ · σ
2m

σi

]
ξλ

= 2mξ†,λ
′
[
p · x̂i

2m
+

i

2m
σ · (x̂i × p) +

p′ · x̂i

2m
+

i

2m
σ · (p′ × x̂i)

]
ξλ

= 2m

[
P

2m
· x̂iξ

†,λ′
ξλ + x̂i ·

(
iq

m
× sλ

′,λ
u

)]
(A.36)

A.6.4 Axial-Vector
uλ

′
(p′)γ0γ5uλ(p) = u†,λ

′
(p′)γ0γ0γ5uλ(p)

≈ m

(1− p′ · σ/2m+ p′2/8m2
)
ξλ

′(
1 + p′ · σ/2m+ p′2/8m2

)
ξλ

′

†(
−I2 0
0 I2

)((
1− p · σ/2m+ p2/8m2

)
ξλ(

1 + p · σ/2m+ p2/8m2
)
ξλ

)

≈ 2mξ†,λ
′
[
p · σ
2m

+
p′ · σ
2m

]
ξλ

= 2m

[
P

m
· sλ

′,λ
u

]
(A.37)

uλ
′
(p′)γiγ5uλ(p) = u†,λ

′
(p′)γ0γiγ5uλ(p)

≈ m

(1− p′ · σ/2m+ p′2/8m2
)
ξλ

′(
1 + p′ · σ/2m+ p′2/8m2

)
ξλ

′

†(
σi 0
0 σi

)((
1− p · σ/2m+ p2/8m2

)
ξλ(

1 + p · σ/2m+ p2/8m2
)
ξλ

)

≈ 2mξ†,λ
′

[
σi + σip

2 + p′2

8m2
+

(p′ · σ)σi (p · σ)
4m2

]
ξλ

= 2m

[
2si,λ

′,λ
u + si,λ

′,λ
u

q2

4m2
− 1

4m2

(
q · sλ

′,λ
u

)
(q · x̂i)

+
1

4m2

(
P · sλ

′,λ
u

)
(P · x̂i) +

i

8m2
x̂i · (q×P) ξ†,λ

′
ξλ
]

(A.38)

A.6.5 Tensor

uλ
′
(p′)σ00uλ(p) = 0 (A.39)

uλ
′
(p′)σiiuλ(p) = 0 (A.40)
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uλ
′
(p′)σi0uλ(p) ≈ im

(1− p′ · σ/2m+ p′2/8m2
)
ξλ

′(
1 + p′ · σ/2m+ p′2/8m2

)
ξλ

′

†(
0 −σi

σi 0

)((
1− p · σ/2m+ p2/8m2

)
ξλ(

1 + p · σ/2m+ p2/8m2
)
ξλ

)

≈ 2imξ†,λ
′
[
−σip · σ

2m
+

p′ · σ
2m

σi

]
ξλ

= 2imξ†,λ
′
[
−p · x̂i

2m
− i

2m
σ · (x̂i × p) +

p′ · x̂i

2m
+

i

2m
σ · (p′ × x̂i)

]
ξλ

= 2m

[
− iq

2m
· x̂iξ

†,λ′
ξλ + x̂i ·

(
P

m
× sλ

′,λ
u

)]
(A.41)

uλ
′
(p′)σijuλ(p) ≈ m

(1− p′ · σ/2m+ p′2/8m2
)
ξλ

′(
1 + p′ · σ/2m+ p′2/8m2

)
ξλ

′

†(
0 εijkσ

k

εijkσ
k 0

)((
1− p · σ/2m+ p2/8m2

)
ξλ(

1 + p · σ/2m+ p2/8m2
)
ξλ

)

≈ 2mεijkξ
†,λ′

[
σk + σk p2

8m2
+

p′2

8m2
σk − (p′ · σ)σk (p · σ)

4m2

]
ξλ

= 2m

[
εijkx̂k ·

(
2sλ

′,λ
u +

P2

4m2
sλ

′,λ
u +

i

8m2
P× qξ†,λ

′
ξλ + q

q · sλ′,λ
u

4m2
−P

P · sλ′,λ
u

4m2

)]
(A.42)

Note: i 6= j. For the tensor Lorentz structure with a γ5 we will use the identity relating σµνγ5

to σµν .

A.6.6 Contracted momenta
uλ

′
(p′)/kuλ(p) = kµu

†,λ′
(p′)γ0γµuλ(p)

= kµu
λ(p′)γµuλ(p)

≈
(
mk(1 + k2/2m2

k),−k
)(2muξ

†,λ′
ξs +P2ξ†,λ

′
ξλ/4mu + isλ

′,λ
u · (P× q) /2mu

Pξ†,λ
′
ξλ + 2iq× sλ

′,λ
u

)
= 2mumkξ

†,λ′
ξλ
(
1 +

k2

2m2
k

+
P2

8m2
u

− k ·P
2mumk

)
+mkis

λ′,λ
u ·

(
P

2mu
× q

)
− 2ik ·

(
q× sλ

′,λ
u

)
(A.43)

A.7 Second Order NR-Limit of Operators
Terms that are of higher than second order in momentum are discarded and are not shown in the
calculations below. These calculations are fairly straightforward, since one can just multiply the
Lorentz structures derived in Appendix A.6 (or Appendix A.5 if one only needs the first order
terms). For every operator go through the following steps:

1. Take the NR-limit of the operator by substituting the expressions of the NR-limit of the
Lorentz structures in the operator. Remember that the expressions in Table A.1 and
Table A.2 are only valid in these forms for the DM particle. To obtain an expression for
the SM fermion, take in these expressions P → K and q → −q.



A.7. SECOND ORDER NR-LIMIT OF OPERATORS 73

2. Multiply the Lorentz structures and discard every term that is third order (or second order
if one needs only the first order expansion).

3. Write every term in terms of the building block expectation value 〈Oi〉.

A.7.1 (Pseudo)Scalar-(Pseudo)Scalar(
N

s′

(k′)Ns(k)
)(

χr′(p′)χr(p)
)
≈ 4mNmχ

[
ξ†,s

′
ξs +

q2

8m2
N

ξ†,s
′
ξs +

i

4m2
N

ss
′,s

N · (K× q)

]
·
[
ξ†,r

′
ξr +

q2

8m2
χ

ξ†,r
′
ξr − i

4m2
χ

sr
′,r

χ · (P× q)

]
≈ 4mNmχ

[
ξ†,s

′
ξsξ†,r

′
ξr

(
1 +

q2(m2
N +m2

χ)

8m2
Nm

2
χ

)
− i

4m2
χ

sr
′,r

χ · (P× q) ξ†,s
′
ξs

+
i

4m2
N

ss
′,s

N · (K× q) ξ†,r
′
ξr
]

CM
= 4mNmχ

[
〈O1〉

(
1 +

q2(m2
N +m2

χ)

8m2
Nm

2
χ

)
+
µmN

2m2
χ

〈O5〉+
µ

2mN
〈O3〉

]
(A.44)(

N
s′

(k′)γ5Ns(k)
)(

χr′(p′)χr(p)
)
≈ 4mNmχ

[
− q

mN
· ss

′,s
N

] [
ξ†,r

′
ξr +

q2

8m2
χ

ξ†,r
′
ξr

− i

4m2
χ

sr
′,r

χ · (P× q)

]
≈ 4mNmχ

[
− q

mN
· ss

′,s
N ξ†,r

′
ξr
]

= 4imNmχ 〈O10〉

(A.45)

(
N

s′

(k′)Ns(k)
)(

χr′(p′)γ5χr(p)
)
≈ 4mNmχ

[
ξ†,s

′
ξs +

q2

8m2
N

ξ†,s
′
ξs

+
i

4m2
N

ss
′,s

N · (K× q)

] [
q

mχ
· sr

′,r
χ

]
≈ 4mNmχ

[
q

mχ
· sr

′,r
χ ξ†,s

′
ξs
]

= 4mNmχ

[
− imN

mχ
〈O11〉

]
(A.46)

(
N

s′

(k′)γ5Ns(k)
)(

χr′(p′)γ5χr(p)
)
≈
[
−2q · ss

′,s
N

] [
2q · sr

′,r
χ

]
≈ −4mNmχ

[
q

mN
· ss

′,s
N

] [
q

mχ
· sr

′,r
χ

]
= 4mNmχ

[
−mN

mχ
〈O6〉

] (A.47)
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A.7.2 (Axial)Vector-(Axial)Vector(
N

s′

(k′)γµN
s(k)

)(
χr′(p′)γµχr(p)

)
≈ 4mNmχ

[
ξ†,s

′
ξs +

K2

8m2
N

ξ†,s
′
ξs

− i

4m2
N

ss
′,s

N · (K× q) ,− K

2mN
ξ†,sξs +

iq

mN
× ss

′,s
N

]
·
[
ξ†,r

′
ξr +

P2

8m2
χ

ξ†,r
′
ξr

+
i

4m2
χ

sr
′,r

χ · (P× q) ,
P

2mχ
ξ†,r

′
ξr +

iq

mχ
× sr

′,r
χ

]
≈ 4mNmχ

[
ξ†,s

′
ξsξ†,r

′
ξr
(
1 +

P2

8m2
χ

+
K2

8m2
N

− K

2mN
· P

2mχ

)
+
imN

4mχ
sr

′,r
χ ·

(
P

mχ
× q

mN

)
ξ†,r

′
ξr − i

4
ss

′,s
N ·

(
K

mN
× q

mN

)
ξ†,r

′
ξr

− imN

2mχ

K

mN
·
(

q

mN
× sr

′,r
χ

)
ξ†,s

′
ξs +

i

2

P

mχ
·
(

q

mN
× ss

′,s
N

)
ξ†,r

′
ξr

−mN

mχ

(
q

mN
× ss

′,s
N

)(
q

mN
× sr

′,r
χ

)]
CM
= 4mNmχ

[
〈O1〉

(
1 +

1

2
v⊥

el
2
)
− mN (mN + 2mχ)

2mχ(mN +mχ)
〈O5〉 −

mχ + 2mN

2(mN +mχ)
〈O3〉

+
mN

mχ
〈O6〉 −

q2

mNmχ
〈O4〉

]
(A.48)

To go from the second to the last equal sign, we used the vector identities Eqs. (A.11a) to (A.11c).(
N

s′

(k′)γµγ
5Ns(k)

)(
χr′(p′)γµχr(p)

)
≈ 4mNmχ

[
K

mN
· ss

′,s
N , 2ss

′,s
N + ss

′,s
N

q2

4m2
N

− 1

4m2
N

(
q · ss

′,s
N

)
q+

1

4m2
N

(
K · ss

′,s
N

)
K+

i

8m2
N

K× qξ†,s
′
ξs
]

·
[
ξ†,r

′
ξr − P2

8m2
χ

ξ†,r
′
ξr +

i

4m2
χ

sr
′,r

χ · (P× q) ,− P

2mχ
ξ†,r

′
ξr − iq

mχ
× sr

′,r
χ

]
≈ 4mNmχ

[
K

mN
· ss

′,s
N ξ†,r

′
ξr − P

mχ
· ss

′,s
N ξ†,r

′
ξr − 2i

mχ
ss

′,s
N ·

(
q× sr

′,r
χ

)]
CM
= 4mNmχ

[
−2 〈O7〉 −

2mN

mχ
〈O9〉

]
(A.49)

(
N

s′

(k′)γµNs(k)
)(

χr′(p′)γµγ
5χr(p)

)
≈ 4mNmχ

[
ξ†,s

′
ξs − K2

8m2
N

ξ†,s
′
ξs

− i

4m2
N

ss
′,s

N · (K× q) ,
K

2mN
ξ†,s

′
ξs − iq

mN
× ss

′,s
N

]
·
[
P

mχ
· sr

′,r
χ ,−2sr

′,r
χ

−sr
′,r

χ

q2

4m2
χ

− 1

4m2
χ

(
P · sr

′,r
χ

)
P+

1

4m2
χ

(
q · sr

′,r
χ

)
q− i

8m2
χ

P× qξ†,r
′
ξr
]

≈ 4mNmχ

[
P

mχ
· sr

′,r
χ ξ†,s

′
ξs − K

mN
· sr

′,r
χ ξ†,s

′
ξs +

2i

mN
sr

′,r
χ ·

(
q× ss

′,s
N

)]
CM
= 4mNmχ [2 〈O8〉 − 2 〈O9〉]

(A.50)
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(
N

s′

(k′)γµγ5Ns(k)
)(

χr′(p′)γµγ
5χr(p)

)
≈ 4mNmχ

[
K

mN
· ss

′,s
N , 2ss

′,s
N + ss

′,s
N

q2

4m2
N

+
1

4

(
K

mN
· ss

′,s
N

)
K

mN
− 1

4

(
q

mN
· ss

′,s
N

)
q

mN
+
i

8

K

mN
× q

mN
ξ†,s

′
ξs
]

·
[
P

mχ
· sr

′,r
χ ,−2sr

′,r
χ − sr

′,r
χ

q2

4m2
χ

− 1

4

(
P

mχ
· sr

′,r
χ

)
P

mχ

+
m2

N

4m2
χ

(
q

mN
· sr

′,r
χ

)
q

mN
+
imN

8mχ

P

mχ
× q

mN
ξ†,r

′
ξr
]

≈ 4mNmχ

[(
K

mN
· ss

′,s
N

)(
P

mχ
· sr

′,r
χ

)
−
(
4 +

q2

2m2
χ

+
q2

2m2
N

)
ss

′s
N · sr

′,r
χ

− 1

2

(
P

mχ
· sr

′,r
χ

)(
ss

′,s
N · P

mχ

)
+
m2

N

2m2
χ

(
q

mN
· sr

′,r
χ

)(
q

mN
· ss

′,s
N

)
+
imN

4mχ
ss

′,s
N ·

(
P

mχ
× q

mN

)
ξ†,r

′
ξr − i

4
sr

′,r
χ ·

(
K

mN
× q

mN

)
ξ†,s

′
ξs

−1

2

(
K

mN
· ss

′,s
r

)(
K

mN
· sr

′,r
χ

)
+

1

2

(
q

mN
· ss

′,s
N

)(
q

mN
· sr

′,r
χ

)]
CM
= 4mNmχ

[
−〈O4〉

(
4 +

q2(m2
N +m2

χ)

2m2
χm

2
N

)
− m2

N

2mχ(mN +mχ)
〈O3〉

− mχ

2(mN +mχ)
〈O5〉+

m2
χ +m2

N

2m2
χ

〈O6〉 − 2 〈O16〉

]

(A.51)

A.7.3 Tensor
Let us first analyze which parts are needed. For the pure tensor operator:(
N

s′

(k′)σµνNs(k)
)(

χr′(p′)σµνχ
r(p)

)
=
(
N

r′

(k′)σijNs(k)
)(

χs′(p′)σijχ
s(p)

)
+ 2

(
N

s′

(k′)σi0Ns(k)
)(

χr′(p′)σi0χ
r(p)

)
=
∑
i,j 6=i

(
N

s′

(k′)σijus(k)
)(

χr′(p′)σijχr(p)
)
− 2

∑
i

(
N

s′

(k′)σi0Ns(k)
)(

χr′(p′)σi0χr(p)
)

(A.52)
And for the σµνγ5 structures:(
N

s′

(k′)σµνγ5Ns(k)
)(

χr′(p′)σµνχ
r(s)

)
=
i

2
εαβµν

(
N

s′

(k′)σαβN
s(k)

)(
χr′(p′)σµνχ

r(p)
)

=
i

2

[
2εi0µν

(
us

′
(k′)σi0u

s(p)
)(

χr′(p′)σµνχ
r(p)

)
+ εijµν

(
N

s′

(p′)σijN
r(p)

)(
χr′(p′)σµνχ

r(p)
)]

= iεijk0
[(
N

s′

(k′)σi0N
s(k)

)(
χr′(p′)σjkχ

r(p)
)
+
(
N

s′

(k′)σijN
s(k)

)(
χr′(p′)σk0χ

r(p)
)]

= −iεijk
[(
N

s′

(k′)σi0N
s(k)

)(
χr′(p′)σjkχ

r(p)
)
+
(
N

s′

(k′)σijN
s(k)

)(
χr′(p′)σk0χ

r(p)
)]

(A.53)
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(
N

s′

(k′)σµνNs(k)
)(

χr′(p′)σµνγ
5χr(p)

)
=
i

2
ηµαηνβε

γραβ
(
N

s′

(k′)σµνNs(k)
)(

χr′(p′)σγρχ
r(p)

)
=
i

2
εγραβ

(
N

s′

(k′)σαβN
s(k)

)(
χr′(p′)σγρχ

r(p)
)

=
i

2
εαβµν

(
N

s′

(k′)σαβN
s(k)

)(
χr′(p′)σµνχ

r(p)
)

(A.54)(
N

s′

(k′)σµνγ5Ns(k)
)(

χr′(p′)σµνγ
5χr(p)

)
= −1

4
ηµδηνσε

αβµνεγρδσ
(
N

s′

(k′)σαβN
s(k)

)(
χr′(p′)σγρχ

r(p)
)

= −1

4
ηγληρκεαβµνελκµν

(
N

s′

(k′)σαβN
s(k)

)(
χr′(p′)σγρχ

r(p)
)

=
1

4
ηγληρκ

(
2δαβλκ

)(
N

s′

(k′)σαβN
s(k)

)(
χr′(p′)σγρχ

r(p)
)

=
1

2
ηγληρκ

(
δαλ δ

β
κ − δακ δ

β
λ

)(
N

s′

(k′)σαβN
s(k)

)(
χr′(p′)σγρχ

r(p)
)

=
(
N

s′

(k′)σγρNs(k)
)(

χr′(p′)σγρχ
r(p)

)
(A.55)

Using that

εi1···isk1·knεj1···jsk1·kn
= −n!δi1···isj1···js = −n! det

δ
i1
j1

· · · δi1js
...

. . .
...

δi1js · · · δisjs

 (A.56)

This means that only two operators need to be calculated in order to calculate all four operators.
Starting with the tensor-tensor operator:(
N

s′

(k′)σµνNs(k)
)(

χs′(p′)σµνχ
s(p)

)
≈ 4mNmχ

[
2

(
2ss

′,s
N +

K2

4m2
N

ss
′,s

N − i

8m2
N

K× qξ†,s
′
ξs

+q
q · ss

′,s
N

4m2
N

−K
K · ss

′,s
N

4m2
N

)
·

(
2sr

′,r
χ +

P2

4m2
χ

sr
′,r

χ +
i

8m2
χ

P× qξ†,r
′
ξr −P

P · sr′,rχ

4m2
χ

+q
q · sr′,rχ

4m2
χ

)
− 2

(
iq

2mN
ξ†,s

′
ξs +

(
K

mN
× ss

′,s
N

))(
− iq

2mχ
ξ†,r

′
ξr +

(
P

mχ
× sr

′,r
χ

))]

≈ 4mNmχ

[
ss

′,s
N · sr

′,r
χ

(
8 +

P2

m2
χ

+
K2

m2
N

)
+
imN

2mχ
ss

′,s
N ·

(
P

mχ
× q

mN

)
ξ†,r

′
ξr

− q2

2mNmχ
ξ†,s

′
ξsξ†,r

′
ξr −

(
ss

′,s
N · P

mχ

)(
sr

′,r
χ · P

mχ

)
−
(
sr

′,r
χ · K

mN

)(
ss

′,s
N · K

mN

)
− i

2
sr

′,r
χ ·

(
K

mN
× q

mN

)
ξ†,s

′
ξs +

m2
χ +m2

N

m2
χ

(
sr

′,r
χ · q

mN

)(
ss

′,s
N · q

mN

)
− iq

mN
·
(

P

mχ
× sr

′,r
χ

)
ξ†,s

′
ξs +

iq

mχ
·
(

K

mN
× ss

′,s
N

)
ξ†,r

′
ξr − 2

(
K

mN
× ss

′,s
N

)(
P

mχ
× sr

′,r
χ

)]
CM
= 4mNmχ

[
〈O4〉

(
8 + 4v⊥

el
2
)
− q2

2mNmχ
〈O1〉+

m2
N +m2

χ

m2
χ

〈O6〉 − 4 〈O16〉

−mχ + 2mN

mN +mχ
〈O5〉 −

mN (2mχ +mN )

mχ(mN +mχ)
〈O3〉

]
(A.57)



A.7. SECOND ORDER NR-LIMIT OF OPERATORS 77

(
N

s′

(k′)σµνγ5Ns(k)
)(

χr′(p′)σµνχ
r(p)

)
≈ −4mNmχiε

ijk

[{
x̂i ·

(
− iq

2mN
ξ†,s

′
ξs − K

mN
× ss

′,s
N

)}
·{

εjklx̂l ·

(
2sr

′,r
χ +

P2

4m2
χ

sr
′,r

χ +
i

8m2
χ

P× qξ†,r
′
ξr −P

P · sr′,rχ

4m2
χ

+ q
q · sr′,rχ

4m2
χ

)}

+

{
εijmx̂m ·

(
2ss

′,s
N +

K2

4m2
N

ss
′,s

N − i

8m2
N

K× qξ†,s
′
ξs + q

q · ss
′,s

N

4m2
N

−K
K · ss

′,s
N

4m2
N

)}
·{

x̂k ·
(

iq

2mχ
ξ†,r

′
ξr − P

mχ
× sr

′,r
χ

)}]
≈ −8mNmχi

[
− iq

mN
· sr

′,r
χ ξ†,s

′
ξs − 2sr

′,r
χ ·

(
K

mN
× ss

′,s
N

)
+

iq

mχ
· ss

′,s
N ξ†,r

′
ξr

−2ss
′,s

N ·
(

P

mχ
× sr

′,r
χ

)]
= 4mNmχ

[
2i 〈O11〉+ 8i 〈O12〉 −

2imN

mχ
〈O10〉

]
(A.58)(

N
s′

(k′)σµνNs(k)
)(

χr′(p′)σµνγ
5χr(p)

)
≈ 4mNmχ

[
2i 〈O11〉+ 8i 〈O12〉 −

2imN

mχ
〈O10〉

]
(A.59)

A.7.4 Contracted Momenta(
N

s′

(k′)Ns(k)
)(

χr′(p′)/kχr(p)
)
≈
[
2mNξ

†,s′ξs +
q2

4mN
ξ†,s

′
ξs +

i

2mN
ss

′,s
N · (K× q)

]
·
[
2mχmNξ

†,r′ξr
(
1 +

k2

2m2
N

+
P2

8m2
χ

− k ·P
2mNmχ

)
+mN is

r′,r
χ ·

(
P

2mχ
× q

)
−2ik ·

(
q× sr

′,r
χ

)]
≈ 4m2

Nmχξ
†,s′ξsξ†,r

′
ξr
(
1 +

k2

2m2
N

+
P2

8m2
χ

− k ·P
2mNmχ

+
q2

8m2
N

)
+ imχm

2
Nss

′,s
N ·

(
K

mN
× q

mN

)
ξ†,r

′
ξr

+ 2m3
N is

r′,r
χ ·

(
− P

mχ
× q

mN
+ 2v⊥

el ×
q

mN

)
ξ†,s

′
ξs

CM
= 4m2

Nmχ 〈O1〉

(
1 +

1

2

(
v⊥

el +
q

2mN

)2

+
q2

8m2
N

)

− 2m3
N

2mχ − µ

mχ
〈O5〉+ 2mχmNµ 〈O3〉

(A.60)

Using that
k

mN
= −v⊥

el −
q

2mN
+

P

2mχ
(A.61)
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(
N

s′

(k′)/pN
s(k)

)(
χr′(p′)χr(p)

)
≈
[
2mNmχξ

†,s′ξs
(
1 +

p2

2m2
χ

+
K2

8m2
N

− p ·K
2mNmχ

)
−mχis

s′,s
N ·

(
K

2mN
× q

)
+ 2ip ·

(
q× ss

′,s
N

)]
·
[
2mχξ

†,r′ξr +
q2

4mχ
ξ†,r

′
ξr − i

2mχ
sr

′,r
χ · (P× q)

]
≈ 4mNm

2
χξ

†,s′ξsξ†,r
′
ξr
(
1 +

p2

2m2
χ

+
K2

8m2
N

− p ·K
2mNmχ

+
q2

8m2
χ

)
+ imNsr

′,r
χ · (q×P)− im2

χs
s′,s
N ·

(
K

mN
× q

)
− 4imχs

s′,s
N · (q× p)

CM
= 4mNm

2
χ 〈O1〉

(
1 +

1

2

(
v⊥

el +
q

2mχ

)2

+
q2

8m2
χ

)
− 2m2

χ(2mN − µ) 〈O3〉+ 2µm2
N 〈O5〉

(A.62)

Using that
p

mχ
= v⊥

el +
q

2mχ
+

K

2mN
(A.63)

(
N

s′

(k′)/pN
s(k)

)(
χr′(p′)/kχr(p)

)
≈
[
2mNmχξ

†,s′ξs
(
1 +

p2

2m2
χ

+
K2

8m2
N

− p ·K
2mNmχ

)
−mχis

s′,s
N ·

(
K

2mN
× q

)
+ 2ip ·

(
q× ss

′,s
N

)]
·
[
2mχmNξ

†,r′ξr
(
1 +

k2

2m2
N

+
P2

8m2
χ

− k ·P
2mNmχ

)
+mN is

r′,r
χ ·

(
P

2mχ
× q

)
−2ik ·

(
q× sr

′,r
χ

)]
≈ 4m2

Nm
2
χξ

†,s′ξsξ†,r
′
ξ†

(
1 +

1

2

(
(v⊥

el)
2 +

q

2mχ

)2

+
1

2

(
(v⊥

el)
2 +

q

2mN

)2
)

+ 2imNm
2
χξ

†,s′ξssr
′,r

χ ·
([

P

2mχ
− 2k

mN

]
× q

)
− 2imNm

2
χξ

†,r′ξrss
′,s

N ·
([

K

2mN
− 2p

mχ

]
× q

)
CM
= 4m2

Nm
2
χξ

†,s′ξsξ†,r
′
ξ†

(
1 +

1

2

(
(v⊥

el)
2 +

q

2mχ

)2

+
1

2

(
(v⊥

el)
2 +

q

2mN

)2
)

+ 2m3
N (2mχ − µ) 〈O5〉 − 2mNm

2
χ(2mN − µ) 〈O3〉

(A.64)(
N

s′

(k′)/pγ
5Ns(k)

)(
χr′(p′)χr(p)

)
≈
[
2mχK · ss

′,s
N − 4mNp · ss

′,s
N

]
·
[
2mχξ

†,r′ξr +
q2

4mχ
ξ†,r

′
ξr − i

2mN
sr

′,r
χ · (P× q)

]
≈ 4m2

χ

(
K · ss

′,s
N

)
ξ†,r

′
ξr − 8mχmN

(
p · ss

′,s
N

)
ξ†,r

′
ξr

= −4mχmN

(
q+ 2mχv

⊥
el
)
· ss

′,s
N ξ†,r

′
ξr

= 4mχmN [imN 〈O10〉 − 2mχ 〈O7〉]

(A.65)
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(
N

s′

(k′)γ5Ns(k)
)(

χr′(p′)/kχr(p)
)
≈
[
−2q · ss

′,s
N

]
·
[
2mχmNξ

†,r′ξr
(
1 +

k2

2m2
N

+
P2

8m2
χ

− k ·P
2mNmχ

)
+mN is

r′,r
χ ·

(
P

2mχ
× q

)
−2ik ·

(
q× sr

′,r
χ

)]
≈ −4mχmN

(
q · ss

′,s
N

)
ξ†,r

′
ξr

= −4mχmN [−imN 〈O10〉]

(A.66)

(
N

s′

(k′)/pγ
5Ns(k)

)(
χr′(p′)/kχr(p)

)
≈
[
2mχK · ss

′,s
N − 4mNp · ss

′,s
N

]
·
[
2mχmNξ

†,r′ξr
(
1 +

k2

2m2
N

+
P2

8m2
χ

− k ·P
2mNmχ

)
+mN is

r′,r
χ ·

(
P

2mχ
× q

)
−2ik ·

(
q× sr

′,r
χ

)]
≈ 8m2

χm
2
N

(
K

2mN
− p

mχ

)
· ss

′,s
N ξ†,r

′
ξr

= 4mχmN

[
im2

N 〈O10〉 − 2mχmN 〈O7〉
]

(A.67)

(
N

s′

(k′)/pN
s(k)

)(
χr′(p′)γ5χr(p)

)
≈
[
2mNmχξ

†,s′ξs
(
1 +

p2

2m2
χ

+
K2

8m2
N

− p ·K
2mNmχ

)
−mχis

s′,s
N ·

(
K

2mN
× q

)
+ 2ip ·

(
q× ss

′,s
N

)]
·
[
2q · sr

′,r
χ

]
≈ 4mNmχ

(
q · sr

′,r
χ

)
ξ†,s

′
ξs

= 4mχmN [−imN 〈O11〉]

(A.68)

(
N

s′

(k′)Ns(k)
)(

χr′(p′)/kγ5χr(p)
)
≈
[
2mNξ

†,s′ξs +
q2

4mN
ξ†,s

′
ξs +

i

2mN
ss

′,s
N · (K× q)

]
·
[
2mNP · sr

′,r
χ − 4mχk · sr

′,r
χ

]
≈ 4mN (mNP− 2mχk) · sr

′,r
χ ξ†,s

′
ξs

= 4mNmχ [−imN 〈O11〉+ 2mN 〈O8〉]
(A.69)(

N
s′

(k′)/pN
s(k)

)(
χr′(p′)/kγ5χr(p)

)
≈
[
2mNmχξ

†,s′ξs
(
1 +

p2

2m2
χ

+
K2

8m2
N

− p ·K
2mNmχ

)
−mχis

s′,s
N ·

(
K

2mN
× q

)
+ 2ip ·

(
q× ss

′,s
N

)]
·
[
2mNP · sr

′,r
χ − 4mχk · sr

′,r
χ

]
≈ 4mχmN (mNP− 2mχk) · sr

′,r
χ ξ†,s

′
ξs

= 4mχmN [−imχmN 〈O11〉+ 2mχmN 〈O8〉]
(A.70)(

N
s′

(k′)/pγ
5Ns(k)

)(
χr′(p′)γ5χr(p)

)
≈
[
2mχK · ss

′,s
N − 4mNp · ss

′,s
N

]
·
[
2q · sr

′,r
χ

]
= 4mχmN

(
q

mN
· sr

′,r
χ

)(
−mN

q

mχ
− 2mNv⊥

el

)
· ss

′,s
N

= 4mχmN

[
−m

2
N

mχ
〈O6〉+ 2imN 〈O14〉

] (A.71)
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(
N

s′

(k′)γ5Ns(k)
)(

χr′(p′)/kγ5χr(p)
)
≈
[
−2q · ss

′,s
N

]
·
[
2mNP · sr

′r
χ − 4mχk · sr

′,r
χ

]
= −8mχmN

(
q · ss

′,s
N

)( q

2mN
+ v⊥

el

)
· sr

′,r
χ

= −4mχmN [mN 〈O6〉 − 2imN 〈O13〉]

(A.72)

(
N

s′

(k′)/pγ
5Ns(k)

)(
χr′(p′)/kγ5χr(p)

)
≈
[
2mχK · ss

′,s
N − 4mNp · ss

′,s
N

]
·
[
2mNP · sr

′,r
χ − 4mχk · sr

′,r
χ

]
= 16m2

χm
2
N

[
− q

2mχ
· ss

′,s
N − v⊥

el · s
s′,s
N

] [
q

2mN
· sr

′,r
χ + v⊥

el · sr
′,r

χ

]
= 4mχmN

[
−m2

N 〈O6〉+ 2im2
N 〈O13〉+ 2imχmN 〈O14〉 − 4mχmN 〈O16〉

]
(A.73)

A.8 Boosted Frame

u(p̃) =

(√
p̃ · σξ√
p̃ · σξ

)

=

√Ẽ − p̃ · σξ√
Ẽ + p̃ · σξ


≈

√
m

((
1− p̃ · σ/2m+ p̃2/8m2

)
ξ(

1 + p̃ · σ/2m+ p̃2/8m2
)
ξ

)
≈

√
m

((
1− [p+ 2mv] · σ/2m+ [p+ 2mv]2/8m2

)
ξ(

1 + [p+ 2mv] · σ/2m+ [p+ 2mv]2/8m2
)
ξ

)
(A.74)



APPENDIX B

Loop Integral Calculations

B.1 Loop Integral
After multiplying Eqs. (3.21) and (3.22) and Eqs. (3.21) and (3.23), simplyfing and writing in
terms of Passarino-Veltman tensor integrals one obtains the loop integrals for the first and second
diagram, respectively.

256iπ2f4aI1 = −
[
χ(p′)

(
cVχχ − cAχχγ

5
)2
γµχ(p)

] [
u(k′)

(
cVtu − cAtuγ

5
)2
γνu(k)

]
[Bµν(−q,ma,ma)

+m2
tCµν(k,−q,ma,mt,ma)

]
+ 2mtmu

(
(cVtu)

2 − (cAtu)
2
) [
χ(p′)

(
cVχχ − cAχχγ

5
)2
γµχ(p)

]
[u(k′)γνu(k)]Cµν(k,−q,ma,mt,ma)

−mt

(
(cVtu)

2 − (cAtu)
2
) [
χ(p′)

(
cVχχ − cAχχγ

5
)2
γµχ(p)

]
[u(k′)u(k)] [Bµ(−q,ma,ma)

+(m2
t −m2

u)Cµ(k,−q,ma,mt,ma)
]

+mu

[
χ(p′)

(
cVχχ − cAχχγ

5
)2
γµχ(p)

] [
u(k′)

(
cVtu + cAtuγ

5
)2
u(k)

]
[Bµ(−q,ma,ma)

+(m2
t −m2

u)Cµ(k,−q,ma,mt,ma)
]

−m2
u

[
χ(p′)

(
cVχχ − cAχχγ

5
)2
γµχ(p)

] [
u(k′)

(
cVtu + cAtuγ

5
)2
γνu(k)

]
Cµν(k,−q,ma,mt,ma)

− 2mχc
A
χχ

[
χ(p′)

(
cAχχ + cVχχγ

5
)
χ(p)

] [
u(k′)

(
cVtu − cAtuγ

5
)2
γνu(k)

]
[Bν(−q,ma,ma)

+m2
tCν(k,−q,ma,mt,ma)

]
+ 4mχmtmuc

A
χχ

(
(cVtu)

2 − (cAtu)
2
) [
χ(p′)

(
cAχχ + cVχχγ

5
)
χ(p)

]
[u(k′)γνu(k)]Cν(k,−q,ma,mt,ma)

− 2mχmtc
A
χχ

(
(cVtu)

2 − (cAtu)
2
) [
χ(p′)

(
cAχχ + cVχχγ

5
)
χ(p)

]
[u(k′)u(k)] [B0(−q,ma,ma)

+(m2
t −m2

u)C0(k,−q,ma,mt,ma)
]

+ 2mχmuc
A
χχ

[
χ(p′)

(
cAχχ + cVχχγ

5
)
χ(p)

] [
u(k′)

(
cVtu + cAtuγ

5
)2
u(k)

]
[B0(−q,ma,ma)

81
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+(m2
t −m2

u)C0(k,−q,ma,mt,ma)
]

− 2mχm
2
uc

A
χχ

[
χ(p′)

(
cAχχ + cVχχγ

5
)
χ(p)

] [
u(k′)

(
cVtu + cAtuγ

5
)2
γνu(k)

]
Cν(k,−q,ma,mt,ma)

− 4m2
χ(c

A
χχ)

2 [χ(p′)γµχ(p)]
[
u(k′)

(
cVtu − cAtuγ

5
)2
γνu(k)

]
[Cµν(−q,−p,ma,ma,mχ)

+m2
tDµν(k,−q,−p,ma,mt,ma,mχ)

]
+ 8m2

χmtmu(c
A
χχ)

2
(
(cVtu)

2 − (cAtu)
2
)
[χ(p′)γµχ(p)] [u(k′)γνu(k)]Dµν(k,−q,−p,ma,mt,ma,mχ)

− 4m2
χmt(c

A
χχ)

2
(
(cVtu)

2 − (cAtu)
2
)
[χ(p′)γµχ(p)] [u(k′)u(k)] [Cµ(−q,−p,ma,ma,mχ)

+(m2
t −m2

a)Dµ(k,−q,−p,ma,mt,ma,mχ)
]

+ 4m2
χmu(c

A
χχ)

2 [χ(p′)γµχ(p)]
[
u(k′)

(
cVtu + cAtuγ

5
)2
u(k)

]
[Cµ(−q,−p,ma,ma,mχ)

+(m2
t −m2

u)Dµ(k,−q,−p,ma,mt,ma,mχ)
]

− 4m2
χm

2
u(c

A
χχ)

2 [χ(p′)γµχ(p)]
[
u(k′)

(
cVtu + cAtuγ

5
)2
γνu(k)

]
Dµν(k,−q,−p,ma,mt,ma,mχ)

(B.1)

256iπ2f4aI2 =
[
χ(p′)

(
cVχχ − cAχχγ

5
)2
γµχ(p)

] [
u(k′)

(
cVtu − cAtuγ

5
)2
γνu(k)

]
[Bµν(−q,ma,ma)

+m2
tCµν(−k′,−q,ma,mt,ma)

]
− 2mtmu

(
(cVtu)

2 − (cAtu)
2
) [
χ(p′)

(
cVχχ − cAχχγ

5
)2
γµχ(p)

]
[u(k′)γνu(k)]Cµν(−k′,−q,ma,mt,ma)

−mt

(
(cVtu)

2 − (cAtu)
2
) [
χ(p′)

(
cVχχ − cAχχγ

5
)2
γµχ(p)

]
[u(k′)u(k)] [Bµ(−q,ma,ma)

+(m2
t −m2

u)Cµ(−k′,−q,ma,mt,ma)
]

+mu

[
χ(p′)

(
cVχχ − cAχχγ

5
)2
γµχ(p)

] [
u(k′)

(
cVtu − cAtuγ

5
)2
u(k)

]
[Bµ(−q,ma,ma)

+(m2
t −m2

u)Cµ(−k′,−q,ma,mt,ma)
]

+m2
u

[
χ(p′)

(
cVχχ − cAχχγ

5
)2
γµχ(p)

] [
u(k′)

(
cVtu + cAtuγ

5
)2
γνu(k)

]
Cµν(−k′,−q,ma,mt,ma)

+ 2mχc
A
χχ

[
χ(p′)

(
cAχχ + cVχχγ

5
)
χ(p)

] [
u(k′)

(
cVtu − cAtuγ

5
)2
γνu(k)

]
[Bν(−q,ma,ma)

+m2
tCν(−k′,−q,ma,mt,ma)

]
− 4mχmtmuc

A
χχ

(
(cVtu)

2 − (cAtu)
2
) [
χ(p′)

(
cAχχ + cVχχγ

5
)
χ(p)

]
[u(k′)γνu(k)]Cν(−k′,−q,ma,mt,ma)

− 2mχmtc
A
χχ

(
(cVtu)

2 − (cAtu)
2
) [
χ(p′)

(
cAχχ + cVχχγ

5
)
χ(p)

]
[u(k′)u(k)] [B0(−q,ma,ma)

+(m2
t −m2

u)C0(−k′,−q,ma,mt,ma)
]

+ 2mχmuc
A
χχ

[
χ(p′)

(
cAχχ + cVχχγ

5
)
χ(p)

] [
u(k′)

(
cVtu − cAtuγ

5
)2
u(k)

]
[B0(−q,ma,ma)

+(m2
t −m2

u)C0(−k′,−q,ma,mt,ma)
]

+ 2mχm
2
uc

A
χχ

[
χ(p′)

(
cAχχ + cVχχγ

5
)
χ(p)

] [
u(k′)

(
cVtu + cAtuγ

5
)2
γνu(k)

]
Cν(−k′,−q,ma,mt,ma)

+ 4m2
χ(c

A
χχ)

2 [χ(p′)γµχ(p)]
[
u(k′)

(
cVtu − cAtuγ

5
)2
γνu(k)

]
[Cµν(−q,−p,ma,ma,mχ)
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+m2
tDµν(−k′,−q,−p,ma,mt,ma,mχ)

]
− 8m2

χmtmu(c
A
χχ)

2
(
(cVtu)

2 − (cAtu)
2
)
[χ(p′)γµχ(p)] [u(k′)γνu(k)]Dµν(−k′,−q,−p,ma,mt,ma,mχ)

− 4m2
χmt(c

A
χχ)

2
(
(cVtu)

2 − (cAtu)
2
)
[χ(p′)γµχ(p)] [u(k′)u(k)] [Cµ(−q,−p,ma,ma,mχ)

+(m2
t −m2

u)Dµ(−k′,ma,mt,ma,mχ)
]

+ 4m2
χmu(c

A
χχ)

2 [χ(p′)γµχ(p)]
[
u(k′)

(
cVtu − cAtuγ

5
)2
u(k)

]
[Cµ(−q,−p,ma,ma,mχ)

+(m2
t −m2

u)Dµ(−k′,−q,−p,ma,mt,ma,mχ)
]

+ 4m2
χm

2
u(c

A
χχ)

2 [χ(p′)γµχ(p)]
[
u(k′)

(
cVtu + cAtuγ

5
)2
γνu(k)

]
Dµν(−k′,−q,−p,ma,mt,ma,mχ)

(B.2)

Here (
cV ± cAγ5

)2
= (cV )2 + (cA)2 ± 2cV cAγ5. (B.3)

Summing the two integrals results in the total loop integral and reads

256iπ2f4aI = 256iπ2f4a (I1 + I2)

= −(cVχχ)
2 [χ(p′)γµχ(p)]

×
{(

(mt −mu)
2(cVtu)

2 + (mt +mu)
2(cAtu)

2
)
[u(k′)γνu(k)] [Cµν(k,−q,ma,mt,ma)

−Cµν(−k′,−q,ma,mt,ma)]

− 2(m2
t −m2

u)c
V
tuc

A
tu

[
u(k′)γ5γνu(k)

]
[Cµν(k,−q,ma,mt,ma)− Cµν(−k′,−q,ma,mt,ma)]

+
(
(mt −mu)(c

V
tu)

2 − (mt +mu)(c
A
tu)

2
)
[u(k′)u(k)]

×
[
2Bµ(−q,ma,ma) + (m2

t −m2
u)Cµ(k,−q,ma,mt,ma) + (m2

t −m2
u)Cµ(−k′,−q,ma,mt,ma)

]
−2mu(m

2
t −m2

u)c
V
tuc

A
tu

[
u(k′)γ5u(k)

]
[Cµ(k,−q,ma,mt,ma)− Cµ(−k′,−q,ma,mt,ma)]

}
+ 2cVχχc

A
χχ

[
χ(p′)γ5γµχ(p)

]
×
{(

(mt −mu)
2(cVtu)

2 + (mt +mu)
2(cAtu)

2
)
[u(k′)γνu(k)] [Cµν(k,−q,ma,mt,ma)

−Cµν(−k′,−q,ma,mt,ma)]

− 2(m2
t −m2

u)c
V
tuc

A
tu

[
u(k′)γ5γνu(k)

]
[Cµν(k,−q,ma,mt,ma)− Cµν(−k′,−q,ma,mt,ma)]

+ 2
(
(mt −mu)(c

V
tu)

2 − (mt +mu)(c
A
tu)

2
)
[u(k′)u(k)]Bµ(−q,ma,ma)

+ (m2
t −m2

u)
(
(mt −mu)(c

V
tu)

2 − (mt +mu)(c
A
tu)

2
)
[u(k′)u(k)] [Cµ(k,−q,ma,mt,ma)

+Cµ(−k′,−q,ma,mt,ma)]

−2mu(m
2
t −m2

u)c
V
tuc

A
tu

[
u(k′)γ5u(k)

]
[Cµ(k,−q,ma,mt,ma)− Cµ(−k′,−q,ma,mt,ma)]

}
− 2mχc

V
χχc

A
χχ

[
χ(p′)γ5χ(p)

]
×
{(

(mt −mu)
2(cVtu)

2 + (mt +mu)
2(cAtu)

2
)
[u(k′)γνu(k)] [Cν(k,−q,ma,mt,ma)

−Cν(−k′,−q,ma,mt,ma)]

− 2(m2
t −m2

u)c
V
tuc

A
tu

[
u(k′)γ5γνu(k)

]
[Cν(k,−q,ma,mt,ma)− Cν(−k′,−q,ma,mt,ma)]

+
(
(mt −mu)(c

V
tu)

2 − (mt +mu)(c
A
tu)

2
)
[u(k′)u(k)] [2B0(−q,ma,ma)

+(m2
t −m2

u)C0(k,−q,ma,mt,ma) + (m2
t −m2

u)C0(−k′,−q,ma,mt,ma)
]

−2mu(m
2
t −m2

u)c
V
tuc

A
tu

[
u(k′)γ5u(k)

]
[C0(k,−q,ma,mt,ma)− C0(−k′,−q,ma,mt,ma)]

}



B.2. TENSOR INTEGRAL SIMPLIFICATIONS 84

− (cAχχ)
2 [χ(p′)γµχ(p)]

×
{(

(mt −mu)
2(cVtu)

2 + (mt +mu)
2(cAtu)

2
)
[u(k′)γνu(k)]

×
[
Cµν(k,−q,ma,mt,ma)− Cµν(−k′,−q,ma,mt,ma) + 4m2

χDµν(k,−q,−p,ma,mt,ma,mχ)

−4m2
χDµν(−k′,−q,−p,ma,mt,ma,mχ)

]
− 2(m2

t −m2
u)c

V
tuc

A
tu

[
u(k′)γ5γνu(k)

]
×
[
Cµν(k,−q,ma,mt,ma)− Cµν(−k′,−q,ma,mt,ma) + 4m2

χDµν(k,−q,−p,ma,mt,ma,mχ)

−4m2
χDµν(−k′,−q,−p,ma,mt,ma,mχ)

]
+
(
(mt −mu)(c

V
tu)

2 − (mt +mu)(c
A
tu)

2
)
[u(k′)u(k)]

×
[
2Bµ(−q,ma,ma) + (m2

t −m2
u)Cµ(k,−q,ma,mt,ma) + (m2

t −m2
u)Cµ(−k′,−q,ma,mt,ma)

+8m2
χCµ(−q,−p,ma,ma,mχ) + 4m2

χ(m
2
t −m2

u)Dµ(k,−q,−p,ma,mt,ma,mχ)

+4m2
χ(m

2
t −m2

u)Dµ(−k′,−q,−p,ma,mt,ma,mχ)
]

− 2mu(m
2
t −m2

u)c
V
tuc

A
tu

[
u(k′)γ5u(k)

]
×
[
Cµ(k,−q,ma,mt,ma)− Cµ(−k′,−q,ma,mt,ma) + 4m2

χDµ(k,−q,−p,ma,mt,ma,mχ)

−4m2
χDµ(−k′,−q,−p,ma,mt,ma,mχ)

]}
− 2mχ(c

A
χχ)

2 [χ(p′)χ(p)]

×
{(

(mt −mu)
2(cVtu)

2 + (mt +mu)
2(cAtu)

2
)
[u(k′)γνu(k)] [Cν(k,−q,ma,mt,ma)

−Cν(−k′,−q,ma,mt,ma)]

− 2(m2
t −m2

u)c
V
tuc

A
tu

[
u(k′)γ5γνu(k)

]
[Cν(k,−q,ma,mt,ma)− Cν(−k′,−q,ma,mt,ma)]

+
(
(mt −mu)(c

V
tu)

2 − (mt +mu)(c
A
tu)

2
)
[u(k′)u(k)]

×
[
2B0(−q,ma,ma) + (m2

t −m2
u)C0(k,−q,ma,mt,ma) + (m2

t −m2
u)C0(−k′,−q,ma,mt,ma)

]
−2mu(m

2
t −m2

u)c
V
tuc

A
tu

[
u(k′)γ5u(k)

]
[C0(k,−q,ma,mt,ma)− C0(−k′,−q,ma,mt,ma)]

}
(B.4)

The total loop integral is ordered by Lorentz structure of the DM part.

B.2 Tensor Integral Simplifications
B.2.1 C-Functions
The three-point functions are dependent on two momenta, one of which is the transfer mo-
mentum. Using the transfer momentum the C functions in terms of k′ can be written in terms
of k and vice versa. First, we do this for Cµν :

Cµν(−k′,−q,ma,mt,ma) = Cµν(k
′, q,ma,mt,ma)

= Cµν(k,−q,ma,mt,ma)− qµCν(k,−q,ma,mt,ma)

− qνCµ(k,−q,ma,mt,ma) + qνqµC0(k,−q,ma,mt,ma) (B.5)

For the first equality we took ` → −` and to go from the first to the second line we changed
variables `→ `− q. Going through similar steps, we can write

Cµ(−k′,−q,ma,mt,ma) = −Cµ(k
′, q,ma,mt,ma)
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= −Cµ(k,−q,ma,mt,ma) + qµC0(k,−q,ma,mt,ma). (B.6)

Similarly for the scalar three-point function:

C0(−k′,−q,ma,mt,ma) = C0(k, q,ma,mt,ma) = C0(k,−q,ma,mt,ma) (B.7)

B.2.2 Expanding the Top-Propagator
Let us start with the rank-two four-point function.

Dµν(k,−q,−p,ma,mt,ma,mχ)−Dµν(−k′,−q,−p,ma,mt,ma,mχ)

≈ Dµν(−k, q, p,ma,mt,ma,mχ)−Dµν(k
′, q, p,ma,mt,ma,mχ)

=
1

iπ2

∫
d4`

`µ`ν

[`−m2
a] [(`+ q)−m2

a]
[
(`+ p)2 −m2

χ

] ( 1

(`− k)2 −m2
t

− 1

(`+ k′)2 −m2
t

)

≈ 1

iπ2

∫
d4`

`µ`ν

[`−m2
a] [(`+ q)−m2

a]
[
(`+ p)2 −m2

χ

]
[`2 −m2

t ]

(
1− k2 − 2k · `

`2 −m2
t

− 1 +
k′

2
+ 2k′ · `

`2 −m2
t

)

=
1

iπ2

∫
d4`

`µ`ν

(
k′

2 − k2 + 2(k + k′) · `
)

[`−m2
a] [(`+ q)−m2

a]
[
(`+ p)2 −m2

χ

]
[`2 −m2

t ]
2 (B.8)

The up quarks are approximately on-shell and therefore k′2 − k2 ≈ 0. First taking q → 0, it is
easy to see that in the small up quark momenta limit, this integral will be negligible because the
whole integral is proportional to the up quark momenta.

Next we look at a combination of the three- and four-point functions

2Cµ(−q,−p,ma,ma,mχ) +m2
tDµ(k,−q,−p,ma,mt,ma,mχ) +m2

tDµ(−k′,−q,−p,ma,mt,ma,mχ)

= −2Cµ(q, p,ma,ma,mχ)−m2
tDµ(−k, q, p,ma,mt,ma,mχ)−m2

tDµ(k
′, q, p,ma,mt,ma,mχ)

=
−1

iπ2

∫
d4`

`µ

[`−m2
a] [(`+ q)−m2

a]
[
(`+ p)2 −m2

χ

] ( m2
t

(`− k)2 −m2
t

+
m2

t

(`+ k′)2 −m2
t

+ 2

)
≈ −1

iπ2

∫
d4`

`µ

[`−m2
a] [(`+ q)−m2

a]
[
(`+ p)2 −m2

χ

]
[`2 −m2

t ]

×

(
m2

t −m2
t
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t

+m2
t −m2

t

k′
2
+ 2k′ · `

`2 −m2
t

+ 2(`2 −m2
t )

)
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iπ2

∫
d4`

`µ`
2

[`−m2
a] [(`+ q)−m2

a]
[
(`+ p)2 −m2

χ

]
[`2 −m2

t ]
2 (B.9)

Using FeynCalc for the Passarino-Veltman reduction and taking the limit of q → 0, we obtain
the following approximation:

2Cµ(−q,−p,ma,ma,mχ) +m2
tDµ(k,−q,−p,ma,mt,ma,mχ) +m2

tDµ(−k′,−q,−p,ma,mt,ma,mχ)

≈ pµ
m2

χ(m
2
t −m2

a)
2

[
m2

a

(
m2

a − 2m2
t

)
B0(p,ma,mχ) +m2

a

(
m2

t −m2
a

)
B0(0,ma,ma)

−m4
a(m

2
t −m2

a)C0(0, p,ma,ma,mχ) +m4
tB0(p,mt,mχ) +m2

tA0(ma)−m2
tA0(mt)

]
(B.10)

Third, we look at the rank-one three point function:

Cν(k,−q,ma,ma,mt) =
1

iπ2

∫
d4`

`ν
[`2 −m2

a] [(`− q)2 −m2
a] [(`+ k)2 −m2

t ]
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≈ 1

iπ2

∫
d4`

`ν
[`2 −m2

a] [(`− q)2 −m2
a] [`

2 −m2
t ]

(
1− k2 + 2k · `

`2 −m2
t

)
≈ 1

iπ2

∫
d4`

`ν
[`2 −m2

a] [(`− q)2 −m2
a] [`

2 −m2
t ]

(B.11)

Using partial fractions and writing the result in terms of the Passarino-Veltman functions we
obtain

Cν(k,−q,ma,mt,ma) =
1

m2
t −m2

a

(Bν(−q,mt,ma)−Bν(−q,ma,ma)) (B.12)

The reduction of these two functions is −qµB1, with the right parameters for each function.
When contracted with the up quark vector currents, this results to a zero contribution.

Last, the scalar three-point function can be done in a similar way

C0(k,−q,ma,mt,ma) =
1

iπ2

∫
d4`

1

[`2 −m2
a] [(`− q)2 −m2

a] [(`+ k)2 −m2
t ]

≈ 1

iπ2

∫
d4`

1

[`2 −m2
a] [(`− q)2 −m2

a] [`
2 −m2

t ]

(
1− k2 + 2k · `

`2 −m2
t

)
≈ 1

iπ2

∫
d4`

1

[`2 −m2
a] [(`− q)2 −m2

a] [`
2 −m2

t ]

=
1

m2
t −m2

a

(B0(−q,mt,ma)−B0(−q,ma,ma)) (B.13)

Taking the limit of q2 → 0 gives

C0(k,−q,ma,ma,mt) ≈
1

m2
t −m2

a

(
A0(mt)−A0(ma)

m2
t −m2

a

− d

dm2
a

A0(ma)

)
(B.14)

B.3 Limiting Cases
Starting with the limit ma → 0, we first note that the two-point function contains the factor
raχ. So before taking the limit of the two-point function, the limit of this factor raχ has to be
known. It is for now only needed to check whether raχ is finite and nonzero, such that the terms
containing raχ are also finite:

lim
ma→0

raχ = lim
ma→0

m2
a − iε+

√
(m2

a − iε)2 − 4m2
am

2
χ

2mamχ

= lim
ma→0

[
ma

2mχ
+
√
m2

a/2m
2
χ − 1− iδ

]
(B.15)

It is easy to see that raχ is finite and nonzero when the ALP is massless.

lim
ma→0

B0(mχ,ma,mχ) = lim
ma→0

[
∆+ 2− log

mamχ

µ2

+
m2

a −m2
χ

m2
χ

log
mχ

ma
− ma

mχ

(
1

raχ
− raχ

)
log raχ

]
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= lim
ma→0

[
∆+ 2− log

m2
χ

µ2
− m2

a

m2
χ

log
ma

mχ
− ma

mχ

(
1

raχ
− raχ

)
log raχ

]
(B.16)

Because raχ is finite and nonzero in this limit, the last term in the last line will be zero. The
second to last term in the last line has the form x2 lnx. Although the natural log diverges as
x → 0, x2 goes to zero faster than the natural log diverges. One can also verify this formally
by taking the limit as x goes to zero. This term is therefore also zero in the ma → 0 limit.
The first three terms remain finite in this limit, which was enough to check that the term
m2

a(m
2
a − 2m2

t )B0(mχ,ma,mχ) is zero in the massless ALP limit. The second term of Eq. (3.48)
is not dependent on ma in any way, so when the ALP is massless only the pre-factor is affected,
i.e. the pre-factor cancels with the factor m−4

t . In the last term the derivative of the two-point
function is taken. Although the two-point function itself is finite at ma = 0, it is not always
guarenteed for an arbitrary function that its derivative is also finite at that point, e.g.

√
x. It

is for this term also enough to show that the derivative of the two-point function w.r.t. m2
a is

finite, because the pre-factor is zero in massless ALP limit. We know that raχ remains finite, so
next we have to check that draχ/dma remains finite as well, or rather ma

draχ

dma
. The derivative is

multiplied by ma before taking the limit, because then it is dimensionless and there is a factor of
ma available as can be seen in Eq. (3.41). Going through similar steps as for raχ, this becomes

lim
ma→0

ma
draχ
dma

= lim
ma→0

ma

−raχ
ma

+
2ma

(
raχ − mχ

ma

)
√
(m2

a − iε)
2 − 4m2

am
2
χ


= lim

ma→0

[
− ma

2mχ
−
√
m2

a/2m
2
χ − 1 +

maraχ −mχ

mχ

√
m2

a − 1

]
(B.17)

It is straightforward to see that this remains finite in this limit. Since raχ is finite and nonzero and
ma

draχ

dma
is finite as ma → 0, and x2 log x→ 0 in the limit as x goes to zero, m2

a
d

m2
a
B0(mχ,ma,mχ)

is finite in the massless ALP limit. Therefore, the third line in Eq. (3.48) is zero in the limit
as ma → 0. The only term that survives is B0(mχ,mt,mχ). Because the other two two-point
function terms are zero, the integral in the massless ALP limit has the following analytical
expression:

lim
ma→0

I ≈ imχmt

4π2f4a

(
cAχχ
)2 ((

cVtu
)2 − (cAtu)2) [χ(p′)χ(p)] [u(k′)u(k)]B0(mχ,mt,mχ). (B.18)

The loop integral, and thus also the cross section, will become a nonzero constant if the ALP
mass is small or if the ALP is massless.

Instead of the ALP being massless, the ALP could also be very heavy, requiring us to take
the limit ma → ∞. Again starting with raχ:

lim
ma→∞

raχ = lim
ma→∞

m2
a − iε+

√
(m2

a − iε)2 − 4m2
am

2
χ

2mamχ

= lim
ma→∞

(
ma

mχ
− mχ

ma

)
(B.19)

So raχ ≈ ma/mχ−mχ/ma in the infinite ALP mass limit. Knowing this behavior, the derivative
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of draχ/dma can easily be approximated as well:

lim
ma→∞

ma
draχ
dma

= lim
ma→∞

−raχ +
2m2

a

(
raχ − mχ

ma

)
√
(m2

a − iε)2 − 4m2
am

2
χ


= lim

ma→∞

[
−ma

mχ
+

2ma

mχ
+
mχ

ma

]
(B.20)

Hence, ma
draχ

dma
≈ ma

mχ
+

mχ

ma
in this limit. Looking at Eq. (3.48) the pre-factors that are dependent

on the ALP mass will cancel with the denominator pre-factor. The term not dependent on the
ALP mass, m4

tB0(mχ,mt,mχ)/m
4
a, will be zero as ma → ∞. It is, therefore, only needed to

check the behavior of B0(mχ,ma,mχ) and of its derivative w.r.t. m2
a. After a quick calculation

the proportionality of the two-point function in this limit is

lim
ma→∞

B0(mχ,ma,mχ) ∝ lim
ma→∞

− log
m2

a

µ2
(B.21)

Similarly for the derivative

lim
ma→∞

2m2
a

d

dm2
a

B0(mχ,ma,mχ) = −2 (B.22)

With this we conclude that
lim

ma→∞
I ∝ − log

m2
a

µ2
. (B.23)

This means that the integral has a log-divergence for large ALP masses, which is expected from
the two-point function.

Now looking at the supposed pole at the mass of the top quark. We identify that as ma → mt

the integral I becomes of the form 0
0 , which means that L’Hôpital’s rule can be used to evaluate

this limit. Differentiating the numerator and denominator, and simplifying the expression the
limit becomes:

lim
ma→mt

I ∝ lim
ma→mt

[
B0(mχ,ma,mχ) + 2m2

a

d

dm2
a

B0(mχ,ma,mχ) +
m4

a

2

d2

d(m2
a)

2
B0(mχ,ma,mχ)

]
(B.24)

All two-point functions and their derivatives w.r.t. m2
a are well-defined for ma = mt. Since all

functions are well-defined, we see that the integral is finite for ma = mt.
Next we are taking the limit mχ → ∞. Going through similar steps, in this limit raχ is finite,

nonzero and independent of mχ. This means that

lim
mχ→∞

B0(mχ,ma,mχ) ∝ − log
m2

χ

µ2
(B.25)

lim
mχ→∞

B0(mχ,mt,mχ) ∝ − log
m2

χ

µ2
(B.26)

lim
mχ→∞

m2
a

d

dm2
a

B0(mχ,ma,mχ) → 0 (B.27)

The overall DM mass dependence of I is then mχ logm2
χ.
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In the limit mχ → 0, the factor raχ = ma

mχ
− mχ

ma
and therefore draχ

dma
= 1

mχ
+

mχ

m2
a

. The factor
rtχ must have the same value, only with mt instead of ma. Then, taking the pre-factor of mχ

into account

lim
mχ→0

mχB0(mχ,ma,mχ) = lim
mχ→0

mχ

[
∆+ 1− log

m2
χ

µ2

]
→ 0 (B.28)

lim
mχ→0

mχB0(mχ,mt,mχ) = lim
mχ→0

mχ

[
∆+ 1− log

m2
χ

µ2

]
→ 0 (B.29)

lim
mχ→0

mχm
2
a

d

dm2
a

B0(mχ,ma,mχ) → −mχ → 0 (B.30)

Thus in the limit as the DM particles are massless, the integral goes to zero as well.
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