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Abstract

In this thesis we investigated dark matter bound states in a minimal dark sector consisting of
a dark fermion and a dark photon. We introduced a kinetic mixing term in the Lagrangian
allowing coupling of the dark sector to the Standard Model. From this we derived expressions
for the production and decay rates of dark matter bound states in the non-relativistic limit
using quantum field theory. The non-relativistic wave functions required for these rates were
obtained by implementing a numerical solver for the radial Schrodinger equation with a Yukawa
potential. This method was validated against known systems, including the hydrogen atom and
the harmonic oscillator. We applied the formalism to the Belle II and FCC-ee experiments.
For realistic benchmark parameters, we identified distinctive experimental signatures: displaced
electron-positron pairs at both Belle II and FCC-ee. These results highlight the potential of
future experiments to observe bound states in dark sectors.
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1 Introduction

In 1933 a Swiss astronomer by the name of Fritz Zwicky was studying the Coma cluster, thou-
sands of galaxies about 300 million lightyears away from Earth. Zwicky applied the virial
theorem to the measured speed of galaxies within the cluster [1]. In this way, Zwicky could
estimate the mass of the Coma cluster. He also estimated the mass by looking at the light
coming from it. Using relations between mass and luminosity, he found the mass of the cluster
to be smaller than that of his estimate with the virial theorem, implying there is some unseen
form of mass present. In his paper from 1933 he introduced the term ”dunkle Materie”, which is
the first mention of dark matter. After this discovery, it still took decades before the existence
of dark matter was generally accepted.

The second piece of evidence came from Vera Rubin and Kent Ford, who observed that stars
in spiral galaxies orbit the center with roughly the same speed regardless of their distance to
the center [2]. From Newtonian physics one would predict the speed to decrease with distance.
This discrepancy with Newtonian physics would be explained if there is some new unseen form
of mass that extends within the galaxy to give rise to the observed rotation curves. This,
again, implies the existence of dark matter, now at a much smaller scale. By the early 1980s,
the concept of dark matter, being a new unseen form of matter, was generally accepted.

The true nature of dark matter is currently an open problem in physics. Perhaps one of
the most pressing problems. For decades, people have been studying it. From the particle
physics community there have been plenty of theories trying to describe dark matter. This of-
ten comes with the introduction of a new particle. These particles do not come out of nowhere,
the possibility of being a dark matter candidate often being serendipitous. For example, the
axion, which was introduced to solve the strong CP problem [3]|, or right-handed neutrinos,
which, given the symmetries of the standard model, have no reason to be believed not to exist
[4]. WIMP-like particles come from supersymmetry. These are also not just plain attempts to
explain the nature of dark matter; especially WIMPs offer a compelling solution. For example,
one may think of the WIMP miracle, which refers to the fact that WIMPs naturally yield the
correct relic abundance observed in the universe [5].

A natural question to ask with such new particles is if it is just one, or if it is part of a
new dark sector: a Standard Model-like structure that has its own particles and forces. Exam-
ples of dark sectors include models with dark photons (new U(1) gauge bosons) that mediate
interactions between dark matter particles, models with dark Higgs bosons responsible for sym-
metry breaking in the dark sector, and hidden valley models with rich dark dynamics [6, |7].
Interestingly, such dark sectors could offer a rich new phenomenology. Just as in the stan-
dard model where we do not just have free electrons or other particles, composite particles like
positronium, quarkonium and protons form. Similarly, a dark sector could also host bound
states. So far, dark sector models are often not investigated for bound state effects.

In this work, we explore bound states within the context of a new dark sector. We derive
a theoretical framework to compute the production and decay rates of these states in the non-
relativistic limit in Section [Bl To solve for the wave functions of dark matter bound states
in Section [ we employ numerical methods. We apply this framework to study bound state
formation at two electron-positron colliders: Belle II (Section [6)) and FCC-ee (Section [7]). For
these experiments, we identify characteristic experimental signatures that could guide future
searches for such states.



2 The Dark Sector

To describe bound states in a dark sector, we first need to introduce such a dark sector.

2.1 A New U(1) Symmetry

The dark sector we will examine in this work exists of a new dark fermion charged under a new
U(1) gauge symmetry whose force carrier is a massive vector boson. This model is interesting
in the sense that it is the minimal extension of the Standard Model in which we can support
bound states. The Lagrangian of this new sector is given by [§]

| . SRS PSP T
L= Lspn + X" (8# — ngVH) X — My XX — ZV“ Vi + §m%/V“VM. (2.1)

The particle content of the dark sector is the fermion Yy, its anti-particle y, and the new medi-
ator represented by V#, which is often called the dark photon. The dark photon is a massive
gauge boson. The mass term of VH in the Lagrangian is assumed to be introduced via a Higgs-
mechanism or a Stueckelberg-mechanism; see, for example, Ref. [9]. We will not deal with
that here, but we will simply work with the dark photon with mass my # 0. The hats in
the Lagrangian indicate gauge eigenstates. These will turn out to be different form the mass
eigenstates, which we discuss later. From the Lagrangian we may observe that the model is
described by three parameters, that is, the mass of the new fermion (m, ), the mass of the dark
photon (my ) and the coupling constant gp. The latter we may write as gp = V4map, and we
will work with ap as our third parameter.

We are interested in examining the darkonium states (xx) at experiment. For this we as-
sume a small interaction between the new dark sector and the Standard Model. This is done
via kinetic mixing.

2.2 Kinetic Mixing

Kinetic mixing will allow for the dark sector to couple to the Standard Model. Consequently,
darkonium can be produced directly from the collision of Standard Model particles.

To build in such an interaction we must include in our Lagrangian (Equation a new term
[8, 110]

/
Lo —%B’“’VW. (2.2)

This is the kinetic mixing term that allows for an interaction between the dark photon and the
Standard Model. B* here is the field-strength tensor of the hypercharge gauge field, Vi is
that of the dark photon. Before we look at what this implies for the interactions we first note
that this is the only way to include a renormalizable, gauge-invariant interaction between the
Standard Model and a new abelian gauge boson. The reason is as follows. Both B and Ve
correspond to field-strength tensors of U(1) symmetries, U(1)y and U(1)p in this case, where
the D denotes the dark sector. As these symmetry groups are abelian, their field-strength ten-
sors are invariant under gauge transformations of those groups. Naturally, they are invariant
under the other Standard Model gauge symmetries, as the dark photon and the hypercharge
gauge boson are uncharged under the other symmetries. Since the mass dimension of € is zero
and this term is gauge invariant under both U(1)y and U(1)p, it is the only renormalizable
interaction term that can connect the two sectors. However, this term results in off-diagonal
kinetic terms, which, after electroweak symmetry breaking, lead to mixing between the dark



photon and the SM photon and Z boson. This requires a field redefinition to bring the kinetic
and mass terms into canonical form.

To find out what this does for the interactions between the dark sector and the Standard
Model one can follow the argument made in Appendix A of Ref. [10]. There, the explicit
rotation to the mass eigenstates is constructed. The resulting, new, interaction terms after
field re-definitions and electroweak symmetry breaking are the following

L D —eeQfy"fV, + etan 0,9p V"X 2, (2.3)

where € = € cosf,, and §,, the weak mixing angle. Now, V,, without the hat, represents the
mass eigenstate, that is, the physical dark photon. In addition to all the interactions of the
Standard Model, and those already present in the dark sector, the introduction of kinetic mixing
also allows for a direct coupling between the charged fermions of the Standard Model and a
dark photon, and between the dark fermions and the Z-boson. Both interactions are suppressed
with a factor of e.

2.3 Parameters of the Model

As mentioned before, the introduced dark sector is characterized by three parameters. We will
be interested in the bound states that can form within this dark sector, that is, the n?%*t1L;
states of darkonium (yy). Here n is the principal quantum number, just as introduced for the
hydrogen atom. S is the total spin, L the orbital angular momentum, and J the total angular
momentum of the bound state. To describe such bound states, it will be essential to work in
the non-relativistic limit. The reason is that this avoids having to work with the Bethe-Salpeter
equation for general bound states, which even when employing approximations is difficult to
do. The non-relativistic limit here means that the bound state constituents have a relative
momentum |k| much smaller than their mass. In this non-relativistic limit the interaction of
the dark sector particles can be described by a Yukawa potential

V(r) = —O‘TDe—mvr. (2.4)

To gain some intuition as to when bound states can form, we can make a crude approximation.
We can demand the range of the interaction (~ mj;') to be greater than the Bohr radius of the
bound state (~ (apm,)~!). This gives a condition

my

1> (2.5)

apm,

The exact condition can be found by solving the Schrodinger equation with a Yukawa potential
numerically. This will be important later, when the exact conditions will help determine which
bound states can form at experiment. These so-called critical screening lengths are given in
Table [2] in Section [4.2.2l Now we can look at the parameter space and examine where bound
states can form. To avoid having to look at a three-dimensional parameter space, we fix
my = 100 MeV as a benchmark. In addition to leaving a two-dimensional parameter space,
this choice also allows relatively large values of € that are not excluded by experiment. This
means we can consider relatively large couplings to the Standard Model, and therefore relatively
large production rates of dark matter particles and dark matter bound states. The excluded
values of € are shown in Figure [2.1]11].



1073 '!
1074 A -5
107 -!
1076 -
1077 _ 's

SHiP . 3

107*
SNI9BTA
. Il 1 IllIIII L L IIIIIII | IIIIIIII il Ll L L LLL

oe——

107 1072 107! 1 10 10? 10°

m,. [GeV]

Figure 2.1: Bounds on the combination of dark photon mass (ma in the figure) and e. The
colored areas are existing bounds from experiment. The colored curves are projections for

existing and proposed experiments. Figure taken from Ref. .

The benchmark of my = 100 MeV allows us to consider € ~ 10~%. Now, with our parameter
space reduced to just two parameters, we can look at where in this parameter space the Yukawa
potential supports bound states. This is shown in Figure for bound states up to n = 3 and

L =2.
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Figure 2.2: The parameter space (ap, m, ), with marked areas where the different bound states
can form. The regions must be viewed as overlapping, that is, the lightest region extends under

the darker ones.

This parameter space will guide us later when we take to experiment. The next step is to



look at how we may go about calculating the production of bound states within quantum field
theory, this will be done in the next section.



3 Bound State Calculations in the Non-Relativistic Limit

As we will be interested in calculating the production and decay rates of bound states, we need
to set up a framework to do so. In this section, we will set up the method of using projectors
to do such calculations. The results, which we will discuss here, can be found in Ref. [12]. In
this work, we will work exclusively with bound states consisting of two particles of equal mass,
that is, the bound state xy.

3.1 Bound State Description

To work with a bound state in calculations of production and decay amplitudes, we adopt
the definition of Peskin and Schroeder [13]. In the non-relativistic limit the bound state is a
superposition of product states of the two constituent particles, weighted by the non-relativistic
wave function, i.e. the solution of the Schrodinger equation. The bound state consisting of two
constituents for a certain spin configuration, say | 71) is then described by

d?’k 1 1
B) V_/ D)=k 1.~k 7). (3.1)

Here we work in the bound state rest frame. M represents the bound state mass and m the
mass of each of the two constituents, which are assumed to have equal mass. We will be
concerned with spin 1/2 particles. For a given spin configuration of the bound state we can
use the Clebsch-Gordan coefficients to project on it. The bound state for an arbitrary spin
configuration (5,5,) is then given by

B) = VAl [ s == 30

Here s and 5 are the spin projections on the z direction of the two constituents. If we are
now interested in some process involving producing such a bound state, we get, after applying
Feynman rules, an amplitude of the form (see Figure [3.1](a))

CSSZ k. s1 -k, 5). (3.2)

Mo u(p, s)Ov(q, 5)C5% (3.3)

s
S8

where u and v are Dirac spinors and O represents the rest of the amplitudeﬂ For a decay
process, we get an expression of the form (see Figure [3.1(b))

Mocz (g, 5)Ou(p, )01 i (3.4)

The goal is to rewrite this sum weighted by Clebsch-Gordan coefficients as a trace over O and
a spin projector.

"Here we write the momenta as p and ¢, but it is understood here that we work in the bound state rest
frame.
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Figure 3.1: General processes for the annihilation (left) and production (right) of a yx bound
state. O here represents an arbitrary process, the only requirement is that the xy and x belong
to one continuous fermion line.

3.2 Spin Projectors for Bound State Decay
We start by considering a process where a bound state decays, Figure (a). First, we rewrite
the Clebsch-Gordan coefficients as

C%r, = ulp, s)Pss.v(g. 9). (3.5)

sgé
Substituting this into Equation and applying the completeness relations for the spinors, we
find

s

> 0(0,5)0u(p, )O3 = Tr ((f = m)O(p +m)Pss.) (3.6)
Next, we need to find the form of Psg. such that Equation is satisfied. We start by looking
at the form of the canonical solutions of the Dirac equation. As we are working in the bound
state rest frame, we only have to deal with the relative momentum between the constituent
particles. For now, we choose this momentum along the z direction, resulting in solutions to
the Dirac equation that have a clear spin interpretation; these are eigenstates of the s, operator
for the individual constituents. The four solutions are then given by (see [14])

1 0
u(p,T) =vVE+m L ,ulp, ) =vE+m 0 , (3.7)
0" ==
for positive energy solutions and
o o
o) =VE+m [T | op )= —VETm | | |, (3.8)
1 0

10



for negative energy solution The matrices Pgg, that satisfy Equation are now easily
found by inspection. We find

00 —1 0
po_ 1 1 1 00 0 -1
0 \/i\/quLm\/Eq—km 00 0 0
00 0 O
000 1
b 1 1 0000
11 — )
VE,+m/E;+m [0 0 00
. ! 0000 59)
00 —1 0 '
P—i 1 1 00 0 1]
V2B, +mEm (00 0 0
00 0 0
00 0
o 1 1 00 —1 0
1-1 —
VE,+m\/E,+m [0 0 0 0
. ! 00 0 0

Decomposing these matrices in terms of the basis {Iy,7°, v*,v*~°, c"*} we get our final result

1 1 147

Py = —7°);

W= B wm B 23 -
P 1 1 1+70( oo '

T VB tm Bt m 22 6

where
.

) (0 0 0 —1) its, =0
€(s.) = (3.11)

(o 41— O)T/\/§ itS, =41

The matrix Pgg, can now be used in Equation [3.6]to project the bound state on the total spin S
and projection on the z axis S,. From our bound state definition, we have an integral over the
relative momentum k. This means that we cannot just assume the relative momentum to be
aligned with the z-axis, as assumed so far. However, as we are working in the non-relativistic
limit, the momentum components of the spinors, which scale like p/m, are negligible. Therefore,
the projection operators hold for all directions of the relative momentum k. In other words, the
spinor solutions are always eigenstates of the §, operator in the non-relativistic limit. Meaning
we can keep our interpretation of s = +1/2 along the z-axis.

The recipe for doing a bound-state decay rate calculation is now easy. First, we calculate
the amplitude for the process for the constituents. Then we incorporate the sum over spins by
using Equation together with the desired spin projector. There is one caveat, which is the
integral over the relative momentum k and the wave function that appears in the definition of
the bound state. We will come back to this later.

3.3 Spin Projectors for Bound State Production

The next step is to see if and how the projection operators change if we are interested in a
bound state production process rather than decay, see Figure (b) As mentioned earlier, for

ii'We work in the Dirac representation and for the spinors use the normalization condition u'u = 2F.

11



the amplitude we get an expression of the form

M oY a(p, 5)Ov(q, 5)C5%

This suggests that we should write the Clebsch-Gordan coefficients as
Crii = 0(0,5) P, u(p, s) (3.12)
272

such that we can apply the completeness relations of the spinors again. This will result in the
following equation

> a(p, s)Ov(g, g)cgjgg = Tr ((p + m)O(¢ — m) Pl ) . (3.13)

As the Clebsch-Gordan coefficients are real numbers, we can write

(0(q, 5) Pss,u(p, 5))" = u(p, s) Pss.v(q, 5), (3.14)

which, when using that complex conjugation and hermitian conjugation are the same for a
complex number, results in a relation between Pgg and Psg,,

Ply =~"Pls " (3.15)

Concretely, the projection operators for bound state production are given by

P 1 1 1+7
Y VE,+m /B + m' 2v2 (3.16)
;1 1 1+7° '

(—#(s.)

ISZ_\/Ep—i-m\/Eq—i-m S) 2\/57

where ¢ (5.) is again given by Equation [3.11] For the spin 0 case, we now have the factor %
to the rlght of the 7% and an additional minus sign, compared to the decay case. For the
spin 1 case, we also have the factor 1;772 on the right, and the polarization vector is complex

conjugated with respect to the decay projectors.

3.4 Alternative Spin Projectors

In the literature one often sees a different set of projectors being used, see Ref. [15].

reproduce the Clebsch-Gordan coefficients in Equation [3.5], there is a choice for the projection
operators different from those given in Equation [3.91 These, we could have also found by
immediately neglecting the p/m components in the spinors. We can choose the following

projectors
1 1

1
Py = — _5;
00 ﬂ\/Ep—l—m\/quLm( )
1 1 1 N

E\/Ep—l—m\/E —i—m<_7

Py =

(3.17)

o1 1 (1 L 2).
"= \/_\/E+m\/E+m 5 TR )

P 1 1 ( 1 - 1 2)
1-1 = \/_\/E —|—m\/E e 27 \/57 .

12



|2, 1oms) 11,1) 1, 0) 11, —1) 0, 0)
LY |1+ oo 0 0 0
32) @33 0 71— @) 0 7+ )
3. >®|2’2 0 \/Li(l_(Ei—zm)z) 0 \f(l"‘(Eer)z)
13, - | -3 0 0 1+ o 0

Table 1: Spin-sum coefficients for the addltlon of the spins of the bound state constituents
% ® % In the non-relativistic limit, where —=——; < 1 these reduce to the correct Clebsch-

. (E+ )
Gordan coefficients.

For the relative momentum direction along z, these pro jectors result in the spin-sum coefficients
given in Table ! In the non-relativistic limit where 0 + e < 1, these projectors result in the
correct Clebsch-Gordan coefficients. Since our bound state deﬁnltlon is already non-relativistic,
as we describe it using the non-relativistic Schrédinger wave function, these projectors are
equally valid.

To determine the projectors for bound state production we can still use Equation In
this case, we find

1 1 1
Pl - 5;
00 \/ﬁ\/quLm\/Eq—km(PY)
1 1 1
P, —_— = - 3 ,
Y V2B, +m/E, —i—m( 7)
1 | | . (3.18)
P/ ( 1 2)
P{,lz 1 1 1

If we introduce again the polarization vectors of Equation [3.11] we can write these projectors
in a more compact form as

P, =
00 Sm
| (3.19)

Py, = m(—%’&),

where we used that in the non-relativistic limit £ ~ m. If we take into account the momentum

terms as given in the right hand side of Equation [3.13, and we absorb the factor —VQZTiV[ ~ =

m
from the bound state definition into the projectors, we find, up to a minus sign for the spin 1
case, the projectors as often used in the literature, see for example Ref. [15]. The minus sign

stems from a different convention for the polarization vectors.

3.5 Towards a Matrix Element for Bound State Processes

Now that we have two sets of projectors that allow us to project on the correct spin config-
urations of the bound, we can work towards finding an expression for the matrix element for
bound state production and decay. The derivation we do is valid for both sets. Later, however,
when we start calculating in sections [5| and onward, we will use the sets of equations and
3.190 The first step is to expand the trace expressions we found earlier, equations [3.6] and 3.13]

13



as a power series in the relative momentum divided by the constituent mass. We start with
the bound state production, the bound state decay case is nearly identical.

Earlier we found the trace expression

> a(p, s)Ov(q, S)Crg = Tr (F(k)Pss.)

85

here we define
f(E)=(p+m)O(¢d —m). (3.20)

Remembering we are working in the bound state rest frame, we write

where P is the bound state momentum and we have p = P/2 + k and ¢ = P/2 — k. We want
to expand our function f(k) in the small parameter k/m in order to be able to perform the
integral over the relative momentum later. We start by taking out a factor m? of f(k) in which
case it is more obvious it is a function of A = k/m. We define f(\) = f(k)/m?. In this case,
we can write the expansion of f(k) as

1 1 " f(N)
ﬁ Z E ONLTONH2 « . o G \Hn

n=0

Fk) = AFTNB2 L\ (3.21)

A=0

Now we recall that we defined the bound state according to Equation 3.2}

B) = vair [ 00

11
C?% |k, s:—k. s
/_2m /_2m ; 5358 7S? 7S>7

where 1) (k) is the Fourier transform of the spatial Schrodinger wave function ¢(r). For a given
bound state 251 L; the wave function is given by

Y(r) = > CIM sastnrar, (v). (3.22)

MpMs

Here Cﬁ\g s are the Clebsch-Gordan coefficients to form a total angular momentum state
from the total spin and orbital angular momentum of the bound state. The spin part of
the wave function is contained in the bound state definition. The wave function v,z (r) is
the solution of the Schrodinger equation corresponding to the nth energy level and angular
momentum quantum numbers L and M. We will discuss these in Section [4] when we discuss
the Schrodinger equation with a Yukawa potential. The Fourier transform is then given by

&(k) :/d?)re“mr Z Cg%£SMS¢nLML(r)- (3.23)

My Mg

Combining this with the bound state definition we find

VoM d3k<

)= Y2 o / dreier 3 cgﬁgSMS%LML(r))Zcfj@k,s; ~k,5).  (3.24)

M Mg

14



Now for an arbitrary process 1 +2+---4+n— (n+1)+(n+2)+---+ (n+m)+ B we can
write

(Pnt1° " PntmPBs|iT|P1- - Pn) = (27T)454 (Z pi — pr> iM(Pi++Pn = Pnt1** PntmPBS)

(3.25)
, where ) p; and ) py, are sums over initial and final momenta, respectively. T follows from
S = 1+14T, see Ref. [13]. The left hand side of Equation can be worked out using the
bound state definition in Equation [3.24] to yield

v d3k —ik-r *
(27)45(4) (Xps _Epf)MBS / /dsff? 8 Z Cg%ZSMSwnLML(r)

My Mg

E SMS . a- . . ; . .
O S5 _k7 S;Pn+1,Ms, 115" ; Pntm, msn+m|27-‘p17 Mgy 5 Pn, m8n>7

(3.26)
where M g represents the matrix element for producing the Bound State. The complex conju-
gation of the bound state definition comes from using a bra in Equation [3.25l We can simplify
our expression to

VoM [ &k e
(2746 (Sp; — Ypr) Mps = o 2n)? /d3 ke Z C’Z%LSMS U, (1)
(3.27)

Mp Mg

Z CyMs (2m) W (Sp; — Spp)Me(k, s, 5),

where M¢(k, s, §) represents the matrix element for producing the bound state constituents at
momentum k in the bound state rest frame and spin configuration s, . Canceling the delta
functions and factors (27)*, and using the trace formula, eqaution [3.13|for > C’SMS "Mc(k, s, 3)

we find an expression for the matrix element of producing the bound state in terms of that of
producing the constituents

vV2M d3k iker *
Mos =550 [ o | [ 7™ 3 Olitsusvian, 0

My Mg

(3.28)

(3.29)

1 1 o f(N)
. — = H1\H2 .. \Kn
Tr <m2 z%n! ONTONE - - - O \im A:O)\ A N P | -
Here f(\) represents a process-specific function of A that appears inside the trace. We sup-
pressed the quantum number n of the wave function 1,7, to avoid confusion with the dummy
variable in the sum. Using linearity of the trace we can write
_V2M 1 i": 1 IM; " f(N) P
LMLSMs U\ G\ gnz - . . oaen g Ms
d3k 3 —ikr ) *
'/(27r)3 (/d TAPINR2 L Mg T (1) )
The M\ can be taken out of the r integral, the r integral is then the complex conjugate Fourier
transform of 1Z)nLML (r)
- " f(A)
_ - JMJ
Mps = 2m mz Z n! Z LMLSMS <3/\u1@)\u2 e OB PSMS
My Mg A=0
d3k .
. (/ (2 ) )\Ml)\lQ_ ,)\unwLML(k)) .
fifHere we ignored all the momenta and spins of the other particles in the process, these are implicit here.

(3.30)
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It can be shown that only the term n = L contributes, which gives the final result

M _ v ZML JMy aLf(k) P
BS = "om L LMLSMs S0\ Dfmfna - okre | " oMs
—\
24/ = 3.31
' TO( 3) ( )

'47r7,L \/_F( L) erR ()
Y Y ety [ A0 000,07 0.0),

1 D(L+ 2)2tE gt
mi1=—1 mp=—1

here, R,z (r) is the radial part of the wave function ¥, (r), Y;'*(6, ¢) the angular part, and T
is the gamma function. We have reintroduced the principal quantum number n on the wave
function and expressed everything again in terms of k*i. The derivation of only the n = L
term contributing and the method of working out the remaining integral over k are given in

Appendix [A]

This formula is easily generalized to bound state decay. Repeating the same derivation for
the bound state decay results in the following matrix element

P, SMS)
k=0

_ <—2 g)L (3.32)

QY™ (0,9) - Y{"(0,9)Y, (0, 9).

0" f (k)
JMJ
Mps = Im EA:/[ CLMLSMS (8[{3”18]{7“2 o OkrL
My Mg
1—\ L 21+L L
4mL \/_F( L) drt

E: E: ul*__ ML*

mi=—1 mp=—1

\

It needs to be noted that the meaning of f(k) and Psyy, are different than in the case of bound
state production. Here

f(k) = (¢ =m)O(p +m)
and the projectors are those of Equation
The equations [3.31] and [3.32] will be the formulae we will use to do the bound state production

and decay calculatlons in the rest of this work. Then we will also simplify the matrix element
formulae for specific cases of L.

The next step is to discuss the wave function of the bound state, as this plays an important
role in our matrix elements.
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4 The Schrodinger Equation With a Yukawa Potential

As was discussed before, and as can be seen in equations and [3.31] we need to know the
wave function of the bound state. In this section we will set up the problem of finding the wave
function, which is a solution to the Schrodinger equation with a Yukawa potential. We will also
develop a numerical approach to solve the problem. We start with setting up the problem.

4.1 Setting up the Radial Equation
4.1.1 Separation of Variables

Solving the Schrodinger equation for a spherically symmetric potential is something that is
treated in almost all textbooks on quantum mechanics; see, for example, [16]. Here we include
it for completeness and analyze the behavior of the solution near the origin, as this will become
important later. In spherical coordinates, the Schrédinger equation becomes (setting h = 1)

1 (10 [ ,00 1 9 (. 00 1 (%) _
o (ar (75 ) * mman (%5 * e (a2 ) )+ VOO0 = B0 (4

here, y is the reduced mass and p = m, /2 for a yx bound state.
Now we assume a solution of the form

U(r,0,¢) = R(r)Y (6, 9). (4.2)

Such an assumption leads to the following equation

1 d [ ,dR , 11 0 (. oY\, 1 &Y\
(Rdr (T dr)_QW [V(r)_E])+Y<smeae (Smeae>+sm2ea¢2 =0 (43

Now we can separate this into two equations. Both terms on the left-hand side of Equation |4.3
are equal to a constant. If not both were constant, the term dependent only on r would change
when we change 6 or ¢, contradicting the fact that the left term depends only on 7, and vice
versa. Following the standard literature, we introduce the separation constant [(I + 1), such
that we get

1 d [ ,dR ) B .

B (r 5) —2urt[V(r) — E] =1(l+1); (4.4)
1 1 0 (. 0Y 1 0*%Y
v <ﬁ% (51119%) + —sin2eaTs2> =—I(l+1). (4.5)

We will not be bothered with solving the angular equation, the solutions are well known and
are discussed in nearly all textbooks on quantum mechanics. The solutions are the spherical
harmonics [16]

YE (97¢) - \/ A7 (l + m)|€ ‘Pl (COS 9)7 (46)
where P/™ are the associated Legendre polynomials. For the radial part R(r), we are interested
in solving it explicitly, because it contains information about the potential. We start by making
the substitution u(r) = rR(r) which simplifies the equation to

_iddl:n(;‘) + <V(T) 4 S_’ul(l:; 1)) u(’r’) — Eu(r) (4.7)

This is the radial equation. It has exactly the form of the one-dimensional Schrodinger equation
with an effective potential given by

1il+1)
2u  r2

Ver(r) = V(r) + (4.8)
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4.1.2 The Yukawa Potential

In this work we are interested in dark matter bound states. When we consider them in the
non-relativistic case, the interaction between the two constituents of the bound state can, as
mentioned before, be described by the Schrédinger equation with a Yukawa potential |17,

V(r)=="e, (4.9)
where « gives the strength of the interaction and m is the mass of the mediator particle. For
production and decay rate calculations of such bound states, we need |R(0)|? and its derivatives
at the origin. Section will discuss the numerical approach taken in this work to approximate
these quantities. However, we can already say something about this without doing the explicit
calculation. Consider the limit as » — 0. If the power series expansion of the potential
contains no terms r" with powers n < —1, which is the case for the Yukawa potential, it will
be the centrifugal term that dominates near the origin. The potential and energy terms will be
negligible:

d*u(r) 1(+1)
drz2 = 2

u(r), (4.10)
which has the solution
u(r) = Ar™ + Br. (4.11)

The second term is unphysical as it blows up near the origin, therefore, we know that near the
origin the solutions will behave as u(r) ~ 71, Using u(r) = rR(r) we find R(r) ~ 7! near
the origin. From this we can conclude that |R(0)|> = 0 if [ # 0. Similarly, we can already say
IR =0k <L

4.1.3 Parameter Dependence of the Energy Eigenvalues

Without working out the exact solution, we can already say something about the behavior of
the energy of bound states as we change the parameters of our system, that is m, o and pu. The
derivative of the energy with respect to a variable is easily calculated as the expectation value
of the derivative of the Hamiltonian with respect to the parameter of interest, as stated by the

Feynman-Hellmann theorem [18]
0E | oH
— =( = 4.12
O\ < O\ > ’ (4.12)

which can be easily shown by using the normalization of the wave function and the chain rule
for derivatives. A represents an arbitrary parameter. To see how E changes with our parameters
we just replace A. For u this gives

(3 (5 rw)

_ (P
2442

——
- E—ven <o (4.13)

where we used the linearity of the expectation value in the penultimate step. When we consider
different values for p, this implies that for larger p the system becomes more bound.
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When we change the mediator mass m, we get

g—i = <g—:;> = <—r <—%) e_"”"> =a(e™™) > 0. (4.14)

This means that if we make the mediator mass larger, the state becomes less bound. This
agrees with what one would think intuitively, as m increases, the range of the Yukawa potential
becomes smaller. If we decrease m the range of the Yukawa potential becomes larger and the
energy becomes greater. Corresponding to a stronger bound system, as the binding energy is
given by —F.

Lastly we consider the change of energy with the parameter «, that is the strength of the
interaction. The derivative becomes

OE [V 1\ 1.

which again agrees with intuition. As o becomes larger, the interaction is stronger. 2£ is then

Oa
negative, meaning the energy becomes smaller, that is, more negative.
These three derivatives tell us a lot about the qualitative behavior of the system. This
will provide a useful check for the numerical solutions that will be constructed as explained in

Section [4.2]

4.2 Numerical Solution to the Radial Equation

Now we can start solving for the radial wave function R(r).

4.2.1 Discretizing the Problem

We are now tasked with solving the radial Equation for our Yukawa potential, that is

_id;(;) <V(r) N ;i_ul(l:; 1)) u(r) = Eu(r). (4.16)

Solving the problem analytically is a difficult task. There are exact solutions in terms of power
series using hidden supersymmetry of the Yukawa potential, see Ref. [19]. We will not go down
this path. Instead, the solution will be calculated numerically. To do so, the radial interval
r € [0, 00) is discretized. This is done by introducing a small step size a = 22z between lattice
points. Instead of the continuous interval, we now get a set of lattice points

{0,a,2a,3a,--- ,Na, (N + 1)a}. The point r = (N + 1)a will take the role of the point at
infinity. This point will be used to impose the appropriate boundary conditions. The value of
Tmae MUst be chosen such, that we can impose the boundary condition properly. This will be
made more precise later on. For a visual representation of this discretization procedure, see

Figure [4.1]

[ — a o o o o

=10 00 0 a 2a Tmax Tmax + @

Figure 4.1: A visual representation of the discretization procedure of the radial distance. The
point 7,,.. + a will play the role of the point at infinity.

Before looking at what such a discretization procedure does to u(r) and the radial equation,
we need to consider the boundary conditions on u(r). First, since u(r) = rR(r) we have
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u(0) = 0. Second, from the normalization of R(r) we find

1:/0007*2]R(r)\2dr:/000 |rR(r)|2dr:/Ooo fu(r)[2dr.

The factor r? comes from the spherical volume element. From this we conclude that wu(r)
must be square integrable. As we consider bound states, a nonvanishing probability density
at infinite distance is unphysical. Therefore, the second boundary condition is lim, ., u(r) = 0.

Using the discretization of the radial distance and the boundary conditions, we can look what
this does to the wave function. Instead of a continuous function, the wave function now becomes
a N + 2 component vector:

u(0)
u(a)
u(2a)
u(r) — , , (4.17)

U(Tmaz)

U(Tmaz + @)

which we call again u(r), but this time it is only defined at the lattice points. The boundary
conditions now imply that the first and last component of u(r) are zero. We exclude these points
from our vector, so we are left with a N component vector. For a general u; = u(r;) = u(ia)
the radial equation becomes

1 (d*u; U1+ 1) a _
_ _ ;| — —e ™ = Eu,. 4.18
2u < dr? 2 “ Tie U (4.18)
Only the second derivative still needs to be replaced by a discrete analogue. To find such an

expression for the second derivative of u; we can look at the Taylor expansion of u(r; + a) and
u(r; — a) around r = r; [20],

du(r;) — 1d*u(ry) ,

u(ri +a) = u(r) + —Fa+ 5—5La’ + O(d®); (4.19)
du(r;) 1 d*u(ry) o 3
i —a) =u(r) — = O(a”). 4.20
u(r; —a) = u(r;) o a+ 5 a2 a®+ O(a”) ( )
Adding the two equations and solving for % gives a discrete expression for the second

derivative:
dzu(m) ~ ui—f—l — QUZ + Ui—1
drz a? ’
where the error is on the order of a?, as the third derivatives cancel when adding the two Taylor
expansions. The problem to be solved is now reduced to solving

(4.21)

1 2 U(l+1) a 1 1
which is actually a system of equations:
01 0 O 0
101 0 0 m
1 2 I(1+1) a - \V 1 |010 1 0 Uy
diag (—— (—— — ) — _e—mn) _ _ g
: 1 Uy
0 00 1 0
(4.23)

VThis is, because the fourth derivatives are of order O(a*) and we divide by a?.
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The discretized problem is now that of solving for the eigenvalues and corresponding eigen-
vectors of the matrix on the left hand side of Equation |4.23] The eigenvectors are normalized

according to
N N

- / () Pdr = 3 JusAr = 3 fuia. (4.24)
0 i=1 i=1
Later we will be interested in calculating production and decay rates of bound states. For this
we need the quantities |R(0)|> and |R'(0)]? (and higher derivatives for D-wave, F-wave states
etc.), so it is important to see how these follow from the numerical solution. As R(r) = u(r)/r,
it is problematic to evaluate this at the origin. We approximate this by
|R(0)]? ~ ~—— (4.25)

which becomes a better approximation for larger N, as limy_.,, 73 = 0. For the derivative
evaluated at the origin, we use the forward derivative, which yields [20]

2
Uy

ma

|R'(0)]* ~ (4.26)

The Python code implementing this numerical approach to solving the Schrodinger equation
is given in Appendix [B]

4.2.2 Exact Solutions with a Yukawa Potential

An analysis of how the results from the code compare to the solutions to known problems (the
hydrogen atom and harmonic oscillator) is given in Appendix . Now we will check the results
of the discretization approach against the exact solution as presented in Ref. [19]. There,
hidden supersymmetry of the Yukawa potential is used to find the exact wave functions and
energy levels as a power series in the parameter § = #ﬂa The wave function is given by

2\’ (n—1-1), _ m
Ui (1,6, k) = \/ (nao) ((nﬂ)mi plePPN2HY (5,8, k)Y™(0, ), (4.27)

where p = 3—(; and ag the Bohr radius which depends on the parameters of the problem, ag = ;%a
Nilflil(p, J, k) is a polynomial in § that reduces to the associated Laguerre polynomials in the
case 0 = 0. These polynomials are given to order k in §. For the first few energy states these
polynomials are given explicitly in Ref. [19] up to order & = 5. As for the energy levels,
they are also a power series in §, which is given in the same paper up to order £ = 10. As
these formulas are very long and little illuminating, they are not repeated here. An important
note is that, as we consider only the solution up to order £ = 5, we need to be sure that
higher powers of ¢ are negligible, when compared to our numerical solution. For each energy
level, the critical screening length 9,,; indicates when we approach the continuum. The critical
screening lengths as calculated in Ref. [19] are given in Table . As we only consider up to
order k = 5, the normalization factor of Equation is only valid sufficiently far away from
the critical screening length, where higher order terms are negligible. When we approach the
critical screening length, this normalization no longer normalizes the wave function and the
power series is no longer accurate. This we need to take into account when comparing the
numerical approach to these power series.

First, we compare the radial probability densities as calculated from the analytical solution
to order k = 5 to those as found from the numerical calculation. The result is given in Figure
4.2l

21



5nl

(5nl

1.1906124207 (2)

0.02586938 (2)

0.3102092834 (2)

0.024026435 (1)

0.220118 (1)

0.0221591 (1)

0.139450295 (1)

0.11265 (1)

0.02034124 (1)
0.01864606 (1)

0.0913384 (2)

0.017095093 (1)

0.0788281106 (1)

0.015691075 (2)

0.067827 (1)

0.0198221 (1)

0.0400197 (1
0.0353883 (1

)

0.058099 (1) 0.01862667 (2)
0.049830665 (4) 0.01738685 (4)
0.0505831707 (2) 0.01615594 (4)
0.045155 (1) 0.01498071 (1)
0.01388348 (1)

2

1

0.031343456 (1)

1
1
0.012871446 (
(

0.011944528 (1)

0.035183478 (1)

0.0156708 (1

)
)
1

QUi WIN| RO =W N OWN RO OO O] ™

)

)

E

0.0321562 (2)
2)

2

2

(

0.0148561 (1
0.0291623 ( 0.01399716 (1)
0.02635015 (2) 0.01312892 (2)
0.02379897 (2) 0.01228586 (1)
0.021524523 (3) 0.011485698 (1
0.010736127 (1
(
(

0.0100397512

)

O N OO RN OO W NP OO WO ™

)
)
1
1

0.0093959992

)

22

Table 2: Critical screening lengths d,, for the first 9 values of n and corresponding [ values [19].




—— Numerical n=1 =0
0.5 1 Exact to order k=5, n=1 =0
Numerical n=2 =0
0.4 --- Exacttoorderk=5,n=21=0
] —— Numerical n=3 1=0
_—
'-l' -=-= Exact to order k=5, n=31=0
rUO 0.3 —— Numerical n=2 I=1
S—
= Exact to order k=5,n=2 =1
— l —— Numerical n=3 I=1
,_-f 024 ' --- Exact to order k=5, n=3 |=1
¥/ "“\‘ —— Numerical n=3 1=2
0.1 '.'1?t “"‘\- . Exact to order k=5, n=3 =2

Figure 4.2: The radial probability densities r?|R,;(r)|* from the numerical calculation and the
analytical calculation to order k = 5 overlain for 6 = 0.0274.

Here we see a good agreement between the numerical approach and the exact solution. In
this plot the parameters were chosen as follows: m = m, /5000, u© = m, and o = 1/137, which
gives § &~ 0.0274. These values were chosen such that the Yukawa potential supports bound
states up to n = 3,1 = 2. They have no physical significance. If we compare with Table [2]
we see that, indeed, for the first three n states the exact solution to order £ = 5 to be a good
approximation. Some more comparisons between the approximate and exact solution are given
in Appendix [D] § is varied by varying one of the three parameters a, m and p. There we see a
divergence between the exact and numerical solution for increasing 9.

To quantify the accuracy of the numerical calculation better, we look at the relative error
between the two methods. Only the small § regime is considered as this is where the wave
function 4.27is accurate to order k = 5. The result for two choices of § are shown in the figures

1.3 and [4.4

100 — n=1, =0 — n=1, I=0
n=2, 1=0 3.09 n=2, 1=0
X g0l — n=3,1=0 X — n=3,1=0
) o 251
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gz 201 2:
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PCode (T,)_sza:act (T)

Figure 4.3: Relative error (|——zzaz o) -100%) in the radial probability density for the
l

exact and numerical approach. Here 6 = 0.0069 and N = 6000. The right plot is a zoom-in of
the left plot.
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Figure 4.4: Relative error (|- PEMC;E; ) -100%) in the radial probability density for the
nl

exact and numerical approach. Here 6 = 0.0274 and N = 6000. The right plot is a zoom-in of
the left plot.

In both cases we see the same behavior as shown in Appendix [C] for the hydrogen and
harmonic oscillator cases. For large r, where the wave functions are approximately zero, the
error becomes large due to the comparison of such small numbers, we run in to problems of the
accuracy of numerical calculation. In both cases we also see narrow peaks again, these again
correspond to the zeroes of the probability densities, as before. Close to the origin, the error
for the n = 3,1 = 2 state grows. The origin is the same as before. Apart from these cases, the
numerical calculation does a very good job.

Lastly, we compare the numerically calculated energies to those given by the exact formula
in Ref. [19]. The energy as function of §, where ¢ is varied by varying one of the parameters

m, u or «, is given in figures [4.5] 4.6 and
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Figure 4.5: Bound state energy for n = 1 and | = 0 as calculated by the exact (orange dashed
line) and numerical (blue line) approach. In purple the relative error between the two is shown.
From left to right, 0 is varied by varying m, pu and «, respectively.
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Figure 4.6: Bound state energy for n = 2 and | = 0 as calculated by the exact (orange dashed
line) and numerical (blue line) approach. In purple the relative error between the two is shown.
From left to right,  is varied by varying m, pu and «, respectively.
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Figure 4.7: Bound state energy for n = 2 and [ = 1 as calculated by the exact (orange dashed
line) and numerical (blue line) approach. In purple the relative error between the two is shown.
From left to right, § is varied by varying m, pu and «, respectively.

As can be seen from these figures, in the regime of small d, where the exact formula to order
k = 10 can be expected to be valid, the numerical calculation agrees very well with the exact
solution. For the numerical calculation N = 6000 was taken. A nice qualitative check is to
realize that the results from these figures behave as was expected from the Feynman-Hellmann
theorem, equations [4.15, 4.14]and [4.13] As m increases, ¢ increases as well, and we see from the
figures that I/ becomes less negative, i.e. g—ﬁ > (. For  and «, an increase in these parameters
correspond to decreasing §. Again, in the corresponding plots we see that for decreasing o, F
becomes more negative, i.e. ‘g—f < 0 and g—g < 0.

All these checks we have done give the confidence to use the numerical calculation as an ac-
curate approximation to the probability densities and corresponding energy eigenvalues for a
system governed by the Yukawa potential with arbitrary parameters m, o and pu.

4.2.3 Energy Levels with a Yukawa Potential

Now, with the numerical approach at hand, we can have a look at the structure of the energy
levels in a Yukawa potential. In this section, we will use the following values for the parameters:
o= %, m = 0.511KeV and p = 0.511MeV. These values are chosen arbitrarily and have no
significance. These are merely used to show the behavior of the energy levels. We will keep
two of these parameters constant and vary just one at a time.

Varying the value of a gives the energy levels as shown in Figure 4.8, Here we see that
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when we increase a the energy levels become more negative, in agreement with Equation [4.15]
The spacing between energy levels also become larger in this case.

a = 0.002 a = 0.005 a = 0.007 a = 0.011 6 =0.46 5 =0.20 6=0.14 6 =0.09

-0.2

-0.4

E (eV)
E (ua?/2)

-0.6
=20

Fixed parameters:
-2 =051 MeV - _08
m = 0.51 keV

(a) (b)

Figure 4.8: The bound state energy levels as a function of « (left) and ¢ by varying « (right).

In the case of varying m, we see in Figure that for a heavier mediator the energy levels
become less negative.

o m = 0.051 MeV m = 0.256 MeV m = 0.511 MeV m = 1.022 MeV 6=0.01 6 =0.07 6=0.14 6=0.27

0.0

-0.2

E (ua?/2)

-0.6

-0.8

Fixed parameters:
a = 7.2993e-03
M =0.51 MeV 1.0

(a) (b)
Figure 4.9: The bound state energy levels as a function of m (left) and § by varying m(right).

Lastly, varying p results in Figure 4.10} Here again as expected, the heavier the mass of
the constituents, the stronger bound the system is.

26
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Figure 4.10: The bound state energy levels as a function of u (left) and § by varying p (right).

27



5 Dark Matter Bound State Production and Decay at
Electron-Positron Colliders

Now we are in a position to start doing actual calculations. We are interested in the production
and decay of dark matter bound states in electron-positron colliders.

5.1 Dark Matter Bound State Production

We start by considering the production of dark matter bound states. As we have seen before,
the matrix element for producing the bound state can be calculated from the matrix element
for producing the constituents. We will be interested in the lowest order processes that can
contribute to the production. We consider two processes. The first is the production of a dark
matter particle anti-particle pair together with a dark photon. The contributing diagrams are
shown in Figure 5.1} Of course, there are also contributions from the diagrams where it is the
electron or positron that radiates off the dark photon, but these are suppressed by an additional
factor of e.

Figure 5.1: The lowest order contributing diagrams for the process ete™ — yxV.

The other process we are interested in is that of the production of a dark matter particle
anti-particle pair with an additional photon. The two lowest order contributing diagrams are
shown in Figure [5.2]

Figure 5.2: The lowest order contributing diagrams for the process ete™ — yY7.

By looking at the quantum numbers of our bound states, we can already say which of the
two processes ete” — yxv and ee” — xxV will contribute to its production. Our model
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is invariant under parity and charge conjugation. This means we can use the C eigenvalues
to determine which of the processes is allowed. For the bound state we have P = (—1)&*!
and C' = (—1)¥*5. If we look at the virtual dark photon in the two processes we know it has
C' = —1. This means that in the process ete™ — xxV we need our final state bound state to
have C' = 1, such that together with the final state dark photon we have C' = (—1) -1 = —1.
This is only the case if L + S is even. In the case of the process ete™ — Y7y we need our
bound state to have C' = —1 to match the virtual dark photon. This happens only when L + 5
is odd. Of course, we still need parity and angular momentum to be conserved, but with our
C-parity argument we only have to calculate one process. If the matrix element turns out to be
zero we know it can only be a higher order process that contributes to its production. These we
will ignore here as they will be suppressed with respect to the other process that do happen at
lowest order. For the first few L values the dominant process based on the C-parity argument
is given in Table

Jre Process

0t [ ete” — xxV
177 | ete” = xxv
17~ | efe™ = xxv
ete” = xxV
17 | efem = xxV
2t Lete = xxV
27T Lete = xxV
177 | efe” = xxv
277 | ete” = x\Y
377 | efe” = xxv

O O O| O] 7| "d| 'd| | »r| 2|
—| R R ol R~ —|o| ~| o]ty
(@]
+
+

Table 3: The dominant process for producing bound states for the first few L values, based on
the C-parity argument.

Now we will simplify the matrix element formula of Equation for the different possible
bound states.
We start with the case L = 0. In this case, Equation |3.31|is easily worked out and reduces

to
V2M *5(0)
25H1G5) = Tr(f(0)P A 5.1
Ms( s) == —Te(f(0)Pra,) i (5.1)
In the case of L = 1, Equation reduces to
M (QS—HP ) _ Z Z CJMJ 8f( ) P /% (O>€u (5 2)
BS J) — 47T 2m L lMLSMS 8k o SMg nl (Mp)* .
L=— S

This still requires some work to get rid of the Clebsch-Gordan coefficients. The case without
spin, i.e. the ' P state is easy. In this case, the Clebsch-Gordan coefficients reduce to Kronecker
deltas and the resulting matrix element is

Mps(*Py) = —i % \/"L)T (agk(;u) k:075> €(nr,)- (5.3)

For the process ete™ — x X7, this matrix element vanishes. This means that the production of
the ' P, is suppressed with respect to other states. Intuitively, this makes sense, as we try to
couple a P =1 bound state to a P = —1 dark photon.
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For § = 1 states the matrix element requires a bit more thought. We do here a similar
procedure as we did earlier for rewriting the Clebsch-Gordan coefficients in terms of an inner
product with spinors. However, this time we use polarization vectors. We write

Ci]]\]JWLJlMS = 6( )MJMJ (Mg)> (54)

where we have introduced a two-index object M lf,f‘/fj . Using the explicit Clebsch-Gordan coef-
ficients from the literature for each combination (M}, Mg) allows one to find the explicit form
of MM The explicit form of M}’ can then be expressed in terms of outer products of
polarization vectors. With this, it can be shown that

%HWHQB if J=0
> MM = L (T, — I0L,) if J=1. (5.5)
M; 1 5 (ILuaIlg, +11,611,4) — lH wllag it J =2
Here 11, = —g,, + IZ +, this now allows us to do the polarization sum. Substituting Equa-

tion back into the matrix element and performing the sums over Mg and My, using the
completeness of the polarization vectors, we obtain the final form of the matrix element

3 RA0) . (9F () oo PPN oy (e PR
e (e, ) (o T ) (o 55).
(5.6)

The highest L state we will focus on are the L = 2 states. In this case the matrix element
formula becomes
P, SMS)
k=0

/ 0 f (k)
25+1 JM ;5
MBS( D 4 2m Z C2MLSMS (8k”18kﬂ2

. 5 PM pPn . P2 pr2
'RZ2(0) <_9“1 t+ —M ) MVQIJ\Z{; <_9“2 4+ M2 ) )

The case without spin is easily worked out, as the Clebsch-Gordan coefficients then become
Kronecker deltas. The resulting matrix element is
Mps('Dy) = - )
k=0 (5.8)

1 1 1 2f(k
5%<8ﬂ)
PH1 pri PH2 pre
~R£@(ﬂw”+ )Aﬁ%(ﬂww+ >7

Mps(PPy) =i

(5.7)

Z v/8m3 OkH1OkH2
M? M?

where for M?2M7 the polarization sum is that of the previous section.

viv2
The S = 1 D-states again require some work to get rid of the Clebsch-Gordan coefficients.
This time we rewrite them as
M 2Mp* ATJ M.y, poX
CQMLJ1MS Mpo FENASP €(Mg)A: (5.9)
Here we have introduced the three index object N/M7»°* for which we need the polarization
sums. Rewriting the Clebsch-Gordan coefficients this way allows us to do the sums over Mg and

M7y, using in the My sum the J = 2 polarization sum for the two index objects we introduced
for the P-states. The resulting matrix element is

. 1 1 /15 0% f (k)
Mas( DJ)__\/_ngZ or T\ G ohe

1
: (5 (HPV2HV10 + HVlPHUVQ) -

) Ry (0) TP T1#22 1,

??‘

0

(5.10)
Hyl,,zngp) NIMrpoX

Wl =
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The polarization sums for the three index polarization tensors are known and can be worked
out from the identities given in Ref. [21]. It can be shown that the contraction with the indexed
objects outside of the trace in Equation does not change the expression. Hence we conclude
the same polarization sums must hold for our three index objects. The polarization sums are
then given by

( 2
i Hp/\ TI#RTICY + TIYATIOH — ZTIMYTICF
20 3

+H0A (H;mez/ + TIYATIPH — %Huunpn>

2 2
_nga (H,u/«tn)\u 4 HVNH)\,u o grﬂu/n)m) >

1 1 1
6M?2 (Eaa)‘ﬁpaggﬁ (5 ( P " 5“) g " W) ECV"“”PCQLU
1 1
ankﬁpaggﬁ (5 (HpVHL§ HpLHEV) §HP£HW> EC,WWPCQW

1 1
apA o L oL o L VK
E NJMJ,,OO')\N*JMJ,MVH _ +e ? BPOégf/B (5 (H I ¢ + II ng) - §H £HM ) GC nPCgW
M, apAf 1 ovTTLé oLTéY 1 ZSniZ Cukn
+e€ Poges 3 (H IT*s + II7"11 ) — gl_[ ") M Pe g,y

1
6 (Hp/,LHO’I/H)\R + Hp,uHUnH)\Z/ + HpuHa,uH/\n

+HpuHoﬁHAu + HanoVH)\u + Hano,uH)\u>
1

_1_5 (HpUH)\RH,LLI/ + HpUH/\uH;m + HpUH)\uHI/H

+Hp)\HanHuu + Hp)\HUVH;u@ + Hp)\HUun@

+H0AHpHHpV + Ho)\prH;m + HUAHp/,LHVn)

(5.11)
Calculations for the 2D, state shows that the lowest order diagrams do not contribute.
These simplified matrix element formulas can now be directly applied to calculate differential
cross sections and decay rates at electron-positron colliders.

5.2 Decay of Dark Matter Bound States

Now we take a look at the decay of bound states. We consider decays to dark photons only.
Decays to standard model particles will be suppressed with factors of e. We can again, to lowest
order, consider two processes. The Feynman diagrams for these process are shown in figures

5.3l and [5.4]

31

it J=1
it J=2
it J =3



(a) (b)

Figure 5.4: One of the six lowest order contributing diagrams for the process yy — 3V.

The different bound states can decay via one of these processes depending on their C-parity.
In the case of a two dark photon final state we have C' = 1. Bound states with C' = 1, that is,
L + S even, can decay via this process. For the three dark photon final state, the final state
has C' = —1. Therefore, bound states with odd L + S can decay via this process. The different
dark matter bound states and the process through which they decay are given in tabulated in
Table @

Process

0~ | xx =2V
177 | xx — 3V
1™ | xy — 3V
xx — 2V
17 | xx — 2V
2T | xx — 2V
27T | xxy — 2V
== | xx — 3V
277 | xx — 3V
377 | xx — 3V

0| 3| O| 3| | O | O] L] w2|
el el e k=l e e el B R E=] K ¥))
S
+
+

Table 4: The dominant decay process for bound states for the first few L values, based on the
C-parity argument.

The calculation of the matrix elements is done by simplifying Equation like we did in
the previous section. For the C' = 1 states we find, in the bound state rest frame, the following
decay rates.
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Aap[Rao(0)P(mF — mi,)*?

L('Sy —2V) = X 5.12
( 0 — ) mx(m%/ . Qmi)g ’ ( )
\ 24|R;, (0)]2adyy /m2 —mi (—8mim?2 + 3myj, + 6m})
MR —2V) = . N ; (5.13)
My (mv — 2mx)
16| R (0)2a2.m?2 2 . 9)\5/2
TCP —2V) = B )l O‘D;”V (m><2 4mv> : (5.14)
ms, (mv — 2mx)
FOP s 21) 24| R}, (0)[adyy /m2 — m?, (—6mim? + 3my, + 8my) . (5.15)
’ 5y (m%, — 2m§<)4 ’ ‘
64021 R".(0)]2 2 _ 0n2)\7/2
DD, — 2v) = S0p O, — my) 7 (5.16)

my (m? — 2m§()6

Here we have used that the bound state mass is approximately 2m,, i.e. we have neglected the
binding energy.

These will prove to be important when considering whether or not bound states decay
within detectors. For the three dark photon decay the calculation gets complicated and is not
practical to do analytically. For the three dark photon decay of the 3S; decay one may refer to
Ref. [§].
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6 Dark Matter Bound States at Belle 11

With a complete description of the dark matter bound states at our disposal, we can now take
it to experiment. The first experiment we will look at is Belle II.

6.1 The Belle II Experiment

Belle 1T is an experiment located in Tsukuba, Japan. It is an electron-positron collider designed
to study the properties of B-mesons. It operates at a center-of-mass energy of /s = 10.58 GeV
[22]. A schematic view is given in Figure

positron (4GeV)

Figure 6.1: A schematic view of the Belle II experiment. The electron and positron beams have

different energies, 7GeV and 4 GeV respectively. This corresponds to a center-of-mass energy
of v/s =10.58 GeV. Figure take from Ref. .

Belle IT will be the first experiment where we will look at the signatures left by dark matter
bound states.

6.2 Producing Bound States

To examine the signatures left by dark matter bound states, we must first look at producing
them at Belle II. The first step is to look at the possible bound states that can be produced.
We note that the center-of-mass energy at which Belle 1T operates is /s = 10.58 GeV. We
are looking at producing xx bound states with mass m,y ~ 2m,. Earlier we saw that bound
states are produced via either of the processes eTe™ — yxV or ete™ — xx7v. In both cases
almost all the mass of the final state particles is contained in the bound state, as m., = 0 and
my < m,, where the latter follows from the inequality for the requirement of bound state
formation. Therefore, we must have m, < 5GeV if bound states can form at Belle II. Now we
can take another look at the parameter space (ap,m, ), where my = 100 MeV. This is shown
in Figure [6.2]
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Bound States
(n£)=(1,0) = (n,4)=(3,0)
(n,£) =(2,0) s (n,f)=(3,1)
o (nf)=(2,1) mEm (n,4)=(3,2)

101,

my [GeV]

Figure 6.2: The parameter space with relevant benchmarks for Belle II. The red dashed line
gives the value m, = 5GeV below which Belle II can produce bound states. The vertical red
lines give two benchmarks for ap, which will be studied.

We consider two benchmark values of ap, ap = 0.1 and ap = 0.5. As can be seen from
Figure [6.2] the stronger the interaction, the more bound states can form. We can look at the
energy levels for the bound states and see if we can distinguish different bound states based
on their invariant mass m,y = 2m, — E, where Ep is the binding energy, i.e. the negative of
the energy eigenvalue that follows from the Schrodinger equation. For ap = 0.1 we can only
produce n = 1, [ = 0 states, i.e. the 1S, and 2S; states. These we can not distinguish based
on invariant mass, as they have the same energy eigenvalue. For the choice ap = 0.5 we can
produce more bound states. The energy as a function of mass m, is shown in Figure
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Figure 6.3: The binding energy levels of the different bound states for ap = 0.5 as a function
of m,.. The different lines start at the first sampled point (in 0.5 GeV steps) where the Yukawa
potential supports the relevant bound state.

As a benchmark we use that Belle II can resolve invariant masses with a resolution of 10 MeV
[24]. With this, we see from Figure that we can distinguish between the different n states.
For a given n value, the energy difference between different [ values is too small to resolve.
Now, we can look at the differential cross sections for producing the different bound states. We
always do this in the center-of-mass frame of the electron-positron beams.

6.2.1 Differential Cross Sections for ap = 0.1

For the case of ap = 0.1, there are only two possible bound states that could be produced at
Belle II for m, < 5GeV, that is the 1S, state and the *S; state. The differential cross sections
for m, = 2GeV are shown in figures [6.4] and [6.5]
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1S, n=1, my,=2 GeV

00 05 10 15 20 25 3.0
0

Figure 6.4: The differential cross section in units of picobarn for the process e™ +e~ —! Sy+ V.
Here 6 is the angle between the dark photon and the initial electron. The differential cross
section is normalized by a factor of €2, which only constitutes an overall factor.

351, n=1,m,=2GeV

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0

Figure 6.5: The differential cross section in units of picobarn for the process e™ +e= —3 S| +7.
Here 6 is the angle between the photon and the initial electron. The differential cross section
is again normalized by a factor of €2.

Before we interpret what these mean for detecting the bound states, it is important to note
the difference in magnitude of these differential cross sections. The differential cross section for
the 3S; production has a collinear divergence. We have not bothered to resolve this, because
if we can measure the photon, the angle 6 is not very near 0 or m anyway. It is, however,
an important feature. For the 'S, production we have a cosine like shape, whereas the 35,
production shows a strong preference to produce along the beam axis. This means that in
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this case we are able to distinguish between the bound states, when we reproduce the angular
distributions in experiment, given we can detect the bound states. More on that later.

6.2.2 Differential Cross Sections for ap = 0.5

When we consider a stronger interaction, by setting ap = 0.5 there are many more bound
states possible for masses m, < 5GeV. Here we will consider three benchmarks for m,: 2 GeV,
3.5GeV and 5 GeV.

For m, = 2GeV there are three possible states (n,l) = (1,0),(2,0),(2,1), see figures and
6.3 This means the following bound states, in the notation n?>**'L; can be produced: 1'S,
135, 218y, 23S, 2°Fy 5. Here the 'P; state is absent as discussed before. The differential
cross sections for these states are given in Figure [6.6]
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Figure 6.6: The differential cross sections for all possible bound states at Belle II for m, =
2 GeV, normalized by a factor of €2. The angle 6 is the angle between the (dark) photon and

the initial electron.

From the figure we see a clear distinction between the processes that are produced via
ete™ — xx + V and those that are produced via ete™ — x¥ + 7, the latter again having a
collinear divergence. The different n states of a given bound state are indistinguishable based
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on the shape of the differential cross section. The reason is that the difference between the n
states in the differential cross section is in the wave function, that only gives an overall factor,
and in the binding energy that is negligible compared to the mass of the yy pair. The binding
energy difference between the n = 1 and n = 2 states are, however, greater than 10 MeV, see
Figure [6.3. This means, we can distinguish based on the invariant mass. We cannot, however,
distinguish between the 1S states and the 3P; states based on the invariant mass or the dif-
ferential cross sections.

If we increase the mass of the x particle to m, = 3.5GeV, there are nine possible bound
states. Again from Figure [6.3| we see that with a resolution of 10MeV we can distinguish the
invariant masses of the different n states. We cannot distinguish between L states this way:.
The differential cross sections for the possible bound states are shown in Figure [6.7]

1So, n=1, my=3.5 GeV 1Sg, n=2, my=3.5 GeV 1So, n=3, my=3.5 GeV
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Figure 6.7: Differential cross sections of the nine possible bound states for m, = 3.5GeV. 0 is
again the angle between the initial electron and the final state (dark) photon.

The content of this figure is almost the same as that in the case of m, = 2GeV. The extra
n = 3 states cannot be distinguish based on the differential cross sections from the lower n
states, they can through their invariant mass as was mentioned before. The only difference is
in the behavior of the 3P, state, which now peaks at # = 7/2, i.e. normal to the beam axis.
This allows us to distinguish this state from the other *P; and S states, which was not the case
when m, = 2GeV.

The final mass we look at is m, = 5GeV for which there are still more bound states pos-

sible, fifteen in total. Compared to the case m, = 3.5GeV we now have D states and exited
3Py states. The differential cross sections for all these states are shown in Figure
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Figure 6.8: Differential cross sections of the fifteen possible bound states for m, = 5GeV. 0 is
again the angle between the initial electron and the final state (dark) photon.

Just as before, the same distinction between the bound states based on their production
process is possible, now with the ! D, state being indistinguishable from those that are produced
via ete”™ — yx + V and the 3D states being indistinguishable from those that are produced
via ete™ — xx + 7. The 3D, states are not present, as discussed before. For m, = 5GeV the
3P, states behave differently from the other 3P; states, just as was the case for the 3P, states

for m,,

= 2GeV.
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6.3 Detector Signatures

Now that we know that we can distinguish between certain states based on their invariant mass
and their differential cross section, it is important to note that these depend on our ability to
detect the bound state decay products. In the case of the process ee™ — xx + v we could,
of course, detect the photon and, if the bound state decay products are sufficiently long-lived,
use missing energy and momentum to reconstruct the rest. In the case where there are only
particles of the dark sector, i.e. y, ¥ and V', we cannot extract all this information. Therefore,
we will focus on detecting the bound state itself, or its decay products.

The first question we must then ask is whether the bound state decays within the detector
or escapes. Earlier we discussed the possible decay channels of the different bound states, ei-
ther to two or three dark photons to lowest order. In the case of the two dark photon decays
we can do this calculation explicitly as we did in the previous section.

6.3.1 Detector Signatures for ap = 0.1

We start again by considering ap = 0.1, for which we only have the two n = 1, L = 0 states
1S and ®S;. The decay length of the 'Sy state, as a function of m, in the center-of-mass frame
of the electron-positron beams can be calculated using

CM 1
L= pB_5_7 (6.1)
ﬂlBS:F
where the subscript BS indicates the bound state, and the superscript CM indicates that we
consider the momentum in the center-of-mass frame. The decay width is given in the previous
section. The result is given in Figure [6.9]
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Figure 6.9: The decay length of the 'Sy state produced via ete™ collisions as a function of m,
for ap = 0.1. The decay length is of the order of picometers.

Belle II is able to resolve distances of the order of tens of micrometers|25]. Hence, the decay
of the 1Sy is prompt. Now the question becomes whether we can detect the bound state decay
products. As discussed before, it is important to note that the C' = —1 states decay to three
dark photons and that such a decay is not easily calculated. Here we will assume the 35 state
also decays promptly.
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Now we are interested in the decay products of the bound states in the center-of-mass frame.
The decay products are dark photons. The dark photons are also unstable and decay to
electron-positron pairs. For our benchmark value of my = 100 MeV, this is the only possible
decay. Other decay products are too heavy. The lightest alternative for decay to standard
model particles is to a up~ pair or a pair of pions, both of which require an invariant mass of
the dark photon that is larger than the benchmark of 100 MeV. Decay to dark matter particles,
i.e. a yx pair is also not possible, because we consider the region of parameter space where
bound states can form, which requires m, > my . So the final question to be answered here is
if we can detect the decay of the dark photon. We start in the rest frame of the dark photon
and consider its decay to an electron-positron pair, the Feynman diagram of which is shown in

Figure [6.10]

€+

Figure 6.10: The lowest order contributing diagram to the decay of a dark photon to an electron-
positron pair.

The decay width is easily calculated and is given by

O ae?\/m2 — 4m2(2m?2 + mi) 6.2)

2
3my,

where « is the fine structure constant. To examine the decay length of the dark photons we
need to use Equation [6.2] together with Equation 6.1} where in the latter equation we, of course,
use the dark photon mass and momentum. The hardest part here is to find the dark photon
momentum in the CM frame. We examined the decay of the bound state in its rest frame. In
the case of a decay to two dark photons the kinematics are fixed and we know exactly the dark
photon four momentum. In the case that the bound state decays to three dark photons, we
assume that the energy of the bound state is divided equally among the dark photons. The
kinematics and the transformation to the CM frame are discussed in Appendix[E] The resulting
decay lengths as a function of m,, for the dark photons coming from the 'Sy decay and those
coming from the 3S; decay, are given in Figure
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Figure 6.11: The decay lengths of the dark photons in the eTe™ CM frame as a function of m,,.
Here the value ¢ = 107* is chosen.

From the figure we see that the decay length is on the order of tens of millimeters for all
possible masses m, for which bound states can form at Belle II. Such values correspond to
displaced vertices. We can look closer at the decay probability P using an exponential

P(z) = %e‘I/L, (6.3)

where z is the distance traveled. This decay probability is shown in Figure for a few values
of m,,.
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Figure 6.12: The decay probability of the dark photons coming from bound state decays as a
function of distance traveled.

From these figures we see that many dark photons decay near x = 0, but there is also a
significant region away from x = 0 up to distances of x = 1-2cm. This means that dark matter
bound states would have a clear signature at Belle II for our benchmarks. That is, two or three
electron-positron pairs coming from displaced vertices.

One may generalize this to arbitrary e. The decay width scales with 6%, and therefore the
decay length does too. For arbitrary choices of € the decay probability density then becomes

2 i}
P(z,¢) = S/t (6.4)
L
where L = €2L. So for smaller ¢ the distribution becomes flatter.
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6.3.2 Detector Signatures for ap = 0.5

Now we will examine the detector signatures if the interaction is stronger, i.e. ap = 0.5. As
mentioned before, there are now more bound states, and the possible bound states depend on
the mass m,. We can repeat the analysis we did when ap = 0.1. We start again by looking
at the decay lengths of the different bound states as a function m,. Again, we only do this for
the states that decay to two dark photons. The decay length of these bound states are plotted
in Figure|6.13]
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Figure 6.13: The decay lengths of the different bound states that could be formed at Belle II
for ap = 0.5 as function of the mass m,. Only the values of m, for which each bound state
can form is shown.

From the figure it is clear that the largest decay length is on the order of a few nanometer.
Most have decay lengths on the order of picometers. Again, this corresponds to prompt decay.
We assume that the bound states that decay to three dark photons also decay within the
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detector. Now we will shift our focus to the decay products of the bound states. The decay
lengths of the dark photons coming from the bound state decay are shown in Figure [6.14]
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Figure 6.14: The decay length of the dark photons coming from the bound state decay for
ap = 0.5.

Here, only the decay lengths of the dark photons coming from the 1Sy and the 3S; decay are
shown, with the same approximation for the three dark photon decays as before. The reason
for only looking at these two decays is that the difference with the other states is minimal.
This is clear from Equation The decay lengths of the dark photons coming from the decay
of different states only differ in their momentum in the center-of-mass frame. The momentum
depends on the number of dark photons a bound state decays to, and on the bound state mass.
The former introduces the difference between the decay lengths for the dark photons coming
from the BS — 2V and BS — 3V decays. The mass difference between bound states comes
from the different binding energies. As these are negligible compared to m,, P¢* and mpg
are approximately the same for all states with the same decay channel. From the figure we
notice again that the decay length is on the order of tens of millimeters. Distances that are
resolvable at Belle II. For three values of m, the decay probability density of the dark photons
as a function of distance traveled is shown in Figure [6.15]
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Figure 6.15: The decay probability density of the dark photons coming from bound state decays
as a function of distance traveled.

These results are almost identical to those we found for ap = 0.1. This makes sense as
there is no ap dependence in equations [6.1] and [6.2] The only differences are that in the case
of ap = 0.5 bound states can form at lower masses m, and there are more bound states. The
binding energies for the bound states differ for the different values of ap, but they are still
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negligible compared to m,. So also in the case ap = 0.5, and any other ap for that matter,
we would see electron-positron pairs coming from displaced vertices. Under the condition that
ap is such that the Yukawa potential supports bound states.

6.4 Summary of Distinguishable States and ¢ Requirement for De-
tection

We end our analysis of dark matter bound states at Belle IT with a summary of which states can
form and which can be distinguished for our benchmark parameters and discussing for what
values of € bound states can be observed at Belle II.

For ap = 0.1, there were only two bound states, 115, and 13S; which were distinguishable
based on their differential cross sections, no matter m,. Of course, m, should be such that
bound states can exist and can be produced at Belle II.

For ap = 0.5 the (in)distinguishability is shown in Table 5| For our three benchmark values of
m, the bound states that can be produced are shown. They are grouped by square brackets.
States within the same bracket can not be distinguished based on invariant mass, when we have
a resolution of 10 MeV. Within each bracket, curly brackets indicate indistinguishability based
on the differential cross section.

m,, [GeV] | Grouped Bound States
2.0
[{1'So}, {1°51}]
[{2'So, 2°Fy, 2°P1, 2°P»}, {2°S:}]
3.5
[{1'So}, {1%5:}]
[{3"So}, {3°51}]
[{2'So, 2°Py, 2°P1}, {251}, {2°P»}]
5.0
[{1'So}, {1°S1}]
[{2'So, 2°Py, 2°R}, {2°5:}, {2°Py}]
{3150, 3°Ry, 3°P,, 3' Dy}, {3°Sy, 3°Ds, 3°Dy}, {3°P1}]

Table 5: Groupings of bound states for different dark matter masses m,. Square brackets group
states indistinguishable in invariant mass; curly braces indicate further indistinguishability in
angular or differential distributions.

To get an idea as to what values of € result in visible dark matter bound states we will
require 10 events as a benchmark. Our calculated cross sections are of the form €20, so we
require

10 = 2040t Lint, (6.5)

where L;; is the integrated luminosity. So this equation is just the number of events calculated
as the product of the integrated luminosity and the total cross section of the process of interest.
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Our requirement for ¢ then becomes

10

€> .
Otot Lint

(6.6)

The aim of Belle II is to reach an integrated luminosity of Ly, = 50 ab™'[22]. To get the
total cross sections for the production of the different bound states we integrate the differential
cross sections over the angle §. For the differential cross sections with a collinear divergence
we make an approximation by excluding parts at both ends of the interval and integrate over
0 € [%, %], which corresponds to excluding 10 degrees at both ends.

For ap = 0.1 the total cross sections and minimal € to expect 10 events are given in Table

[

State m, = 2GeV m, = 3.5 GeV my = 5GeV

1'Sy | 0=0.0266, € >2.7x 1073 | 06 =0.158, e >1.1x 1073 | 0 =0.0718, ¢ > 1.7 x 1073
135S, | 0=0.166, e>1.1x1072 | 0 =0.927, e >4.6x107* | 0 =9.11, ¢ > 1.48 x 10~*

Table 6: Total production cross sections (o) and corresponding lower bounds on the kinetic
mixing parameter (€) for different bound states and dark matter masses m,. All cross sections
are given in picobarn.

All of these values of € fall within a region not excluded in Figure for my = 100 MeV.
Values between € ~ 1073 and € ~ 1073® = 3.16 - 10~ fall within reach of what Belle II can
observe, see the region in Figure denoted Belle II. This indicates that the states 1'Sy and
135, could be observed at Belle II for our benchmark values with the signatures as discussed
before.

For ap = 0.5 we can do the same. The total cross sections and the minimum e for 10 events
are given in Table [7]

State m, =2 GeV my, = 3.5 GeV m, =5 GeV
115, (338, 2.43 x 10’5) (742, 1.64 x 10’5) (527, 1.95 x 10’5)
135, (429, 2.16 x 10’5) (804, 1.58 x 10’5) (4680, 6.54 x 10’6)

215, | (21.6, 9.62 x 107°)

235, | (27.0, 8.61 x 1079) (715, 1.67 x 1075)

23P, | (0.0306, 2.56 x 1073) | (0.102, 1.40 x 1073) |  (37.1, 7.34 x 10~9)
)

70.1, 5.34 x 10~

( (33.2, 7.76 x 1077)
(81.5, 4.95 x 10

5

)

23P | (0.617, 5.69 x 107*) 8.19, 1.56 x 10~ 126, 3.98 x 10~
(

5
( Y ( °)
2P, | (0.264, 8.70 x 104) | (6.40, 1.77 x 1074) (200, 3.17 x 1077)
- (6.19,1.80 x 1074) | (
( Y °)

3'Sp 5.82,1.85 x 1074
39, - 7.26, 1.66 x 10~ (148, 3.68 x 10~

3° Py - - (7.58, 1.62 x 1074)
3P - — (25.8, 8.81 x 1079)
3°Py - — (40.5, 7.02 x 1075)
3'D, - - (0.104, 1.39 x 107?)
3*D, - - (0.00816, 4.95 x 1073)
3° Dy - ~ (0.000907, 1.49 x 1072)

Table 7: Total production cross sections (in pb) and corresponding lower bounds on € for each
bound state, at different dark matter masses m,.
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From this we observe that our benchmark value of € = 107, in combination with ap = 0.5
and my = 100MeV, is sufficient to make many of these bound states observable at Belle
IT. However, it is important to note that ap = 0.5 is quite large and approaches the non-
perturbative regime. This benchmark should therefore be interpreted more as an illustrative
case for exploring the behavior of dark matter bound states than as a precise prediction for
experimental outcomes.

49



7 Dark Matter Bound States at FCC-ee

After examining dark matter bound state production at Belle II, we now turn our attention to
the FCC-ee experiment.

The Future Circular Collider (FCC) is a next-generation collider project proposed at CERN,
envisioned to surpass all existing colliders in size and precision. It will consist of an under-
ground circular tunnel with a circumference of 90.7 km, spanning the Franco-Swiss border.
A feasibility report for the project was published in March 2025 [26] 27, 28]. The FCC will
initially host an electron—positron collider (FCC-ee), designed to operate at center-of-mass en-
ergies between 90 GeV and 350 GeV. This phase is expected to begin in the late 2040s and run
for approximately 15 years. In the longer term, the same infrastructure will be repurposed for
the FCC-hh, a proton—proton and heavy-ion collider targeting collision energies of up to 100
TeV [29].

The FCC will not only provide deeper insights into the Standard Model but will also be sen-
sitive to weakly coupled dark sectors and other candidates for physics beyond the Standard
Model. Examples include heavy axions, dark photons, and long-lived particles [30]. This makes
it the ideal environment to study our dark matter bound states.

7.1 Producing Bound States at FCC-ee

When considering bound state production at FCC-ee, we have much more energy than at Belle
I1. Consequently, the Z — V-mixing term, introduced in the Lagrangian of Equation [2.3], should
be taken into account. This means that for the process ete™ — yxV, in addition to the di-
agrams shown in Figure 5.1 we must also include those where the intermediate propagator is
a Z boson instead of a V. Similarly, for the process efe™ — x¥7v, as shown in Figure [5.2]
we should also account for diagrams where the propagator is a Z boson. Additionally, if the
center-of-mass energy is sufficient, bound states that are produced via the latter process may
also be produced via ete™ — yxZ. For the former process, replacing the external V with a Z
boson would lead to an amplitude that is suppressed with an additional factor of . As we are
interested in working in the non-relativistic limit, we will consider bound states with masses
sufficiently close to the center-of-mass energy, such that the possibility of producing an on-shell
Z boson is excluded.

As mentioned before, the FCC-ee experiment will operate at different center-of-mass ener-
gies. We will consider two runs. The first will be at the Z pole, i.e. /s = 91.2 GeV. The
targeted integrated luminosity for this run is 125 ab™'. The second run we consider is that at
the center-of-mass energy /s = 240 GeV, where the expected integrated luminosity is 10.8 ab ™!
[26]. These integrated luminosities will help us identify the range for e for which dark matter
bound state production processes are observable.

7.1.1 Z Pole Run

For the Z pole run at /s = 91.2 GeV we take a benchmark value m, = 35 GeV to investigate
the dark matter bound state production. We also set ap = 0.1. Together with my = 100 MeV
we obtain 0 = 0.0571, which from Table [2] implies we can produce bound states up to n = 4,
L = 2. However, we will keep our discussion to states up to n = 3.

When the center-of-mass energy is set to the Z mass, it will be the diagrams with the Z
propagator that dominate over those with a V' propagator. Because the experiment is tuned to
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the Z mass, the propagator will feature a divergence for \/s = mz. We remedy this by taking
into account the finite life time of the Z boson via the Breit-Wigner formula [13]

1 1

—
2 2 . ;
5 —my s—my +imzl'y

(7.1)

where I'y is the decay width of the Z boson. The differential cross sections for the possible
bound states for our benchmark values are shown in Figure [7.1]
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Figure 7.1: Differential cross sections for the possible bound states at FCC for m, = 35 GeV,
ap = 0.1, my = 100 MeV and /s = 91.2 GeV. The angle 6 is the angle between the initial

electron and the final (dark) photon. The differential cross sections are normalized by a factor

2.

As we are dealing with a collinear divergence for the processes that involve a photon, the
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cutoff on the vertical axis is arbitrary and chosen such that the shape of the differential cross
section is easily visible. This does not influence the rest of our discussion, as our predictions are
not valid there anyway, because we have not resummed the divergent contributions. From the
differential cross sections we can group the different states again in indistinguishable classes.
We have ntSy for n = 1,2,3 and the n®P, for n = 2, 3 states as one group. Then the n3P; for
n = 2,3 and J = 1,2 as the second group and lastly the n®S; states for n = 1,2,3 and the
3D states for J = 1,2 as the last group. It is difficult to determine the precision of invariant
mass measurements for a general process, as this is very much process dependent. It could be
estimated from the expectations for other processes. FCC-ee is expected to have extraordinary
precision for measurements of, for example, the Z mass|26]. Here we will make a conservative
estimate of 100 MeV precision. The energy levels of the different states of the xx bound state
for the parameters m, = 35 GeV, ap = 0.1 and my = 100 MeV are shown in Figure[7.2]
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Figure 7.2: Energy levels of the different energy states of the bound state xx for the parameters
my = 35 GeV, ap = 0.1 and my = 100 MeV.

Using our benchmark of 100 MeV precision, we could only distinguish between the different
n states. The different L states within each n are indistinguishable on the basis of their mass.

Now that we know which states we can distinguish we will look at the values of ¢ needed
to observe each bound state. We calculate the total bound state by integrating over the angle
0, where for the states with a collinear divergence we take out 10 degrees on each side of the
interval. We use Equation to determine the required values of € to observe 10 events. We
use here the goal of the FCC-ee experiment to reach an integrated luminosity of 125 ab™ The
total cross section for each state and the required e to observe it is given in Table 8]
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State n>**1L; | o (Pb) € > State n> 1L | o (Pb) € >

1S, 0.430261 431-107% | 2°P, 508-107% | 1.25-1072
215, 0.0504038 1.26- 1073 | 33P, 1.36-10~* | 7.67-10°
315, 0.0120741 2.57-107° | 22 517-107% | 1.24-1072
135, 6.883-1072 | 3.41-1073 | 33P, 1.39-10=* | 2.40- 1072
235, 7.241-1072 | 3.32-107° | 3'D, 2.63-10719 | 174

335, 1.739-107% | 6.78 - 1073 | 3°D;, 2.26- 107" | 59.5

23P0 3.56 - 10~° 4.74 - 1072 33D3 2.51-10712 | 178.5
33P, 9.60 - 107 9.13-107°

Table 8: The minimum value for € to expect 10 events of bound state production.

From this we see that for the 115, state, the required value of e for detection is of the same
order of magnitude as the not excluded value € = 10~* we used as a benchmark. For the other
S-wave and some P-wave states, the value of € is somewhat larger, but still in a non-excluded
region of Figure 2.1} For other states, it is one or more orders of magnitudes larger, which is
in an excluded region in the (my,€) space, see Figure . We should note, though, that these
bounds are model specific. The additional complexity of dark matter particles and bound state
formation could alter the bounds. Although larger integrated luminosities could in principle
lower the required value of € to achieve observability, the current benchmarks remain out of
reach. Of course, it is possible to explore alternative benchmark values for ap, m, and my that
might yield observable signatures. However, in a given physical model, these parameters are
fixed by nature. In this work, we examine a representative benchmark scenario for the FCC-ee
run, not with the aim of optimizing observability, but to illustrate the potential experimental
signatures to a realistic and presently allowed point in parameter space.

7.1.2 240 GeV Run

Now we turn our attention to the 240 GeV run planned for FCC-ee. This allows us to look at
even heavier dark matter bound states. In this section we will consider m, = 100 GeV and
leave the other parameters unaltered, i.e. ap = 0.1 and my = 100 MeV. With these choices
we have 6 = 0.02, which means we can produce bound states up to n = 7. Again, we will
limit ourself to the discussion of the states up to n = 3. The differential cross sections for the
production of the bound states up to n = 3 is given in Figure [7.3] Here we have taken into
account both the V and Z propagator. We have not used the Breit-Wigner formula as we are
far away from the Z pole.
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Figure 7.3: Differential cross sections for the production of dark matter bound states at FCC-ee
for the /s = 240 GeV run. The angle # is the angle between the initial electron and the final
state (dark) photon.

From this figure we see that the differential cross sections exhibit the same behavior as for
the Z pole run, allowing for the same distinction between those bound states produced via
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efe™ — n? L, + V and efe — n?**1L; + . Where within the group of bound states
produced via the former process we can distinguish the n3P; states for n = 2,3 and J = 1,2
from the rest. Here we do not consider the process ete™ — n*T1L ;4 Z, as there is not enough
center-of-mass energy to produce the Z on shell when we consider m, = 100 GeV. For lighter
dark matter bound states such a process could contribute. We choose to consider a benchmark
value of m, such that the bound state mass is close to the center-of-mass energy, ensuring a
non-relativistic bound state. To see whether we can distinguish states based on invariant mass

we look at the energy eigenvalues that follow from the Schrodinger equation. The energy levels
up to n = 3, L = 2 are shown in Figure [7.4]
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Figure 7.4: The energy levels for the different bound states with m, = 100 GeV, my = 100
MeV and ap = 0.1. The energy levels are seperated horizontally to avoid overlap.

The energies could be distinguishable for different n values, if there is an accuracy of tens
of MeV. To distinguish between the different L states for a given n, we would need MeV to
sub-MeV precision.

For this run at /s = 240 GeV we have calculated the total cross sections for the produc-
tion of the different bound states and calculated the minimal value of € to expect 10 events,
using the goal of an integrated luminosity of Ly = 10.8 ab™'. The cross sections and e values
are shown in Table [

State n2TIL; | o (pb) € > State n2TIL; | 0w (pb) € >
1S, 4.67-107% 0.045 23 P 1.18-107% | 0.886
215, 5.74-107° 0.127 33 P, 3.79-107" | 1.563
319, 1.65-107° 0.237 23 P, 1.39-107% | 0.816
125, 7.504-107° | 1.11-1072 | 3P, 4.55-1077 | 1.427
235, 9.345-107* | 3.14-1072 | 3' D, 8.94 .10~ | 101.770
335, 2.685-107* | 5.87-1072 | 33D, 4421071 | 144.7
23 P, 1.51-10" 2.476 33D; 4.91-1071% | 434.3
3D, 5.04-105 | 4.286

Table 9: The minimum value for € to expect 10 events of bound state production.
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From this table we notice that we need € to be orders of magnitude larger than our bench-
mark of e = 107%. These values of ¢ are already in an excluded region of the (my, €) space, see
Figure[2.1] Again, we use a physically motivated benchmark point. The aim is not to fine-tune
parameters for optimal detectability, but rather to examine the expected detector signatures
and assess the potential for experimental observation.

We could also consider other benchmark values, but once we, for example, consider lighter
bound states we can no longer apply the non-relativistic approximation. This would require
the Bethe-Salpeter formalism to make predictions.

7.2 Detector Signatures

To detect the dark matter bound states at FCC-ee we would again look for e*e™ pairs, coming
from bound states decaying to dark photons, which in turn decay to these electron-positron
pairs. First we need to check whether the dark bound states decay inside of the detector. Again
we look only at the decay lengths of the bound states that decay to two dark photons. The
case of three dark photons is not easily calculated. The decay lengths for the two different runs
we considered and the two benchmarks for m, are given in Table

State n***1L; | /s =91.2 GeV, m, = 35 GeV | /s = 240 GeV, m, = 100 GeV
115, 0.31 pm 73 fm
215, 2.60 pm 589 fm
318, 10.8 pm 2.05 pm
23 P, 1.42 nm 0.32 nm
3B, 5.27 nm 0.94 nm
23 P 1.57 mm 2.86 mm
3P, 5.81 mm 8.42 mm
23 P, 5.33 nm 1.19 nm
3P, 19.8 nm 3.51 nm
3D, 1.04 mm 0.16 mm

Table 10: Decay lengths of the different bound states to two dark photons, for ap = 0.1,
my = 100 MeV and € = 10~ for the two FCC-ee runs. The bound states that decay to three
dark photons are excluded here.

From this table, we conclude that the bound states decay well within the detector. The
23P;, 33P, and 3' D, states may even be observed as displaced for both runs. We assume that
the bound states that decay to three dark photons show a similar behavior.

The next step is then to look at the decay products, i.e. the dark photons. The analysis
here is almost identical to that done for Belle II. The only change is in the momentum of the
bound state that decays to dark photons. Using the relevant momentum for the bound state,
we find the following decay lengths for the dark photons in the center-of-mass frame for the 7
run: 0.46 nm for the dark photons coming from the decay of 1Sy and 0.31 nm for the dark
photons coming from the decay of 13S;. For the run at /s = 240 GeV we find 1.29 nm and
0.86 nm, respectively. The difference with decay lengths for higher n or L states is negligible
as the only dependence of the state comes in the variable mpg = 2m, — Ej,, where the bind-
ing energy is negligible compared to the mass m,. The decay probability density of the dark
photons coming from the different decays, for the two runs are shown in Figure [7.5] where we
used € = 1074,
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Figure 7.5: Decay probability densities for the dark photons coming from the 2V and 3V decay
for the Z run (left) and the /s = 240 GeV run (right) for ¢ = 107%, my = 100 MeV and

ap = 0.1.

Here we see all dark photons decay on scales of (tens of) centimeters, which are resolvable
distances at the FCCJ26]. For experiment we would look for electron-positron pairs coming
from displaced that reconstruct the invariant mass of the dark matter bound state. This may
be generalized to values of € for which bound states may be observed at FCC-ee, see tables
and |§| If we take € > 107, as is needed to observe more and more bound states, the dark
photons would decay faster. We consider the decay probability density as a function of distance
traveled z and e as in Equation [6.4] The probability of decaying within a distance a is given
by

a 2 - -
P(x < ale) = / Cedlldy =1 — el (7.2)
o L
The derivative with respect to € is given by
d 2 P
E]P(x < ale) = %ae_ga/’: > 0. (7.3)

Larger values of € lead to a decay probability density more concentrated near the origin.
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8 Conclusion

In this work, we examined dark matter bound states in the context of a dark sector composed
of a dark photon and a dark fermion.

We derived general expressions for the production and decay matrix elements of bound states
in the non-relativistic regime, given by equations and [3.32] These formulas are broadly
applicable and not restricted to the specific dark sector considered here.

The dark interaction was modeled by a Yukawa potential, and we numerically solved the corre-
sponding radial Schrédinger equation (Equation . The code provided in Appendix , was
compared with known analytic solutions for the hydrogen atom, the harmonic oscillator, and
an exact solution of the radial equation with a Yukawa potential. In all cases, the numerical
solution was in excellent agreement with the exact results.

This numerical framework was then used to study experimental signatures of bound state
production. At Belle II, we considered benchmark values of my = 100 MeV, m, < 5GeV,
and € = 107*, which yielded a clear signal of displaced electron-positron pairs. For values
of € within the currently allowed range, several bound states could, in principle, be observed
with the planned integrated luminosity of L;,; = 50 ab™!. In the case ap = 0.1, individual
bound states could be distinguished, while for ap = 0.5, many more states appeared but many
were experimentally indistinguishable. This regime approaches non-perturbative dynamics and
should be interpreted with care.

At FCC-ee, the higher center-of-mass energy allows for the production of heavier dark mat-
ter bound states. We considered two benchmark runs with appropriate choices for m,, and
identified several observable S-wave states. Observability of other states was limited due to
constraints on €. For bound states at FCC-ee, their presence is characterized by displaced
electron-positron pair signatures.

Outlook

The methods developed in this work provide a foundation for more detailed studies of dark
sector bound states. Future work could extend the numerical methods to include relativistic
corrections and assess their impact on bound state properties and production rates. It would
also be valuable to explore the role of bound states in cosmological settings, such as during
dark matter freeze-out or dark recombination.

Experimentally, one could consider a broader range of parameter space, including larger me-
diator masses my, and study how this affects the production and decay of bound states and
their signatures at different colliders. Additionally, applying these methods to more elaborate
or realistic dark sector models, for example, with multiple mediators, broken symmetries, or
extended particle content, could further illuminate the role of bound states. To give realistic
predictions one would then also include numerical event simulations.
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Appendix

A Derivation of Bound State Production Matrix Element

Here we will work out the final form of the matrix element formula for bound state production.
The starting point is Equation [3.30]

- o f()
JM
Mss —WwZ l MZM Cransu (WWMW PSMS)
“: ~ (A.1)
| (/ BN vwzm<k>) |

First we argue that the n < L terms don’t contribute. To see this we express A = k*i /m and
rewrite

B=k Y, Ym(k), (A.2)

which is just the spherical harmonic decomposition of the momentum components in spherical
coordinates, defining {,, = 0. Calculating the ¢/, explicitly one finds

e
oo 2\/;67m), (A.3)

where efbm) are just the polarization vectors of the bound state. Now, in the k integral, for n k*
terms we get a product of n spherical harmonics

KRSk oYM ()Y () - Y (k). (A.4)

Since the spherical harmonics form a complete set, such a product of spherical harmonics can be
rewritten as a linear combination of spherical harmonics. This can be achieved by the repeated
use of the following formula [31]

Y™ (0, 4)Y™2 (0, ¢) = v (2h + 212 +1 lg:b Z (lilymame|l'm”) (111500[1°0) 4 / Ym (6, 9)
1 ’ lo ) - 10277077762 102 2l/ v > .

=|ly—lp| m'=—1
(A.5)
The highest angular momentum spherical harmonic in this expansion is I’ = |l; + [3|. In the
case we have n spherical harmonics all with [; = 1, the highest contributing angular momentum
term will be I’ = n. Since we assumed n < L there are no spherical harmonics with I’ = L,
and using the orthonormality of the spherical harmonics, there are no contributions from terms
where n < L.

Next, we consider the n = L term. We start with the complex conjugate of the inverse Fourier
transform of the wave function. That is

Wi (1) = / %ef‘”wmk). (A.6)

We separate the Fourier transform of the wave function in a radial and angular part as usual,
Vi, (k) = R: (k)Y (k). The exponential term can be rewritten in terms of spherical har-
monics [32]

00 V4
X = Ay "N il (k)Y (K) Y (R). (A7)



Here, j,(kr) are the spherical Bessel functions. Working out the inverse Fourier transform from

this results in
dr

Ri(r) = G /0 " e (o) B ()R (A3)

Now we take the L-th derivative with respect to r and evaluate at » = 0 to find

d- dr . [~ o 9
—R; = ' —j 7 : A.
dTLRL(r) . (271)37’ /0 dk <arLjL(kr)> r:oRL(k)k (A.9)
Then using
o 271 LEL /7D (1 + L)
()| =g S
and rewriting we find
> 2m)3 D(L + 5)2'" d-
ak Ry (k)2 = ! R; : A1l
/0 L(k) it a1 L) art )| (A11)

Here we need to make an important observation. The left-hand side is exactly the radial part
of the momentum integral in our matrix element formula. This means that we have all the
ingredients to calculate the term n = L in the matrix element formula.

Lastly, we observe that since we are working in the non-relativistic limit, we expand in a
small parameter k/m. Subsequent terms in the sum will contribute less and less. As we have
shown that n = L is the smallest value of n that contributes, we can state that the n = L
term is the dominant contribution in our non-relativistic approximation. Even though we have
an integral over all momenta, the momentum space wave function has no support for high
momenta in the non-relativistic limit.
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B Python Code

Below is the Python code used to determine solutions of the radial Equation numerically.

import numpy as np

import matplotlib.pyplot as plt

from scipy.linalg import eigvalsh_tridiagonal
from scipy.linalg import eigh_tridiagonal

alpha_D=0.1

MV=0.1

mchi=100

mu = mchi/2

a_0=1/(mu*alpha_D)

print ("With the chosen parameters delta = {:5.4f}".format(MV*a_0))

critical_lengths = {(1, 0): 1.1906124207,(2, 0): 0.3102092834,(2, 1):
0.220118,(3, 0): 0.139450295,(3, 1): 0.11265,(3, 2): 0.0913384,(4, 0):
0.0788281106,(4, 1): 0.067827,(4, 2): 0.058099,(5, 0): 0.0505831707,(5,
1): 0.045155,(5, 2): 0.0400197,(6, 0): 0.035183478,(6, 1): 0.0321562,(6,
2): 0.0291623,(7, 0): 0.02586938,(7, 1): 0.024026435,(7, 2):
0.0221591,(8, 0): 0.0198221,(8, 1): 0.01862667,(8, 2): 0.01738685,(9, 0):

0.0156708,(9, 1): 0.0148561,(9, 2): 0.01399716,}

def get_present_states(delta):
present_states = []
for (n, 1), crit in critical_lengths.items():
if delta < crit:
present_states.append((n, 1))
return present_states

print (get_present_states (MV*a_0))
def plot(r, densities, eigenvalues, num_wavefunctions=3):

plt.xlabel (’r ($a_{03}%$))
plt.ylabel(r’$P_{nl}(r)$ $(a_0)$’)

num_wavefunctions = min(num_wavefunctions, len(eigenvalues))

energies = [’E = {: >5.6f} GeV’.format(eigenvalues[i].real) for i in
range (num_wavefunctions)]

for i in range(num_wavefunctions):
if eigenvalues[i]<O0:
plt.plot(r/a_0, a_Oxdensities[i], label=energies[i])

plt.legend ()

plt.show ()
return

N = 10000

1 =2

r = np.linspace(2e-15, 0.0, N, endpoint=False) *5067730.178*x10%%9
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a = np.abs(r[1] - r[0])

laplace_main_diag = -2.0 / a*x*2 x np.ones(N)
laplace_off_diag = 1.0 / a**2 % np.ones(N - 1)

angular_term_main_diag = 1 * (1 + 1) / r*x*2

potential_term_main_diag = -(alpha_D / r) * np.exp(-MV * r)

main_diag = -1 / (2.0 * mu) * (laplace_main_diag - angular_term_main_diag) +
potential_term_main_diag

off _diag = -1 / (2.0 * mu) * laplace_off_diag

eigenvalues, eigenvectors =eigh_tridiagonal (main_diag, off_diag,
eigvals_only=False, select=’i’, select_range=(0,6), check_finite=True,
t0l=0.0, lapack_driver=’auto’)

eigenvectors = np.array([x for _, x in sorted(zip(eigenvalues, eigenvectors.
T), key=lambda pair: pair[0])1)
eigenvalues = np.sort(eigenvalues)

for i in range(len(eigenvectors)):
Norm=0
for j in eigenvectors[i]:
Norm += np.abs(j)**2
eigenvectors[i]l=eigenvectors[i]/np.sqrt (np.abs(r[0]-r[1]) *Norm)

densities = [np.absolute(eigenvectors[i, :])#**2 for i in range(len(
eigenvalues))]

plot(r, densities, eigenvalues, num_wavefunctions=5)

PsiOsq = (1/(4*np.pi))*np.abs((densities[0][-1]1)/(r[-11*%2))

dROsq= (((np.sqrt(densities [0][-2]) -2*np.sqrt(densities [0][-1]))/(2*(r
[-1]%%2))) *%2)

ddROsq = (((-np.sqrt(densities [0][-3])+3*np.sqrt(densities [0][-2]) -3*np.sqrt
(densities [01[-11))/(3*(r[-11%%3))) **2)

print (eigenvalues [0],";",eigenvalues[1],";",eigenvalues[2],";",eigenvalues
[3],";",eigenvalues [4])

Listing 1: Python code to solve the radial equation numerically
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C Reproducing Known Results

To test the code for accuracy, we can compare the results from the discretization procedure with
those of exactly solvable problems with spherically symmetric potentials, such as the hydrogen
atom and the 3D harmonic oscillator. We will also compare the results from the approximation
with those of an exact power series solution to the problem of the radial equation with a Yukawa
potential.

C.1 The Coulomb Potential

The Coulomb potential describes the bound state of a hydrogen atom. It is one of the few
realistic models that is exactly solvable. The exact solution is given by the following formula

[16]
2\’ (n—1-1! = 20\ o (27 o
¢nlm — \/(TLCL()) 2n(n+l)‘ € 0 (TL_CL()) Lnflfl (n_ag> §/l (97¢) (Cl)
Here Lilfll

~, are the associated Laguerre polynomials and ay is the Bohr radius. From this, the
radial wave functions are easily found. The radial wave functions for the first three lowest n
values are given in Table [11]

n|l Radial wave function R, (r)
3/2 .
0 Ryp(r) = <$> e @
3/2 .
20 Baor) =55 (2) 7 (1= %) e ™
1 A
211 R21(7' = 2 (a) (ao) e 2a0

L\ 372 _
3 1 R31(T’> = Wé <a—0> <]_ — 67;TO> (;_O> e 3ag

4 1)? R
2] Rt =gip(d) (5) ¢

Table 11: Radial wave functions R, ;(r) of the hydrogen atom for n = 1,2, 3 and corresponding
allowed values for [.
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Figure C.1: Comparison of the radial probability densities of the hydrogren atom. On the left
the result of the code is shown with N = 6000, on the right the exact solutions are shown.

These tabulated radial wave functions can be converted to radial probability densities using
Pu(r) = % Ruy(r) . (C.2)

The probability densities are plotted in Figure [C.1(b). The results from the numerical calcu-
lation are given in Figure (a). Visually this looks like a very good approximation. To take
a closer look we can consider the relative error between the probability densities, and see how
they change with the choice of N. The relative error in the radial probability density between
the exact solution and the numerical approach is shown in Figure [C.2]
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Figure C.2: Relative error between the numerical approach and the exact solution calculated
Code r)— Ezxact r . . .
using Por P(E)mi’gf) ™, 100%. From left to right the plot is zoomed in more. Peaks here
nL

correspond to the comparison of extremely small values which leads to large error.

These plots have some interesting features. First is the behavior of the relative error as r goes
to r = 35ay, the relative error becomes large. This is a feature all of the radial probabilities
share, albeit to a much smaller extent for the higher energy states. The reason here is the
comparison of extremely small values. The maximum error for (n,l) = (1,0) occurs when we
compare a probability density on the order of 1072% from the numerical approach to one on the
order of 1073 from the exact solution. For all practical purposes the radial probability density
is zero here, so we ignore this error.

The other errors occur in certain peaks. The interesting thing here is that these large error
peaks have the same origin as those as r becomes large. The peaks occur precisely where we
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Figure C.3: Locations of the error peaks, compared to the locations of the zeroes of the prob-
ability density functions.

expect the radial probability density to become zero. This is seen easily when we overlay the
locations of these peaks over the radial probability densities. The results of this are shown in
Figure

An important note is that the point » = 0 is excluded from the figures and the boundary
condition ensures that there the probability densities are zero, meaning no such error can occur
here. Because of this, the peaks do not give a good indication of the accuracy of the method.
As we are especially interested in the behavior of |R(r)|> and |R'(r)|? near the origin, looking
at the error there as a function of N is a better idea. To determine the accuracy for the values
of |[R(0)]?, we only consider the S-wave states, as for all other states this quantity is zero, as
discussed in Section [£.1.2] The accuracy in terms of N is shown in Figure [C.4]
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Figure C.4: The relative error between the numerical and exact calculation of the quantity
R OF IR TR | 100%. As can be seen, the

‘RrELgact (0)|2
greater the chosen value of N the better the approximation.

|R(0)|? as a function of N calculated using ’
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For | R'(0)|* we know that it is only non-zero for P-wave states. Repeating the above analysis,
we find the result given in Figure [C.5]

35718 o n=2,l=1

s n=3,=1
3.01

2.5

©OF, . 100%

2.0

;Exact(o) |2 —- |R;50de
|R:5xact(0”2
= =
o w
|
[
-

IR
|
o
w
-
-

1 2 3 4 5 6 1 8 9
N(x1000)

Figure C.5: The relative error between the numerical and exact calculation of the quantity
|R'(0)|? as a function of N. As can be seen, the greater the chosen value of N the better the
approximation.

What is immediately clear from this analysis is that the bigger IV, the better the approxi-
mation becomes, as was expected.
C.2 The 3D Harmonic Oscillator

The 3D harmonic oscillator is another exactly solvable system against which the numerical
approach can be tested. In this case the potential is given by

1
Vir) = Jur?, (C3)

where w is the angular frequency of the oscillator. The exact wave functions are then given by

31]
2,/3 2k+2l+3klyl 5
Ui (1,0, ¢) = \/ \ = T ER rle*W L2 2ur?)Y™ (6, ¢), (C.4)

where v = £7. For the energy levels, we have

3, (C.5)

E:w(2k+l+2

The principal quantum number is related to k and [ via n = 2k 4 [, where k € {0,1,2,...}. In
the case of the harmonic oscillator we only have even (odd) [ values, for even (odd) n Values
For the first few wave functions the radial probability density r2|Rnl( )|? is shown Figure
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Figure C.6: The radial probability densities 7?|R,;(r)|? for the harmonic oscillator with w =
10% rad/s =~ 6.582 eV. In (a) the result from the numerical approach is shown. In (b) the
exact solutions are shown.

Here we again see that the numerical approach seems to give a good approximation. We
can repeat the analysis as done for the hydrogen case and look at the relative error between the
two cases, the result of this is shown in Figure[C.7 The same behavior as in the hydrogen case
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Figure C.7: Relative error in the radial probability density between the numerical approach
and the exact solution of the harmonic oscillator. From left to right the plot is zoomed in more.
Peaks here correspond to the comparison of extremely small values which leads to large error

is observed. As r becomes large, we compare incredibly small numbers that for all practical
purposes are zero. This leads to large errors, as we are limited by the accuracy of the code.
There are again peaks, which correspond to the roots of the probability densities. This time,
the r = 0 point becomes problematic, too. The origin of the error here is the same; we compare
incredibly small numbers. Fortunately, it is only [ # 0 functions that behave like this near the
origin, we already know from our earlier analysis in Section that |R(0)|? = 0 for [ # 0,
so this does not lead to problems. However, the precision of these probability densities would
become important, once we consider the absolute value squared of the [*! derivative of R(r),
evaluated at the origin. As the errors are extremely small near the origin, we do not run into
problems here. The analysis of the accuracy of |R(0)|? as a function of N is given in Figure
C.8l

68



0,008 ° e n=0,=0
'?\;’ . n=2,I=0
o e n=4,=0
—
—_ 0.006 1
s
gl
‘é’c_':g 0.004
= |z
o |x * o
I 0.002
&z
o .
= ° s .
0.000 - ® ¢+ 5 8 e 2 0 0 0 0 o o
0 2 4 6 8 10 12

N(x1000)

Figure C.8: Relative error in the quantity |R(0)|*> between the numerical and exact solutions
for the harmonic oscillator. The relative error is small and decreases with increasing N.

The behavior is exactly what we would expect and the same as what we have seen in the
hydrogen case; the larger N, the better the approximation.
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D Exact and Numerical Radial Probability Density for Varying o

Below is illustrated how increasing ¢ closer to the continuum results in the exact solution of
Ref. [19] diverging from the numerical calculations.
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Figure D.1: Comparison of n = 1, L = 0 states as calculated numerically and in Ref. [19], for
varying 9. 0 is varied by varying the mediator mass m.
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E Kinematics of Dark Photons

Here we will work out the momentum of the dark photon in the electron-positron center-of-mass
frame. The dark photons originate from the bound state that decays. We consider this decay
in the rest frame of the bound state. Its four momentum is then

mps
" 0
Pps = 0 (El)
0
When it decays ny to dark photons with momenta k! and i € {1,...,ny}, energy momentum

conservation requires

and

> ki =0. (E.3)

To use Equation we make our first approximation and assume that the energy of the bound
state is equally divided among the dark photons. In the case of the decay to two dark photons
this is exact, in the case of the decay to three dark photons this is an approximation. With
this, the spatial momentum of the dark photon in the bound state rest frame becomes

| = \/ (%) — i, (.4)

, where ny is the number of dark photons. Now we will adopt the following notation xg;;ggle,

where x will be any quantity we are interested in, frame will be BS for the bound state rest
frame or C'M for the center-of-mass frame and particle will be either BSS to indicate the bound
state or V' to indicate the dark photon. In the CM frame the bound state has momentum

oM  OM
Prs = YMmpsBps = Eps Bps-

To boost from the bound state rest frame to the center-of-mass frame we will need the boost
described by Bzg. Now we take our four momentum of a dark photon k‘E/;S’“ and split the
spatial part k2% in a part parallel to B¢ and a part normal to it, that is

BS BS BS
ky” =kyT +kyj,
where
BS BS \a
kvu = (ky” -n)n,
Bgs

and n = s Upon boosting, the normal component remains unchanged. The parallel com-
ponent transforms like

KO = 1Bpshy™" + 2k}
and

RO = (B0 + 1 Bps )

where 7 is the Lorentz factor determined by 8gs, i.e. v = ESM /mpg. The total transformation
is then given by

g <k55’0 +kp? 535)

kSM’” = BS.
-+ - P i)

(E.5)
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From this we find the magnitude of the dark photon momentum to be given by

ECM kBS cM
|k€M’2 :|k55|2 19 ( BS 1) |k€5|20052a+2| v lIPEs | COS O
mps ny
FECM 2 |pCM|2 FCM \kBS| (E.6)
+ ( BY _ 1) ki°|?cos® a + = 25— + 2 <ﬁ - 1) Y 1pSY ] cos a.
mps ny, mps ny

Here, the angle « is the angle between the boost direction and the dark photon momentum in
the bound state rest frame. We have no information on this angle, since we do not do extensive
simulations in which we could sample the space, we will average the quantity |k{/| over the
solid angle when using it, that is

1
KSM| = E/dQ|k‘C/M|(a). (E.7)

The bound state energy and momentum in the CM frame follow from the kinematics of its
production process, i.e. ete” — BS + X, where X =+,V, Z.
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