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Abstract

Extreme Mass Ratio Inspirals (EMRIs) will be important gravitational wave (GW) sources
for the future LISA mission. A good theoretical understanding of these EMRIs is crucial for
constructing correct waveforms. This thesis utilizes a theoretical framework that is based
on black hole perturbation theory, to study tidal resonances in EMRIs, with a specific focus
on the dynamic case. In doing so, this thesis aims to correctly calculate the jumps in the
orbital constants of motion induced by a tidal resonance, for the most relevant resonance
number combinations (n, k, m, s).

Our investigation resulted in two key results. First, it validates the ”"two-for-one deal”,
which is a relation that connects the tidal jumps in the Carter constant Q and the axial
angular momentum L,. The relation was shown to be accurate for stationary cases by
previous work. We extend this work by expanding the analysis of the relation to more
resonances and showing its accuracy in the dynamic case. Second, the influence of the
perturber’s orbital frequency ()4 on the tidal jump calculations is analyzed, resulting in a
predictable quadratic relationship. This thesis also focuses on determining the most
relevant resonance number combinations (n, k, m, s), resulting in non-zero tidal jumps. In
doing so, we find that a dynamic perturber can undergo multiple tidal jumps
corresponding to one resonance number combination and some dynamic resonances can be
excited even when no corresponding stationary resonance exists.

These findings are a step towards correctly interpreting the future data from LISA, as the
next step for this research will be to complete the list of relevant tidal jumps and implement
them into the Fast EMRI Waveform (FEW) python package.



Contents

(L Introduction|

(1.2 Extreme Mass RatioInspiralf . . . .. ... ... ... .. ... .. .. ..

(1.3 Reportstructure| . . . . . ... ... ... ... L o

2.3.3  Jumps in orbital constants of motion| . . . . ... ... o000

2.3.4 lection for resonancenumbers| . . . . ... ... L.

3__Two-for-one deall

.........................................

5D - {OuilooK

A~ Appendix: Extra results two-for-one deal|

(B Appendix: Relevant resonance number combinations|

=~ W NN DN

c oo O U1 G

17
17
19

23
23
24
25
26

28

32

37



1 Introduction

1.1 Gravitational waves

Gravitational waves (GWs) are ripples in spacetime, caused by highly energetic astrophys-
ical events such as inspiraling black holes or rotating neutron stars. For roughly a decade
now, since the first direct detection in 2015, we have been able to observe these GWs using
so-called ground-based interferometers such as LIGO, Virgo and KAGRA (LVK) [1]. These
detections marked the beginning of a new era in astrophysics, often referred to as gravita-
tional wave astronomy. They have enabled us to observe the universe in a way not before
possible, offering a complementary view to electromagnetic observations. This is because
GWs interact only weakly with matter, but not nearly as much as EM waves do. Thus,
they travel through the Universe nearly untouched, carrying valuable information about
their sources. By observing these GWs, we can study extreme environments that were once
purely theoretical and unobservable. Nonetheless, GWs are very weak compared to EM sig-

nals, making them much more difficult to detect.

In the next decade, gravitational wave astronomy will be complemented by data from space-
based detectors such as the Laser Interferometer Space Antenna (LISA) [2} 3]. LISA will
be sensitive to lower-frequency GWs than ground-based detectors, enabling us to observe
sources that are currently inaccessible. One of the most exciting and scientifically rewarding
classes of these sources that LISA is likely to observe will be Extreme Mass Ratio Inspirals
(EMRIs). These are systems in which a stellar-mass compact object, say a black hole or neu-

tron star, spirals into a supermassive black hole.

The detection of gravitational waves is based on a method known as matched filtering [4],
where the observed signal is compared to a set of theoretical waveforms or “templates” that
predict the signal based on the source’s dynamics. Having physically realistic templates is
crucial for detection purposes and for the extraction of physical information. If we do not
have good waveforms, we cannot obtain the physical information about the source or the
information can be unreliable. This becomes especially challenging in LISA, as its high sen-
sitivity will detect many overlapping signals simultaneously. Inaccurate waveforms may
lead to mistakes in the source identification, or even failing to detect weaker signals alto-

gether due to the noise in the signal.

Therefore, highly accurate and computationally manageable waveform models are very im-
portant for the success of space-based GW astronomy. This thesis contributes to this effort

by focusing on the theoretical modeling of EMRIs.



1.2 Extreme Mass Ratio Inspiral

An Extreme Mass Ratio Inspiral (EMRI) is a bi-
nary consisting of a compact stellar-mass ob-
ject, like a black hole, neutron star, or white
dwarf, gradually inspiraling into a much
larger black hole, typically with a mass in the
range of 10° — 107 My [5]. The two objects’

mass ratio is extreme, typically of the order

of 107° — 10~7. Unlike comparable-mass bi-
naries, EMRIs evolve over much longer du- Figure 1: An EMRI, consisting of a larger BH denoted
rations within LISA’s observable frequency by M and a smaller BH denoted by u. The EMRI is
band, taking 105-10° orbits in this band before Perturbed by a third mass, denoted by M. which we
call the “tidal perturber”, and lies at a distance b.
their final plunge [6].
As can be seen in figure 1}, we will denote the mass of the tidal perturber as M, that of the
central BH of the EMRI as M and its smaller mass as y. The distance between the central
BH and the tidal perturber will be denoted by b. The ratio of the smaller mass and the larger
mass, also called the smallness parameter, is given by # = /M.
The gravitational wave emission of EMRIs is characterized by highly complex waveforms.
Unfortunately, the signals are typically weak, and very accurate waveform templates, to-
gether with long integration times, must be used to detect and analyze them via matched
filtering. LISA’s low-frequency sensitivity to gravitational waves makes it uniquely suited
for the detection of these sources and at least a few hundred EMRIs are predicted to be ob-

served by the LISA mission during its operation [7].

Due to their high mass ratio, EMRIs are studied in the context of black hole perturbation
theory. In the limit when # — 0, the smaller BH can be viewed as a test particle traveling
through the background spacetime of the massive central BH. Thus, at leading order it will
follow a geodesic in the Kerr spacetime. At the next order in 7, the mass of the second
BH leads to a contribution we call the “self-force”. This force accounts for the object’s own

gravitational field and its backreaction on the motion, leading to a gradual inspiral.

More complex dynamics arise when additional perturbations, such as tidal fields of a third
body or internal structures of the inspiraling body, are added. These perturbations can lead
to tidal resonances, significantly altering the orbital constants of motion on relatively short
timescales. Proper modeling of these effects is extremely crucial in order to extract reliable

physical information from EMRI observations.



1.3 Report structure

This thesis expands a theoretical framework that is used to study the tidal effects on EM-
RIs, which is based on black hole perturbation theory and Post-Newtonian (PN) expansions.
This framework is then used to calculate the so-called “tidal jump” for various relevant res-
onances and dynamically different variants of an EMRI, such as the prograde, retrograde,
stationary and dynamic situations. The preceding introduction has given some necessary
background for the following chapters. In chapter 2} the underlying theory of the research
will be further explained until the level of research that was done. In chapter 3] we will
present one of the two key findings from this thesis, which will concern the two-for-one
deal. We will introduce and derive this relation and subsequently show its validity in both
the stationary and dynamic case. In chapter [} we will present the second main topic of this
thesis, the influence of (24 on the tidal jump calculations. This will include an introduction
of the relevant equations and a review of the results. Furthermore, this section will discuss
some additional challenges that arise due to the effect of ()4. Finally, chapter [5|will present
a discussion of the main findings and corresponding limitations of this study. We will also
show some logical next steps to continue this research towards its end goal, beyond the scope
of this report. This will be to implement the calculated tidal jumps in the Fast EMRI Wave-
form (FEW) Python package, which is part of the Black Hole Perturbation Toolkit (BHPT)
[8]. Such that we can construct physically correct waveforms for EMRIs affected by tidal
perturbers and accurately interpret the future data from LISA.



2 Theory

2.1 Self force and Tidal resonance

The dynamics of the smaller compact object in an EMRI can be described by black hole
perturbation theory. To zeroth order, the object follows a geodesic in the Kerr spacetime,
which we can characterize by three frequencies (w, wy, wy) corresponding to radial, po-
lar, and azimuthal motions, respectively. To expand this to first order, we use the so-called
“action-angle formalism” [9]]. Because of the integrability of the geodesic equations in Kerr,
meaning there exists one integral of motion for each degree of freedom, we can introduce
a set of “action-angle” variables. The “action” variables | = (], Jy, Jy) are a function of
the constants of motion. Namely, the orbital energy E = —u; in units of y, the z com-
ponent of the angular momentum L, = uy in units of yM and the carter constant Q =
us +cos?0(a*(1— E?) + (sfﬁ)z) in units of > M?, where u* is the four-velocity of the smaller
compact object in the EMRI, u, is the corresponding covariant vector and a = % is a spin
parameter. Together, these uniquely define the shape of the orbit. The “angle” variables
g; parametrize the orbit, specifying the exact position of the object along its trajectory [10].
These g; relate the orbital frequencies to the actions J, via the orbital frequencies w;, since
% = w;(J). The equations of motion are then expanded in the smallness parameter 7, and a

factor €, determining the strength of the tidal field, given by [11]]:

. M.M?

- MM M

After expansion, we see that the change in the angle variables and the action variables can
be written as

aq;
% = wi(]) + g (ar, 90,99, ]) + Hgf;}(qw qe.J) + O (1%, €%, 7€) )

dji
% = UGz(j;J)f(qrr qe, q¢) + €Gl-(j;(q,,, qe, qq), ]) + 0(772/ 62, 776) (3)

Clearly separating the self force, denoted by the s f subscript, and the tidal force, denoted by
the td subscript. Utilizing this separation, this thesis will focus its research on the tidal force

and in doing so, omit the self force contribution in equation (3).

Specifically, we will focus on the so-called “tidal resonance”, by dropping the td subscript in

equation (3). Then, according to an adiabatic approximation, we find that to lowest order we



can write this equation as [12]

daJ; i
% ~ €<Gf)(qr,qe,q¢,1)>, 4)

where the angular brackets ( ) denote the phase space average over the 3-torus spanned by
the angles. This simplification is allowed because the EMRI system evolves adiabatically in
this regime. The so-called radiation reaction time T,,; is much larger than the orbital time

Tory, thus Ty / Trgq ~ 1/ M < 1, making the adiabatic approximation a viable simplification
[13]. This tidal force can now be decomposed and written as a Fourier series, such that

G (@r, 90,09/ 1) = Y, Gy (J)e 1 TRt 110), ()

n,k,m

For generic (ergodic) orbits the phase factor oscillates rapidly and averages out to zero over
many cycles. So ordinary n, k, m modes produce no long-term change in the actions J;. How-

ever, if at some moment the frequencies satisfy
nwy + kwe + mwy = 0, (6)

then the exponential becomes equal to one. This results in a nonzero change in J;, meaning
a tidal resonance has occurred [10]. Here, 1, k, m are integers called the resonance numbers
and they denote a specific resonance. These jumps in J;, and thus in the constants of motion
(E, L., Q), significantly change the dynamics and therefore, leave measurable imprints on

the gravitational wave signal.

2.2 Different Scenarios

Finally, we will describe different scenarios in which the tidal resonance can occur in an
EMRI. All of these scenarios have distinct effects on the calculation of the jump sizes and

thus should be distinguished from each other.

Firstly, we can make a distinction when comparing the orbital motion of the smaller mass
of the EMRI and the rotation of the central BH, in other words its spin. When these two are
in the same direction, we call this a prograde motion, as seen in figure [2al When these are
in the opposite direction of each other, we call this a retrograde motion, as seen in figure
This distinction is important when determining which combination of resonance numbers
n, k, m are relevant. For prograde motion, all frequencies are positive, whereas for retrograde

motion, wy is (by definition) negative. Looking at the resonance condition from equation



@, we see that a negative wy will change for which n, k, m values the resonance condition is

satisfied.

(a) Prograde (b) Retrograde

Figure 2: Prograde and retrograde motion of an EMRI. In the case of prograde motion, the smaller
mass of the EMRI y is rotating in the same direction as the spin of the central BH. In the case of
retrograde motion, it is rotating in the opposite direction as the spin of the central BH.

M. Stationary case: Secondly, we make the distinction between a sta-

..,_\_The perturber is not moving tionary perturber and a dynamic perturber as ex-
within the timeframe of the

resEBNCce plained here in figure This means that within

the duration of the resonance, the perturber will

M- pynamic case:

&“\_The perturber is moving

either be stationary or will be moving in its trajec-
within the timeframe of the tory around the EMRI. In the dynamic case, we al-
resonance low the perturber to move in a circular orbit. In

Figure 3: Difference between the both cases, the perturber may have an arbitrary in-

stationary case and the dynamic case. ~ clination angle.
Intuitively, we can already see that the stationary case will be much simpler to describe
mathematically. Specifically, the resonance condition from equation (6) differs in the dy-
namic case. This resonance condition is now also dependent on the orbital frequency of the
perturber, ()4, which was zero in the stationary case. Thus the resonance condition is now
given by
nwy + kwg + mwy + Qg = 0. (7)

As aresult, the Fourier decomposition of the jump amplitude from equation (5) also changes,
such that
Gi (0,09, Qui J) = Y, G (10 R0 4000, ®)

n,k,m,s

where Q,, is defined such that O,y = d%d.

Finally, we provide an alternative way of describing the shape of the orbit of the smaller



mass in an EMRI, with mass u. As mentioned in section the constants of motion (E, L, Q)
uniquely describe the shape of the orbit and together with the mass and spin of the central
BH, they uniquely describe the full system. Alternatively, we can use the parameters (a, M)
and variables (p, e, x) to fully describe this system and its dynamics. Here, a = % is a spin
parameter, p is the semi-latus rectum, e is the orbital eccentricity and x = cos(I), where I
is the orbital inclination. These variables are much more convenient to use because they are
bounded: 0 < a < 1,0 < e <1, —1 < x <1 and the semi-latus rectum has its lower limit at
the so-called “separatrix”, p > ps. The explicit relations between the description in terms of

a,p,e and x and the description in terms of E, L, and Q can be found in [14].

2.3 Calculating the jump

The aim of this section will be to explain how we calculate the jump sizes in the orbital con-
stants of motion induced by a tidal resonance. We will split this problem into multiple parts,
briefly going over the most important elements in this derivation. The complete framework
for studying these stationary and dynamic tidal resonances has been developed in previous
work [10} 15, 16]. The following sections provide the necessary background for a working
understanding of the Mathematica code that was used in these calculations. To calculate the

jump, we will need to calculate the evolution of the orbital constants of motion (Z—f, ’fie\z , Z—%),

since they will be the integrands needed to ultimately calculate the jump sizes in section[2.3.3]
as can be seen in equation (28).

First, we will find an expression for the metric perturbation /,, in section We will need
this to find the acceleration a#, which is needed in order to calculate the evolution of the
orbital constants of motion.

Second, we will study the Kerr geodesics in section in order to find the four-velocity u*,
which we will also need to calculate the evolution of the orbital constants of motion. On top
of this, this section will define the orbital frequencies (w;, wy, wy). This will be essential in
solving the resonance condition as stated in equation (7) in section[2.2]

Finally, we will combine these sections to show we can find the jump sizes in section[2.3.3|

2.3.1 Perturbation theory

We will now derive an expression for the metric perturbation %, induced by a tidal per-
turber, and the acceleration induced by this metric perturbation, which we will need in sec-
tion The background to this perturbation will be a rotating BH. However, we will
simplify the calculations by neglecting the central BH’s spin at this stage. Thus, we use the
Schwarzschild metric as background instead of a Kerr metric when calculating h,,,. Previ-

ous work has shown that making this approximation will only slightly reduce the accuracy



of the results, but significantly improves computational efficiency. In particular, the results
of these different approaches only differ by 0.1% generally. (They differ by 1% at most for
highly eccentric orbits). While the calculation takes 15 times longer using the Kerr metric

when compared to using the Schwarzwild metric [17].
The complete metric will be given by

8w = v + hyv/ 9)

where g, is the Schwarzschild metric and h,, is the perturbation we are looking for. This
perturbation is most easily found by expressing it in tidal quadrupole moments &,,(t) and
B,y (t), which are the even parity gravitoelectric moments and the odd parity gravitomag-
netic moments, respectively. The even parity moments arise from the mere presence of the
perturber, while the odd parity moments are caused by the dynamics of the perturber and are
thus proportional to its orbital velocity. Hence, in the stationary case, where the perturber’s
orbital velocity is zero throughout the duration of the resonance, the odd parity gravitomag-

netic moments B, equal zero. The metric in terms of tidal moments can be written as

i = —f+re}&,

Sir =0

G = 1412l L0

Sia = 1°0] B,

Zra=0

gAB = TZQAB(l + 726175'7)

(10)

where f =1 — @ We only take into account the quadrupole moments and not the higher-
order moments such as octupole and hexadecapole moments, since they are suppressed in
the so-called “small-tide approximation” [18]]. That is, when M < R ~ 4/ WLM Here, R
is the radius of curvature of the external spacetime and represents the characteristic length
scale over which the tidal forces, generated by the distant perturber (with mass M, at dis-
tance b), vary significantly. The “external spacetime” refers to the gravitational field induced
by the tidal perturber, as experienced at the location of the secondary BH in the EMRI, de-
noted by y. The condition M < R ensures that the tidal interaction is weak. This is crucial
because it allows us to describe the secondary BH as an object responding to a gravitational
field induced by the perturber. If, on the other hand, M were comparable to R, the secondary
BH itself would significantly distort the very gravitational field it is supposed to be reacting

to, and no clear distinction could be made between the secondary BH's intrinsic spacetime



and the external spacetime.

All that remains in order to express the metric perturbation £, in terms of tidal moments
are spherical harmonics. Specifically, scalar spherical harmonics Y/ (6%) for the even parity
and vectorial harmonics X3" (64) for the odd parity. These tidal moments and spherical har-
monics together construct the so-called tidal potentials £7 and B%, which is what our metric

perturbation depends on, and they look like [19]

g1ty = Y. &Ly (et) (11)
—2<m<2
and
Bg(t,e/*):% S B (XA(6%). (12)
—2<m<2

Here, we only account for the quadrupole moments (I = 2), as explained previously. The an-
alytical expressions for the spherical harmonics Y?"(64) and X3"(64) can be found in table
1 and table 2 of [17]. Similarly, the relations between &} and &,, and those between B}, and
B, can be found in table 1 and table 2 of [17].

In order to now find the correct analytical expression for the tidal moments, &/, (t) and
BJ,(t), we will use a method called metric matching [19]. Effectively, this means compar-
ing the metric as written in terms of the tidal moments, as shows in equation , with a
Post-Newtonian (PN) metric of the Schwarzschild BH. This PN metric of the Schwarzschild
BH is given by

G =—1+2U+2(Y - U?) +2PN

3t = —4U, + 2PN (13)

S = (142U)d,, + 2PN

where U is a Newtonian potential, ¥ is a PN potential, U, is a vector potential and +2PN
denotes any second order Post-Newtonian contributions [20]. After metric matching, the
details of which can be found in [19, 21], we find that the electric and magnetic quadropole
moments, describing the influence of a compact object with mass M, at a distance b with

orbital frequency ()4, can be written as

£.4(t) = —3%%% +1PN, (14)
and M
Bu(t) = —6?;“n<ulb> 11PN, (15)

10



where
Mialyy = 5 (naly + Lany) — 361°Le

Ny = <—cos(Qtdt),sin(Qtdt),O) and (16)
Ao = (sin (Quqt), — cos (Qtdt),O).

Combining these equations, we find an analytical expression for the metric perturbation 1, .
Finally, we can use this to calculate the induced acceleration as a function of this perturba-
tion hy,, the background metric g, and the four-velocity u* [10], which are related in the
following way:

a* = —% <gv</3 + u"‘uﬁ) (vahﬁ)\ — Vﬁh;\p) M/\I/lp + O(l’lz), (17)
with V, being the covariant derivative compatible with the background metric.

2.3.2 Kerr Geodesics

To understand the perturbed motion of the smaller mass in the EMRI, we first examine its un-
perturbed, geodesic motion in the Kerr spacetime of the central BH. This section provides the
geodesic equations that describe this motion and gives the key quantities, the four-velocity
components u* and the fundamental orbital frequencies w;. These will be important for sec-
tions and respectively. There, we will use them to calculate the acceleration a“,
needed to find the jump in the orbital constants of motion, and understand the fundamental

orbital frequencies w;, needed for the resonance condition of equation (7) and its application.

We will utilize the extremely small mass ratio 77 and describe the dynamics of the secondary
mass of the EMRI by the geodesic equations in Kerr spacetime. Combining the Kerr metric
with the constants of motion (E, L;, Q), and using Boyer-Lindquist coordinates (¢,7,6, ¢), we
find that the geodesic equations are given by four ordinary differential equations [22} 23} 24].
We use Mino time A to parametrize these equations, such that the radial and polar contribu-
tions can be separated clearly. Mino time is related to proper time T by dt = ZdA(, where

T = 2 + a% cos? ). These geodesic equations take the following form:

4t = T,(r) + Ty(cos 0) + aLs,

(#) =0, -
(%) =o),

Z—f = ®,(r) + Py(cos ) — aE,

11



where
R(r) = (E(r* +a®) —aL;)®> — A(r* + (L, —aE)> + Q),
Ty (r) = %(E(r2 +a?) —al,),
@, (r) = 4 (E(r* +a?) —aL.),
O(0) = Q— L2cot? 6 — a*(1 — E?) cos? 0,
Tp(cos ) = a’E(cos? 6 — 1),
Dy(cosf) = L=

T 1—cos26"

(19)

From the equations of motion in equation 1) we can read of the % needed in order to find

the four-velocity, which is then given by

dx* dx"‘cL/\ B ldx”‘
dt  didt X dA°

14

(20)

Solving these differential equations, results in finding periodic functions for r(A) and 0(A)

and non-periodic functions for t(A) and ¢(A), which can be written as

HA) = to+ TeA + 17 4+ 1, o
P(A) = o + TpA + 9 + ).

In this equation, ty and A give the initial conditions, tg\r), t&e), cp/(\r) and 4)&9) give the oscillatory

dependency and most importantly, I't and I'y are the so-called temporal and azimuthal Mino-

time frequencies [25], which can also be written as

Tt = (Tr(r))a + (To(cos 0))1 + aL.

(22)
Ty = (Dr(r))a + (Po(cos b)) —aE.

In equation (22), the angular brackets ( ) denote a time averaging with respect to A [22]]. The
periodic functions for r(A) and 6(A) will have periods given by

— Ta  dr
Ar=2[" 7= G )
Ng=4 [} —Ho_

0 Ormin A /@(9)

In which 7, is the periapsis, 7, is the apoapsis and 6, is the minimum value of 6. Conse-

quently, the radial and polar Mino-time frequencies are then given by their corresponding

periods

(24)

12



Finally, knowing how to express these Mino-time frequencies, we can find the orbital fre-

quencies in the following way

[rp
Wrag = —f (25)

2.3.3 Jumps in orbital constants of motion

The change in the orbital constants of motion J, induced by the tidal resonance, can be well
approximated by [26]

Ji = efoo G(l) qr,ﬂle,q(p,])d

o (26)
1/2 Zs TTs] exp [sgn(l"s) + ISX] Gz(sznsksn 4

where s is a non-zero integer, I' := mwgo + kwgo + 1wy and x := mqeo + kqgo + nq,0. The
dots above the omegas denote a derivative with respect to proper time evaluated at the time
of resonance 1.

This equation can be divided into three components and thus written as
AJ; = “resonance duration” x exp(“phase”) x “jump amplitude”. (27)

The resonance duration is the part given by and the phase is given by the exponent

\F |
sgn(T's) X + isx. This thesis specifically focuses on the jump amplitude, which is given by
(1)

i,smsksn”

variables J; and their corresponding Fourier coefficients G;

the Fourier coefficients G; While equation 1} describes the jump in terms of action

1)

i smsksns W are ultimately interested

in the jumps in orbital constants of motion C (namely, E, L., Q). Since the action variables
are functions of these orbital constants (as discussed in section 2.1), a jump in J; directly
translates to jumps in C. Therefore, to determine the amplitudes of these jumps in C, we
calculate the Fourier coefficients for the rates of change of E, L, and Q. We can find these

Fourier coefficients using the following averaging integrals given by

dC 1 27T 27T 27T dC '
g1 = = /A3 p— —Z(HQr+kq9+mq¢)
< dt > nkm rt(27T>3 /Q dqr/o dqe/o dqu d/\e s (28)

dc dE dL dQ
where 75 are the 77, ‘7 and

It is important to consider how the orbital energy E behaves. With a stationary tidal per-

t d—f = ( from this interac-

turber, the tidal field does not change over time. This means tha
tion. On the other hand, for a dynamic perturber, the tidal field is time-dependent. While
this allows for some energy exchange (%: is not exactly zero), previous work has found that

no jump in the orbital energy E is induced, even in the dynamic case [17]. Thus, in the re-

13



mainder of this thesis we focus on the jumps in L, and Q.
In order to find these, we need the acceleration a* which we found in section Knowing
a%, we can write them as [20]

L, _

i = ¢ (29)
9 = 2ugag — 2a° cos? Oua; + 2 cot? Ouyay.

Finally, in equation we used proper time T instead of Mino time A, by using the relation
At =X dA.

2.3.4 Selection rules for resonance numbers

In order to satisfy the resonance condition in equation (7), we need to find a combination of
n,k, m,s values for which we can find a resonance. Not all combinations of these integers will
lead to a significant jump in the orbital constants of motion. In order to determine the rel-
evant combinations, we make use of multiple so-called “selection rules” and characteristics
of the resonance condition. This section will briefly cover these selection rules and narrow
down the amount of 1, k, m,s combinations that will be relevant both in the stationary case

and in the dynamic case.

First, we focus on the stationary tidal perturber, for which the resonance condition simplifies
as the perturber’s own orbital frequency ()4 is zero, meaning the resonance number s is not
part of the condition. When the perturber is located in the equatorial plane of the central BH,
only resonances with an even integer for the polar resonance number k (i.e., k =even) con-
tribute to changes in the axial component of the angular momentum, L, [27]. Consequently,
this rule also applies to jumps in Q, as long as m # 0. This is due to the "two-for-one deal”,
which relates jumps in L, and the Carter constant Q and we will explain this further in chap-
ter

For a more general case where the stationary perturber is not confined to the equatorial
plane, the following selection rule applies: a jump is induced in L, only if the sum of the
polar and azimuthal resonance numbers, k 4 m, is even. If k + m is odd, the resonance does

not lead to a change in these constants of motion.

When considering a dynamic tidal perturber, the perturber’s orbital frequency ()4 is non-
zero, and the resonance number s associated with this frequency plays a crucial role. The
most general selection rule for a dynamic perturber (which may also be on an inclined orbit
relative to the EMRI’s equatorial plane) states that a jump in L, and Q is induced only if

the sum k 4 m + s is an even integer. Resonances where k 4 m + s is odd will not cause a
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change in L, or Q [27]. This general rule naturally reduces to the stationary case rules. If the
perturber is stationary (s = 0), the rule becomes k 4+ m =even. If the stationary perturber
is also on the equatorial plane (where only m = 0,2 are typically relevant for the electric

quadrupole contribution), this further simplifies, consistent with k =even.

Beyond applying the main selection rules that tell us which types of resonances can physi-
cally occur, we take a few more practical steps to narrow down the list of specific resonance
number combinations we want to study.

First, when we initially list possible integer combinations for #,k, m (and s for the dynamic
case), we make sure to handle how positive and negative numbers are treated. We do not
need to consider combinations where all the contributions of the resonance condition, in
equation (7), are positive and also separately where they are all negative. Because then these
will never fulfill the resonance condition, since the total must equal zero. For prograde mo-
tion, this means 1, k, m, s cannot all be the same sign, since then the orbital frequencies are all
positive. For retrograde motion however, the wy is by definition negative. Thus this means
we cannot have 1, k, s positive and m negative, or vice versa. On top of this, a resonance de-
fined by a particular set of integers (e.g., (1, 2, -1)) is equivalent to the resonance defined by
the set with all signs inverted (e.g., (-1, -2, 1)). Thus, we use a convention to make sure each
resonance is considered only once. We choose to always make the first number, n, positive.
If n happens to be zero, then we make the next number, k, positive, and so on for m and s.
Another important step is to concentrate on the “low-order” or fundamental resonances.
These are the combinations made with smaller integer values. If we find a basic resonance,
like (1, 2, -1), then other resonances that are just multiples of it do not have as strong an effect
and are called subdominant [28]], for example with (2, 4, -2) where all the numbers are just
doubled. Because of this, we filter out these “higher-order multiples.” This means that if we
have picked a specific combination to study, we then remove any other combinations that
are just that lowest-order combination multiplied by two, or by three, and so on. Finally, we
focus on the resonance number combinations for which the integers are limited, so specifi-
cally (n,k) < 4 and (m,s) < 2. Here, we limited (n,k) in order to focus on the lower-order
resonances, i.e. those with the most impact We limited the values for (m, s) because we
restrict our analysis to the quadrupole (I = 2) field by using the small-tide approximation
[18].

IThe choice of these limits was supported by calculating several jumps with n = 5 and n = 6. Specifically,
we observed for prograde resonances with combinations (5, —4,2), (5,—1,—-1), (6, —3,—1) and (6,0, —2) and
for retrograde resonances with combinations (5, —4,0), (5,—3,1), (6,—1,1) and (6, —4, —2) that the jumps are
indeed 3 orders of magnitude smaller in those cases, compared to the typical jump sizes for n < 4.
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By taking these extra steps after the main selection rules, we end up with a cleaner list. It
contains the unique resonance combinations that are most likely to cause noticeable changes
in the EMRI’s orbit, making our detailed calculations more targeted and efficient. We deter-
mined this cleaner list using a Mathematica code. Both the methods with which we deter-
mined this and the results are shown in appendix B}

Looking at these results, we observe that we have 88 relevant (n,k,m,s) combinations in
the stationary case and 708 in the dynamic case. This clearly shows that the more complex
dynamic case will require more computations to fully analyze and understand. However,
this list can be made even shorter by focusing on resonances that occur at a reasonably small
value for the semi-latus rectum p. For example, when we further limit ourselves to the
(n,k,m,s) combinations that results in a resonance with a value of p < 100, we are left with

24 resonance combinations for the stationary case and 316 for the dynamic case.
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3 Two-for-one deal

In this section, we will explain one of the main interests of this thesis, the so-called two-
for-one deal [29]. This “deal” describes a closed relation that relates the jump in the Carter
constant Q with the jump in the axial component of the angular momentum L., by a pref-
actor that depends only on the resonance numbers 7,k and m and the values of 4, p,e and
x. Thus, we see that these tidal jumps are in fact not independent. We can compute the
change in one of them, given the other, by using this relation. Direct computation of these
tidal jumps, as done in previous sections of this thesis, is computationally costly. Thus, hav-
ing a good understanding of this relation will offer a drastic simplification for calculating
accurate tidal jumps. In this section, we will show a derivation for this relation. In previous
work [29], this relation has already been shown to give accurate results for three resonances,
the (3,0,-2) resonance, the (3,-4,2) resonance and the (-3,1,1) resonance. This was done in the
setting with a stationary perturber and for a limited number of initial conditions. We have
extended this original analysis by investigating additional resonances, for various different
initial conditions by also varying the parameters 4, ¢ and x. In addition, we will add to this

work by showing that this relation also performs well for systems with dynamic perturbers.

3.1 Deriving the relation

This derivation, as done in [29], uses a Hamiltonian framework in action-angle variables,
which is what we are familiar with from section More background on this derivation
can also be found in [30]. During this derivation, we do not take into account any effect from
the mass of the smaller BH. The Carter constant Q is only a function of E, L, and J,. Since in

this treatment, the same is true for Jy, we can write

S (29)  _(Q) (%
= (0)e 6 e

_(9Q\ _ [9Q 9 0Q
0= (aLZ>E,Q B (a]r)E,Lz (aLZ>E,Q+ <aLZ>EJr. o

Starting with the chain rule for the rate of change of the Carter constant Q with respect to

proper time 7, we have

dQ  (9Q\ dJ, , (9Q\ dL.
w—(%)uyr+5uﬁww~ ¢2)

17



From equation (31) we can write

0\ _ (3 an)
<5L2>E,], B <a]r>E,LZ <aLZ E,Q' )

Substituting this back into equation (32) yields

iQ 8Q> dh_<aQ> <8Jr> dL, (34)
dr <a]r £ AT 9y ) g1 \OL: Jp o dT’

The jumps in the action variables are proportional, specifically d],/dt = (n/m)dL,/dt. This

is a direct result from equation 20 in [29] given that ], = L. from equation 13 in [29]. Incor-
porating this proportionality, we get

dQ _ (9Q n (9 dL,
£ (). - (. %

Finally, using equation , which implies (?ﬁ%) EL (g

dQ | n aJ, o, \ ' dL,
Foi [m - <aLZ)E,Q] (aa))% it 30)

Relation can be written more explicitly as

—

r

-1
) , we arrive at
EL,

O

dQ ST B2y, — 2L (K[ -T2, (5)%) ar.,
dr

K T 7

where K[m| and I1[n, m] are the complete elliptic integrals of the first and third kind respec-
tively. These are given by

_ 5 d¢ ot dx
ml = 0 1 —msin®¢ - /O V(1= 22)(1—ma2) )
7 d¢p 1 dx
Ilin,m| = (39)
[, m] /0 (1— nsin¢)y/1 — msin? ¢ ./0 (1—nx2)/(1—22)(1 — mx?2)
and y+ are given by
2(1 _ 2 2 2(1 — E2 2 2 2(E2 —
yiza(l E)+124Q+/(a (21 E) + 12 +Q) +402(B ~ 1)Q w0
242(1 — E2)
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Because Q > 0 and 1 — E? > 0, we can see that y, > y_. These y. are defined as the

values of cos? @ at the points where the potential V4 = Q — cos?6 [uz(yz —E%) + sifﬁ 9} is

zero. Alternatively, we can write this potential as

2 —cos?0)(y2 — cos?0)

sin? 6

Va(e) = 2(1 - ) (41)
The relation in equation (37) is known as the “two-for-one deal” and will greatly reduce the

computational costs of the tidal jump calculations.

3.2 Results

Now that we have established the derivation of the two-for-one deal relation, we will focus
on applying it. As seen in previous work [29], this relation is shown to be accurate within
the error of 0.01% for three different resonances (all with n = 3) for a stationary perturber.
We will confirm these results by recreating them. During the derivation in section the
perturber was treated as stationary. Despite this, we will show that this relation still is accu-

rate for the case with a dynamic perturber within the error of 0.03% in a similar case.

First, we will show the results for the stationary case. We compare the values of the jump
size in Q as calculated using the method described in section with the values for Q
according to the two-for-one deal relation. We also look at the relative error, i.e. the absolute
value of the relative difference between these two differently calculated values for the Carter

constant Q divided by the directly calculated value for Q, which is given by

Relative Error =

‘Qcalculated - Qtwo—for—one dea1| ) ( 42)
Qcalculated

We start by looking at the resonance for (1n,k,m) = (3,0, —2) in the stationary case, these

results can be found in figure
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Figure 4: Validation of the two-for-one deal for jumps in the Carter constant Q induced by a stationary
perturber for the resonance number combination (3,0, —2). The left plot compares the values for the jump in
Q as calculated using the two-for-one deal relation (denoted by the red blocks) and as calculated using the jump
size calculations (denoted by the blue circles). The vertical axis shows the jump sizes and the horizontal axis
shows the value of p for which the resonance occurs. On the right we plot the relative error for each set, which
is given by the absolute value of the relative difference between the two value of the left plot.

As can be seen, these results align nicely and this confirms the previous work of [29]. On the
left of figure[d, we show a comparison of the values for the jump in Q as calculated using the
two-for-one deal relation (denoted by the red blocks) and as calculated using the jump size
calculations (denoted by the blue circles). On the right we show the relative errors, which
are given by the absolute value of the relative difference between the two value of the left
plot, as described in equation (42). Every pair of blue and red dots denotes a single input
value for the parameters a,¢e and x, so every point in the plot depicts a different dynamical
situation. Specifically, when we compare our results to the results from [29], we establish a
similar accuracy. First, we fix the values of e and x = cos(I) to be 0.7 and 0.96 respectively,
in order to fully recreate the conditions of the paper, while varying the values for the spin
parameter a. (Here, the perturber lies on the equatorial plane. )Thus we focus on a subset
of points in our figure 4, Then for our calculations, we find that the minimal value, maxi-
mal value and mean value of the relative error, as described in equation (42), are given by
0.0000261744, 0.000612967 and 0.000275261 respectively. Indeed, using the mean value of the
relative error as a comparison, we find a relative error of 0.002% where the previous paper
found an error of 0.01%.[29].

For the case with a dynamic perturber, the results look very similar. As can be seen in figure
the results are less accurate compared to the stationary case with a minimal value, maxi-
mal value and mean value of the relative error of 0.000144949, 0.000551504 and 0.000347293
respectively. Comparing the mean averages, the dynamic case is still accurate within an er-
ror of 0.03% for the similar case as the 0.01% in [29].
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Figure 5: Application of the two-for-one deal for jumps in the Carter constant Q induced by a dynamic
perturber for the resonance number combination (3,0,—2,2). The left plot compares the values for Q as
calculated using the two-for-one deal relation (denoted by the red blocks) and as calculated using the jump size
calculations (denoted by the blue circles). The vertical axis shows the jump sizes and the horizontal axis shows
the value of p for which the resonance occurs. On the right we plot the relative error for each set, which is given
by the absolute value of the relative difference between the two value of the left plot.

It is however important to note that the right plots in this section show the relative error.
This relative error will increase substantially when the value of Q becomes very small or
goes to zero. This explains some of the higher relative errors for low values of p in figures
and[5l As we see in the left plot of figures[d]and 5} this jump goes to zero for small values of p,
which is also when this relative error increases drastically. To better show this effect, figure
6] shows the same error as figure 4, but without dividing by the value of Q as in equation

(42). Thus this shows the absolute error. Indeed, we see in this plot that these large errors,
for small values of p, disappear.
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Figure 6: The absolute error of the tidal jumps in the Carter constant Q induced by a stationary
perturber for the resonance number combination (3,0,-2), which is given by the absolute value of the
difference between the two differently calculated values of Q from figure

More results for a variety of resonance number combinations can be found in appendix
These results vary a lot between different resonances and different values of 4, e, x. For exam-
ple, we can distinctly see that for the (1,2,-2) resonance in figure (11} there is a larger relative
error then usual. This is noteworthy and shows that the two-for-one deal does not perform
equally as good for all resonances. However, the trend still persists that the errors for a
dynamic calculation are of similar order as those of the stationary case. Thus, these results
show that this two-for-one deal is still quite accurate for the dynamic approach, despite the
fact that it strictly does not apply in this scenario, and could be used in the future of tidal

resonance research to greatly reduce computation time.
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4 The effect of changing ()4

In this section, we will provide the theoretical background behind the other main interest of
this thesis, the orbital frequency of the tidal perturber, (2y4. Specifically, we are interested
to see how the tidal jump changes when changing this ()4. In this section, we will intro-
duce the equations that are crucial for investigating this effect. Then, we will show how
the calculation of the jump sizes depends on ()4 in various ways. Despite these various
dependencies, we find that changing ()4 gives much more predictable results than initially
expected. Finally, we will present additional challenges that still persist when taking into

account the effect of ()4 in the tidal jump calculations.

4.1 Theory

First of all, ()4 is defined as the orbital frequency of the tidal perturber. Thus, in terms of
the mass of the central BH of the EMRI M, the mass of the perturber M, and the distance
between them b, it is defined as [19]

GM |G(M+ M,

where G is the gravitational constant and c is the speed of light. The factor GC—QVI simply acts

to make the frequency dimensionless. As can be seen, we are only interested in the zeroth
order PN contributions. This is because the first order PN contribution already scales with
the perturber’s orbital velocity squared, which is small in our region of interest where M < b
[19].

Secondly, as we have already seen in equation (@), we can approximate the tidal jump using
an adiabatic approximation. We write this now in terms of the orbital constants of motion C,
like we did in equation (27). Such that it is given by [11]

aC o lc
E ~ € <G1 (Clr, 5]9/ C]¢/C)> ’ (44)

where € is the tidal field strength parameter in which the equations of motion were expanded
in section 2.1} which was given by

G MM

R (45)

The perturber will be considered stationary as long as the resonance duration is much shorter

than the orbital period of the perturber. The resonance duration T7,..s and the orbital period
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T}4 of the perturber are given by [19]

_ i /T
e =i M5 (46)
T = &,

Thus, the perturber is considered stationary as long as T.s < Tyy.

4.2 Dependencies on ()4 in the jump calculation

The orbital frequency of the tidal perturber, ()4, arises in multiple instances during the cal-
culation of the tidal jumps.

Most importantly, ()4 is an explicit part of the resonance condition for dynamic perturbers,
as given by equation (7). Therefore, the value of ()4 directly determines the orbital parame-
ters (a, p, e, x) for which a particular (n, k, m, s) resonance will occur. In other words, a change
in (g shifts the location of the resonance, i.e. at which semi-latus rectum p the resonance
condition is satisfied during the inspiral of the EMRIL

Beyond this, ()4 also affects the calculation of the tidal jumps at other points during the cal-
culation. First, because ()yq changes p, this also changes the values for E, L, and Q prior to
the resonance.

Secondly, by changing p, we change the orbit #(A),7(A),0(A) and ¢(A) as we determined in
chapter Similarly, this changes the temporal and radial Mino-time frequencies from
equation (24).

On top of this, (4 is a function of the mass of the central BH M, the mass of the tidal per-
turber M, and the distance between them b. Similarly, the field strength parameter € is also
a function of these three parameters, according to equation (#5). Thus, by varying O(, by
changing one or more of these parameters), we also vary the field strength parameter €. This
also greatly influences the tidal jump calculation and thus changes the resulting jump in the

orbital constants of motion.
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4.3 Results

These various dependencies on ()4 during the jump calculation suggest a complicated rela-
tion between them. Despite this, we observe a very predictable result. This can be explained
through equation (44), which I will repeat here for clarity:

dac;

E ~ € <G1(1) (qV/ qe, Q(p/ ])> . (47)

The dependencies as discussed in section all arise in the second part of this equation
in the orbital averaging of the tidal force. However, they all appear inside trigonometric
functions. Consequently, when performing the orbital averaging, denoted by the angular
brackets, these contributions are suppressed. We are left with the ()4 inside € that mainly
contributes to the ()4 dependency of the jump size %—CT".

In order to test this, we choose fixed values for the parameters 4, p, e, x and focus on one
resonance by choosing 1, k, m, s. Then, we vary the values of M, and b, which are two of the
main components of (4. (We kept M fixed, since this has a more complicated effect.) By
looking at equations (#3), and (@5), we expect a quadratic dependency on (O for the

tidal jumps, so %—CT” ~ Q2.
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Figure 7: Plot showing the jumps in E, L, Q in green, blue and red respectively. The jumps are calculated for
the (3,0,-2,2) resonance with (a,e,x)=(0.5,0.5,0.5), while ranging 2 AU< b <8 AU and 25 Mo < M, <40
M. The plot shows (Y on the horizontal axis and the jump sizes on the vertical axis. On the left, we vary
Qg by changing only the distance b, on the right we vary Oy by changing only the mass M.

As can be seen in figure[7} the results align with this quadratic dependency we expected. On
the left side, we show how the jump changes when only varying b and keeping M, fixed,
while on the right side we vary M, while keeping b fixed. These plots were calculated for
the resonance with (n,k,m,s) = (3,0, —2,2).
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4.4 Additional Challenges

In the previous section, we showed that a predictable quadratic relationship can be found
between the jump amplitudes and the values of (3. However, other additional challenges
that arise due to the influence of ()4 still remain. This section will discuss them and show

that more research is needed to obtain the full picture of the influence of (4.

In the stationary case, when s = 0, a resonance occurs when nw, + kwg + mwy = 0. For
a given set of resonance numbers (1, k, m), we observe that this condition is only met at a
single, unique value of the semi-latus rectum p, during the inspiral.

The situation becomes more complex in the dynamic case, where the resonance condition is
nw;, + kwy + mwyp + sQyq = 0. The term s()yy is constant for a given perturber and acts as a
vertical offset to the resonance condition function. This is shown in figure (8, which plots the
value of the resonance condition as a function of p, first increasing before slowly decreasing
and converging to a constant value. On the left, we see the resonance condition for the sta-
tionary case with (n,k,m,a,e,x) = (3, —4,2,0.78,0.85,0.78), while on the right side, we see
the corresponding dynamic case with s = —2. In the stationary case, we observe that this
curve only converges to a positive value after this maximum. Meaning that the curve only
crosses the horizontal axis once. However, by introducing a non-zero s{)4, we effectively
shift this entire curve up (for sQyq > 0) or down (for sQlyq < 0). This can cause the curve
to intersect the horizontal axis at two distinct points. This implies that an inspiraling object
can pass through the same (1, k, m, s) resonance twice during its evolution, once at an early
semi-latus rectum p; and again at a later p,. This possibility of multiple encounters with the

same resonance type complicates the evolution of the inspiral.
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Figure 8: A plot showing the resonance condition as a function of p. Any zero-crossing of the line indi-
cates the resonance condition is satisfied and a tidal resonance occurs. On the left, we see (n,k,m,a,e,x)=(3,-
4,2,0.78,0.85,0.78) and on the right we see that corresponding dynamic case with s=-2 and ();y = 0.000248159.
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Furthermore, there are two particularly noteworthy trends in figure |8 Firstly, the graph
seems to converge at large values of p. This is because, for large values of p, the system
enters the weak-field regime where the different orbital frequencies, w;, wg and wy become
degenerate and coincide with the Keplerian frequency wg [14]. Thus this graph converges to
the sum of the integer resonance numbers times this Keplerian frequency. Secondly, it is in-
teresting to note that for low values of p, the graph tends to decrease greatly. This is because
below the separatrix the theory breaks down. This is where the frequencies strongly deviate
from each other and the bound orbit turns into a plunge orbit. Specifically, the graph goes
to minus infinity. This can be explained by the fact that the value of w, tends to negative
infinity for low values of p, whereas the values of wy and wy go to positive infinity, as seen in
figure 7 from [17]. Since n is the most dominant resonance number in this system, the trend

from w, dominates and the graph tends to negative infinity.

Finally, this shifting mechanism also reveals another key observation; that some dynamic
resonances do not have a stationary counterpart. It is possible for the stationary resonance
function, where s = 0, to lie entirely above or below the horizontal axis (for all values of p
above the separatrix). However, a sufficiently large s()4 term can shift the curve to create
a zero-crossing, thus enabling a dynamic resonance without corresponding stationary res-
onance. This demonstrates that the dynamic case does not merely perturb the locations of
the corresponding stationary resonances, but can also introduce new resonances that are ab-
sent in the stationary case. These phenomena will be crucial during future tidal resonance
research. Accurately modeling EMRI waveforms will require identifying all possible reso-
nance locations, including the potential for multiple crossings for a single resonance number
combination and those resonances unique to the dynamic case but absent in the stationary

case.
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5 Discussion and Outlook

This thesis utilized a theoretical framework to study tidal resonances in EMRIs, with a spe-
cific focus on the dynamic case. Our investigation resulted in two key results. First, we
validated the “two-for-one deal” for dynamic perturbers, confirming that this relation ac-
curately connects the jumps in the Carter constant Q and the angular momentum L. This
result offers a significant computational simplification for future studies. Despite this, we
remain uncertain on the impact of an uncertainty of this size on the uncertainty in the cor-
responding waveforms. Implementation of these effects on the waveform construction will
show whether this effect is indeed small enough to be neglected or, whether it will still show

its effects in the resulting waveform.

Second, we analyzed the influence of the perturber’s orbital frequency, ()4, on the jump
amplitudes, finding a predictable quadratic relationship when changing ()4 by altering b
or M,. This predictable relationship will help reduce computational cost of further efforts
in tidal resonance research. On top of this, we discussed additional challenges in section
Namely, in the dynamic case the orbital frequency ()4 can shift the resonance condition,
leading to two main challenges. An inspiraling object may pass through the same resonance
twice and some dynamic resonances can be excited even when no corresponding stationary
resonance exists. These complexities still arise due to the effect of ()4 and have to be taken

into account.

Furthermore, a crucial part of our discussion is the definition of (4. That is, we defined

this as (yyq = d%d in section However, in order to correctly compare the frequency with
the fundamental frequencies of the EMRI’s secondary mass, we must define it in terms of

proper time T [17], such that

- d dt
Qtd = L?_;d = Qtddi'r'

(48)

Thus, this adds a factor %' which will change the tidal jump calculations that were done for
the case with a dynamic perturber. However, the only change induced by this factor is when
along the inspiral the resonance happens, i.e. for which value of the semi latus rectum p.
It does not change the amplitudes of the tidal jumps. This is because the calculation of the
acceleration in section is dependent on ()4 and not Q4. On top of this, the value of the
field strength parameter € will not change because of this, thus we expect our analysis from
chapter 4| to remain intact after this is considered. Nonetheless, it could still substantially
influence other parts of the research within this thesis, such as the two-for-one deal analysis

and the additional challenges induced by ().
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Once this is taken into account, the next step for this research will be to implement the cal-
culated tidal jumps into the Fast EMRI Waveform (FEW) python package, a key component
of the Black Hole Perturbation Toolkit (BHPT). Current waveform models typically describe
isolated EMRIS, neglecting environmental effects like tidal perturbations. By implementing
these jumps, we can construct more physically accurate waveforms for LISA. This imple-
mentation will allow us to answer crucial questions: What is the cumulative effect of tidal
resonances on the gravitational waves? Can we use these signatures to distinguish between
an isolated EMRI and one in a populated galactic nucleus? This could enable LISA to not
only detect EMRIs but also to probe the environments of supermassive BHs.

To complete the implementation, further research should also systematically map the reso-
nance locations discussed in section This means cataloging all possible resonance cross-
ings, including multiple encounters and dynamic-only resonances, for a given inspiral.
Together, these efforts will help developing the waveform models necessary to accurately

interpret the future data from LISA.
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A Appendix: Extra results two-for-one deal

In appendix[A] we will show extra plots of the two-for-one deal results from chapter[3| These
results are given to further support chapter B|by showing its accuracy for different resonance
number combinations. Figure [9] shows results for a stationary resonance with (n,k,m) =
(3,—4,2) and figure 10| shows that for a dynamic resonance with (n,k,m,s) = (3,—4,2,2).
Figuresandshow the same for(n, k,m) = (1,2,-2) and (n,k,m) = (1,2,-2,2) and
andshow the same for(n, k,m) = (4,—1,—1) and (n,k,m) = (4,—1, -1, 2).
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Figure 9: Validation of the two-for-one deal for jumps in the Carter constant Q induced by a stationary per-
turber for the resonance number combination (3, —4,2). The left plot compares the values for Q as calculated
using the two-for-one deal relation (denoted by the red blocks) and as calculated using the jump size calculations
(denoted by the blue circles). The vertical axis shows the jump sizes and the horizontal axis shows the value
of p for which the resonance occurs. On the right we plot the relative error for each set, which is given by the
absolute value of the relative difference between the two value of the left plot.
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Figure 10: Application of the two-for-one deal for jumps in the Carter constant Q induced by a dynamic
perturber for the resonance number combination (3,—4,2,2). The left plot compares the values for Q as
calculated using the two-for-one deal relation (denoted by the red blocks) and as calculated using the jump size
calculations (denoted by the blue circles). The vertical axis shows the jump sizes and the horizontal axis shows
the value of p for which the resonance occurs. On the right we plot the relative error for each set, which is given
by the absolute value of the relative difference between the two value of the left plot.
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Figure 11: Validation of the two-for-one deal for jumps in the Carter constant Q induced by a stationary
perturber for the resonance number combination (1,2, —2). The left plot compares the values for Q as cal-
culated using the two-for-one deal relation (denoted by the red blocks) and as calculated using the jump size
calculations (denoted by the blue circles). The vertical axis shows the jump sizes and the horizontal axis shows
the value of p for which the resonance occurs. On the right we plot the relative error for each set, which is given
by the absolute value of the relative difference between the two value of the left plot.

33



25¢ ° ° ¢ ,
° o L ¢ ~
20F ° ° RS
S 15 R fo C‘c;
~ ° L ] Y . _E
% 10t :..-. o ® . (] N é . "
A : )
5F ‘:...'.'..' :. KK .o‘ .a‘ 0 .f I.ItJ
y B ot 2esid : -0.1}
ofm “ﬁ*"‘wha‘ot : ‘ ‘ ‘ ‘ ‘ ‘ -
35 40 45 50 55 6.0 65 35 40 45 50 55 6.0 6.5
p P
(a) (b)

Figure 12: Application of the two-for-one deal for jumps in the Carter constant Q induced by a dynamic
perturber for the resonance number combination (1,2,—2,2). The left plot compares the values for Q as
calculated using the two-for-one deal relation (denoted by the red blocks) and as calculated using the jump size
calculations (denoted by the blue circles). The vertical axis shows the jump sizes and the horizontal axis shows
the value of p for which the resonance occurs. On the right we plot the relative error for each set, which is given
by the absolute value of the relative difference between the two value of the left plot.
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Figure 13: Validation of the two-for-one deal for jumps in the Carter constant Q induced by a stationary
perturber for the resonance number combination (4, —1,—1). The left plot compares the values for Q as
calculated using the two-for-one deal relation (denoted by the red blocks) and as calculated using the jump size
calculations (denoted by the blue circles). The vertical axis shows the jump sizes and the horizontal axis shows
the value of p for which the resonance occurs. On the right we plot the relative error for each set, which is given
by the absolute value of the relative difference between the two value of the left plot.
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Figure 14: Application of the two-for-one deal for jumps in the Carter constant Q induced by a dynamic
perturber for the resonance number combination (4, —1,—1,2). The left plot compares the values for Q as
calculated using the two-for-one deal relation (denoted by the red blocks) and as calculated using the jump size
calculations (denoted by the blue circles). The vertical axis shows the jump sizes and the horizontal axis shows
the value of p for which the resonance occurs. On the right we plot the relative error for each set, which is given
by the absolute value of the relative difference between the two value of the left plot.

Finally, we show similar results for two dynamic resonances that do not have a stationary
counterpart, namely (2,1,-2,1) and (3,1,-2,1). As seen in figures 15 and these do perform
worse then the other plots in this Appendix.
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Figure 15: Application of the two-for-one deal for jumps in the Carter constant Q induced by a dynamic
perturber for the resonance number combination (2,1,—2,1). The left plot compares the values for Q as
calculated using the two-for-one deal relation (denoted by the red blocks) and as calculated using the jump size
calculations (denoted by the blue circles). The vertical axis shows the jump sizes and the horizontal axis shows
the value of p for which the resonance occurs. On the right we plot the relative error for each set, which is given
by the absolute value of the relative difference between the two value of the left plot.
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Figure 16: Application of the two-for-one deal for jumps in the Carter constant Q induced by a dynamic
perturber for the resonance number combination (3,1,—2,1). The left plot compares the values for Q as
calculated using the two-for-one deal relation (denoted by the red blocks) and as calculated using the jump size
calculations (denoted by the blue circles). The vertical axis shows the jump sizes and the horizontal axis shows
the value of p for which the resonance occurs. On the right we plot the relative error for each set, which is given
by the absolute value of the relative difference between the two value of the left plot.

In table[I|we provide all the total mean relative errors and mean relative errors for the par-

ticular case when we set ¢ = 0.7 and x = 0.96, for all the examined resonance number

combinations. In this table, the rows with resonance numbers where only (7, k, m) are speci-

fied, are the stationary case resonances.

(n,k,m,s) Total Mean Relative Error | Mean Relative Error (e=0.7, x=0.96)
(3,0,-2) 0.00049677 0.000275261
(3,0,-2,2) | 0.000506583 0.000347293

u(3,-42) 0.0190623 0.00284616

m(3,-4,2,2) | 0.00508755 0.00055887

u(1,2,-2) 0.124472 0.0118447

w(1,2,-2,2) | 0.119161 0.0112888
4,-1,-1) 0.000576968 0.000558002
(4,-1,-1,2) | 0.000512527 0.000618386

m(2,1,-2,1) | 15.3986 0.0234015

u(3,1,-2,1) | -9.51319 -0.0317263

Table 1: A table showing all total mean relative errors and mean relative errors for the particular case

when we set e = 0.7 and x = 0.96, for all the examined resonance number combinations.
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B Appendix: Relevant resonance number combinations

In this section we provide the selection process and Mathematica code used to filter the
relevant resonance number combinations (1, k, m, s) that will satisfy the resonance condition
from equation (7). This selection process involves several filtering steps to apply physical
and mathematical constraints. An important separation we make in this section is the one
between the case with a perturber in prograde motion or retrograde motion. We will start
by looking at the stationary case, since this is the least complex. In prograde motion, the

selection rules looks like:
e We cannot have only positive integers for (1, k, m)
¢ The general selection rule: k + m = even
* Take n to be positive because everything times - 1 gives the same resonance
e if n = 0, take k to be positive because everything times -1 gives the same resonance

The number of (n,k, m) combinations for the stationary case in prograde motion is 44, and

they are given by:

(0,1,-1), (0,3,-1), (1,—4,-2), (1,—4,0), (1,—4,2),
(1,-3,-1), (1,-3,1), (1,-2,-2), (1,-2,0), (1,-2,2),
(1,-1,-1), (1,-1,1), (1,0,-2), (1,1,-1), (1,2,-2),
(1,3,-1), (1,4,-2), (2,-3,-1), (2,-3,1), (2,-1,-1),
(2,-1,1), (2,1,-1), (2,3,-1), (3,—4,—2), (3,—4,0),
(3,—4,2), (3,-3,-1), (3,-3,1), (3,-2,-2), (3,—-2,0),
(3,-2,2), (3,-1,-1), (3,-1,1), (3,0,—2), (3,1,-1),
(3,2,-2), (3,3,-1), (3,4,-2), (4,-3,-1), (4,-3,1),
(4,-1,-1), (4,-1,1), (4,1,-1), (4,3,-1)

In retrograde motion, the selection looks like:
* We cannot have positive integers for n and k and negative for m, because wy < 0

* The general selection rule: k + m = even

Take n to be positive because everything times - 1 gives the same resonance

if n = 0, take k to be positive because everything times -1 gives the same resonance
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The number of (1, k, m) combinations for the stationary case in retrograde motion is also 44,

and they are given by:
(0,1,1), (0,3,1), (1,—4,-2), (1,—4,0), (1,—4,2),
(1,-3,-1), (1,-3, 1) (1,-2,-2), (1,-2,0), (1,-2,2),
(1,-1,-1), (1,-1,1), (1,0,2), (1,1,1), (1,2,2),
(1,3,1), (1,4 ) (2,-3,-1), (2,-3,1), (2,-1,-1),
(2,-1,1), (2,1 ) (2,3,1), (3,—4,-2), (3,—4,0),
(3,—4,2), (3,-3,-1), (3,-3,1), (3,—2,-2), (3,—-2,0),
(3,-2,2), (3,—-1, —1) (3,—-1,1), (3,0,2), (3,1,1),
(3,2,2), (3,3, 1) (3,4,2), (4,-3,-1), (4,-3,1),
4,-1,-1), 4,-1,1), (4,1,1), (4,3,1).

Now we focus on the more complex dynamic case, starting by looking at the case with pro-

grade motion. This follows the following selection rules:
* We cannot have only positive integers for (1, k,m,s)
* The general selection rule: k 4+ m +s = even
¢ Take n to be positive because everything times - 1 gives the same resonance
e if n = 0, take k to be positive because everything times -1 gives the same resonance

e if n = 0 and k = 0, take m to be positive because everything times -1 gives the same

resonance

e ifn =0,k = 0and m = 0, take s to be positive because everything times -1 gives the

same resonance

* multiple of one n,k, m,s combination do not contribute, we only consider the lowest

order

The number of (n,k, m) combinations for the dynamic case in prograde motion is 354, and
they are given by:

(0,0,1,—1), (0,1,-2,-1), (0,1,-2,1), (0,1,-1,-2), (0,1,-1,0), (0,1,-1,2),
(0,1,0,—1), (0,1,1,-2), (0,1,2,-1), (0,2,-2,-2), (0,2,-2,2), (0,2,-1,-1),
(0,2,-1,1), (0,2,1,-1), (0,2,2,-2), (0,3,-2,-1), (0,3,-2,1), (0,3,—-1,-2),
(0,3,-1,0), (0,3,-1,2), (0,3,0,—1), (0,3,1,-2), (0,3,2,-1), (0,4,-2,0),
(0,4,—1,-1), (0,4,—1,1), (0,4,0,-2), (0,4,1,-1), (1,-4,-2,-2) (1,-4,-2,0),
(1,-4,-2,2), (1,-4,-1,-1), (1,-4,-1,1), (1,-4,0,-2), (1,-4,0,0) (1,-4,0,2),
(1,-4,1,-1), (1,-4,1,1), (1,-4,2,-2), (1,-4,2,0), (1,-4,2,2) (1,-3,-2,-1),
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(1,-3,-2,1), (1,-3,-1,-2), (1,-3,-1,0), (1,-3,-1,2), (1,-3,0,—1), (1,-3,0,1),
(1,-3,1,-2), (1,-3,1,0), (1,-3,1,2), (1,-3,2,-1), (1,-3,2,1), (1,-2,-2,-2),
(1,-2,-2,0), (1,-2,-2,2), (1,-2,-1,-1), (1,-2,-1,1), (1,-2,0,-2), (1,-2,0,0),
(1,-2,0,2), (1,-2,1,-1), 1,-2,1,1), (1,-2,2,-2), (1,-2,2,0), (1,-2,2,2),
1,-1,-2,-1), (1,-1,-2,1), 1,-1,-1,-2), (1,-1,-1,0), 1,-1,-1,2), (1,-1,0,—1),
(1,-1,0,1), (1,-1,1,-2), (1,-1,1,0), (1,-1,1,2), (1,-1,2,—1), (1,-1,2,1),
(1,0,-2,-2), (1,0,—2,0), (1,0,-2,2), (1,0,—1,-1), (1,0,-1,1), (1,0,0,-2),
(1,0,1,-1), (1,0,2,-2), (1,1,-2,-1) (1,1,-2,1), (1,1,-1,-2), (1,1,-1,0),
(1,1,-1,2), (1,1,0,—1), 1,1,1,-2), (1,1,2,-1), (1,2,-2,-2), (1,2,-2,0),
(1,2,-2,2), (1,2,-1,-1), (1,2,-1,1), (1,2,0,-2), (1,2,1,-1), (1,2,2,-2),
(1,3,-2,—1), (1,3,-2,1), (1,3,-1,-2), (1 3,-1,0), (1,3,-1,2), (1,3,0,—1),
(1,3,1,-2), (1,3,2,-1), (1,4,-2,-2) (1,4,-2,0), (1,4,-2,2), (1,4,-1,-1),
(1,4,-1,1), (1,4,0,-2), (1,4,1,-1), (1,4,2,-2), (2,—4,-2,0), (2,-4,-1,-1),
(2,—4,—-1,1), (2,-4,0,-2), (2,-4,0,2), (2,-4,1,-1), (2,-4,1,1), (2,-4,2,0),
(2,-3,-2,-1), (2,-3,-2,1), (2,-3,-1,-2), (2,-3,-1,0), (2,-3,-1,2), (2,-3,0,—1),
(2,-3,0,1), (2,-3,1,-2), (2,-3,1,0) (2,-3,1,2), (2,-3,2,-1), (2,-3,2,1),
(2,-2,-2,-2), (2,-2,-2,2), (2,-2,-1,-1), (2,-2,-1,1), (2,-2,0,0), (2,-2,1,-1),
(2,-2,1,1), (2,-2,2,-2), (2,-2,2,2), (2,-1,-2,-1), (2,-1,-2,1), (2,-1,-1,-2),
(2,-1,-1,0), (2,-1,-1,2), (2,-1,0,—1), (2,-1,0,1), 2,-1,1,-2), (2,-1,1,0),
(2,-1,1,2), (2,-1,2,-1), (2,-1,2,1), (2,0,—2,0), (2,0,-1,-1), (2,0,-1,1),
(2,0,0,-2), (2,0,1,-1), (2,1,-2,-1), (2,1,-2,1), 2,1,-1,-2), (2,1,-1,0),
(2,1,-1,2), (2,1,0,—1), (2,1,1,-2), (2,1,2,-1), (2,2,-2,-2), (2,2,-2,2),
(2,2,-1,-1), (2,2,-1,1), (2,2,1,-1), (2,2,2,-2), (2,3,-2,-1), (2,3,-2,1),
(2,3,-1,-2), (2,3,-1,0), (2,3,-1,2), (2,3,0,—1), (2,3,1,-2), (2,3,2,-1),
(2,4,-2,0), (2,4,-1,-1), (2,4,-1,1), (2,4,0,-2), (2,4,1,-1), (3,—4,-2,-2),
(3,—4,-2,0), (3,—4,-2,2), (3,—4,-1,-1), (3,—4,-1,1), (3,—4,0,-2), (3,-4,0,0),
(3,—4,0,2), (3,—4,1,-1), (3,—4,1,1), (3,-4,2,-2), (3,—4,2,0), (3,-4,2,2),
(3,-3,—2,—1), (3,-3,-2,1), (3,-3,-1,-2), (3,-3,-1,0), (3,-3,-1,2), (3,-3,0, 71)
(3,-3,0,1), (3,-3,1,-2), (3,-3,1,0), (3,-3,1,2), (3,-3,2,—1), (3,-3,2,1
(3,-2,-2,-2), (3,-2,-2,0), (3,-2,-2,2), (3,-2,-1,-1), (3,-2,-1,1), (3,-2,0, 2)
(3,-2,0,0), (3,-2,0,2), (3,-2,1,-1), (3,-2,1,1), (3,-2,2,-2), (3,-2,2,0),
(3,-2,2,2), (3,-1,-2,—1), (3,-1,-2,1), (3,-1,-1,-2), (3,-1,-1,0), (3,-1,-1,2),
(3,-1,0,—1), (3,-1,0,1), (3,-1,1,-2), (3,-1,1,0), (3,-1,1,2), (3,-1,2,—1),
(3,-1,2,1), (3,0,—2,-2), (3,0,-2,0), (3,0,—2,2), (3,0,—1,-1), (3,0,-1,1),
(3,0,0,-2), (3,0,1,-1), (3,0,2,-2) (3,1,-2,-1), (3,1,-2,1), (3,1,-1,-2),
(3,1,-1,0), (3,1,-1,2), (3,1,0,—1) (3,1,1,-2), (3,1,2,—1), (3,2,-2,-2),
(3,2,-2,0), (3,2,-2,2), (3,2,—1,-1), (3,2,-1,1), (3,2,0,-2), (3,2,1,-1),
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(4,—4,-1,-1), (4,—4,-1,1), (4,—4,0,-2), (4,-4,0,2), (4,—4,1,—1), (4,-4,1,1),
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(4,-3,0,—1), (4,-3,0,1), (4,-3,1,-2), (4,-3,1,0), (4,-3,1,2), (4,-3,2,-1),
(4,-3,2,1), (4,-2,-2,-2), (4,-2,-2,2), (4,-2,-1,-1), (4,-2,-1,1), (4,-2,0,0),
(4,-2,1,-1), (4,-2,1,1), (4,-2,2,-2), (4,-2,2,2), (4,-1,-2,-1), (4,-1,-2,1),
(4,-1,-1,-2), (4,-1,-1,0), (4,-1,-1,2), (4,-1,0,—1), (4,-1,0,1), (4,-1,1,-2),
(4,-1,1,0), (4,-1,1,2), (4,-1,2,-1), (4,-1,2,1), (4,0,-2,0), (4,0,—1,-1),
(4,0,-1,1), (4,0,0,-2), (4,0,1,-1), (4,1,-2,-1), (4,1,-2,1), (4,1,-1,-2),
(4,1,-1,0), (4,1,-1,2), (4,1,0,—1), (4,1,1,-2), (4,1,2,-1), (4,2,-2,-2),
(4,2,-2,2), (4,2,-1,-1), (4,2,-1,1), (4,2,1,-1), (4,2,2,-2), (4,3,-2, 71),
(4,3,-2,1), (4,3,-1,-2), (4,3,-1,0), (4,3,-1,2), (4,3,0,—1), (4,3,1,—
(4,3,2,-1), (4,4,-2,0), (4,4,-1,-1), (4,4,-1,1), (4,4,0,-2), (4,4,1,-1).
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Finally, we look at the dynamic case for retrograde motion, then the selection rules are

shown by:
* We cannot have positive integers for n and k and negative for m, because wy < 0
¢ The general selection rule: k + m + s = even
* Take n to be positive because everything times - 1 gives the same resonance
e if n = 0, take k to be positive because everything times -1 gives the same resonance
e if n = 0 and k = 0, take m to be positive because everything times -1 gives the same
resonance
e ifn =0,k =0and m = 0, take s to be positive because everything times -1 gives the
same resonance
¢ multiple of one n,k, m,s combination do not contribute, we only consider the lowest
order
The number of (1, k, m) combinations for the dynamic case in retrograde motion is also 354,
and they are given by:
(0,0,1,1) 0,1,-2,-1) 0,1,-1,-2) (0,1,0,-1) 0,1,1,-2), (0,1,1,0)
0,1,1,2) (0,1,2,-1) (0,1,2,1), (0,2,-2,-2) 0,2,-1,-1), (0,2,1,-1)
(0,2,1,1) (0,2,2/ 72) (0,2,2,2)/ (0,3,72,71) (0,3,71,72), (0,3/0,71)
(0,3, 1, 72) (0,3,1,0) (0,3,1,2), (0,3,2,71) (0,3,2,1), (0,4,71,71)
(0,4,0,-2), (0,4,1,-1) (0,4,1,1), (0,4,2,0) (1,-4,-2,-2), (1,-4,-2,0)
(1,-4,-2,2), (1,-4,-1,-1) (1,-4,-1,1) (1,-4,0,-2) (1,-4,0,0), (1,-4,0,2),
(1,74,1 71), (1, 74/1,]) (l, 74,2,72) (1,74/2,0), (l, 74,2,2), (1,73,72,71)
(1, -3, 72,1), (1,73,71, 72) (1, 73,71,0) (1,73,71,2), (1,73,0,71), (1,73,0,1)
(1, 73,1,72), (1,73,1,0), (1, 73,1,2) (1,73,2 71), (1,73,2,1), (1,72, -2, 72)
(1,-2,-2,0), (1,-2,-2,2), (1,-2,-1,-1) (1,-2,-1,1), (1,-2,0,-2), (1,-2,0,0)
(1,-2,0,2) (1,-2,1,-1), (1,-2,1,1) (1,-2,2,-2), (1,-2,2,0), (1,-2,2,2)
(1,71, 72,71) (1,71/ 72,1), (1,71,71/ 72) (1,71,71,0)/ (],71,71/2), (1,71,0,71)
(1,71,0,1) (1,71,1, 72), (1,71,1,0) (1,71,1,2) (1,71,2,71), (1,71,2,1)
(1,0,-2,-2) (1,0,-1,-1), (1,0,0,-2) (1,0,1,-1) (1,0,1,1), (1,0,2,-2)
(1,0,2,0) (1,0,2,2) (1,1,-2,-1) (1,1,-1,-2) (1,1,0,-1), (1,1,1,-2)
(1,1,1,0) (1,1,1/2) (1,1,2,71) (1,1/2/1) (1,2, 72,72), (1,2/71,71)
(1,2,0, 72) (1,2,1,71) (1,2,1,1) (1,2,2, 72) (1,2,2,0), (1,2,2,2)
(1,3, 72,71) (1,3,71,72) (1,3,0,71) (1,3,1, 72) (1,3,1,0), (1,3,1,2)
(1,3,2,-1) (1,3,2,1) (1,4,-2,-2) (1,4,-1,-1) (1,4,0,-2), (1,4,1,-1)
(],4,1,1)/ (1,4,2/ 72), (],4,2,0) (1,4/2/2) (2, —4, 72/0), (2, 74,71,71)
(2, —4, 71,1) (2,74/0 72), (2, 74,0,2) (2,74, 1,71) (2, 74,1,1), (2,74,2,0)
(2, -3, 72,71) (2,73, 72,1), (2, 73,71,72) (2,73,71,0) (2, 73,71,2), (2,73,0,71)
(2,-3,0,1) (2,-3,1,-2), (2,-3,1,0) (2,-3,1,2) (2,-3,2,-1), (2,-3,2,1)
(2,-2,-2,-2) (2,-2,-2,2), (2,-2,-1,-1) (2,-2,-1,1) (2,-2,0,0), (2,-2,1,-1)
(2, 72,1,1) (2,72/2 72)/ (2,72,2,2) (2,71/ 72,71) (2,71,72/1), (2,71,71, 72)
(2,71,71,0) (2,71,71,2), (2,71,0,71) (2,71,0,1) (2,71,1,72), (2,71,1,0)
(2,71,1,2) (2,71,2 71), (2,71,2,1) (2,0 71,71) (2,0,0, 72), (2,0,1,71)
(2,0,1,1) (2,0,2,0) (2,1,-2,-1) (2,1,-1,-2) (2,1,0,-1), (2,1,1,-2)
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(2,1,1,0),
(2,2,1,-1),
(2,3,0,-1),
(2,4,-1,-1),
(3,—4,-2,0),
(3,-4,0,2),
(3,-3,-2,-1),
(3,-3,0,1),
(3,-2,—2,-2),
(3,-2,0,0),
(3,-2,2,2),
(3,-1,0,-1),
(3,-1,2,1),
(3,0,2,-2),
(3,1,1,-2),
(3,2,-1,-1),
(

@

(

(4

(4

(4

(4

(4

(

(

(

(

(

(

(

w

3,2,2,2),
,3,1,2),
3,4,1,-1),
—4,-1,-1),
—4,2,0),
-3,0,—1),
-3,2,1),
~2,1,-1),
4,-1,-1,-2),
4,-1,1,0),
4,0,1,-1),
4,1,1,-2),
4,2,-1,-1),
4,3,-1,-2),
4,3,2,1),

(2,1,1,2),
(2,2,1,1),
(2,3,1,-2),
(2,4,0,-2),
(3,—4,-2,2),
(3,—4,1,-1),
(3,-3,-2,1),
(3,-3,1,-2),
(3,-2,-2,0),
(3,-2,0,2),
(3,-1,-2,-1),
(3,-1,0,1),
(3,0,-2,-2),
(3,0,2,0),
(3,1,1,0),
(3,2,0,-2),
(3,3,-2,-1),
(3,3,2,-1),
(3,4,1,1),
(4,—4,-1,1),
(4,-3,-2,-1),
(4,-3,0,1),
(4,-2,-2,-2),
(4,-2,1,1),
(4,-1,-1,0),
(4,-1,1,2),
(4,0,1,1),
(4,1,1,0),
(4,2,1,-1),
(4,3,0,-1),
(4,4,-1,-1),

(2,1,2,-1),
(2,2,2,-2),
(2,3,1,0),
(2,4,1,-1),
(3,—4,—1,-1),
(3,—4,1,1),
(3,-3,-1,-2),
(3,-3,1,0),
(3,-2,-2,2),
(3,-2,1,—1),
(3,-1,-2,1),
(3,-1,1,-2),
(3,0,—1,-1),
(3,0,2,2),
(3,1,1,2),
(3,2,1,-1),
(3,3,-1,-2),
(3,3,2,1),
(3,4,2,-2),
(4,—4,0,-2),
(4,-3,-2,1),
(4,-3,1,-2),
(4,
(
(
(
(
(
(
(
(

™

)
)
)
—2,-2,2),
,—2,2,-2),
4,-1,-1,2),
4,-1,2,-1),
4,0,2,0),

4,1,1,2),

4,2,1,1),

4,3,1,-2),
4,4,0,-2),
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(2,1,2,1),
(2,2,2,2),
(2,3,1,2),
(2,4,1,1),
(3,—4,-1,1),
(3,—4,2,-2),
(3,-3,-1,0),
(3,-3,1,2),
(3,-2,-1,-1),
(3,-2,1,1),
(3,-1,-1,-2),
(3,-1,1,0),
(3,0,0,-2),
(3,1,-2,-1),
(3,1,2,-1),
(3,2,1,1),
(3,3,0,-1),
(3,4,-2,-2),
(3,4,2,0),
(4,-4,0,2),
(4,-3,-1,-2),
(4,-3,1,0),
(4,-2,-1,-1),
(4,-2,2,2),
(4,-1,0,-1),
(4,-1,2,1),
(4,1,-2,-1),
(4,1,2,-1),
(4,2,2,-2),
(4,3,1,0),
(4,4,1,-1),

2,2,-2,-2),
2,3,-2,-1),
2,3,2,-1),
2,4,2,0),
3,—4,0,-2),

3,-2,2,-2),

3,—112)
30171)

3,3,1,-2),
3,4,—1,-1),

74,1,71),
-3,-1,0),
-3,1,2),
—2,-1,1),
4,-1,-2,-1),
4,-1,0, 1)
-1),
1,-1,-2),
4,1,2,1),
4,2,2,2),
4,3,1,2),
)

(
(
(
(
(
G
G
G
(
(
(
(
(
G
G
(3,22, 2)
(
(
G
(4,
(4
(4,
(4,
(
(
(4
(4,
(
(
(
(4,4,1,1),

(2,2,-1,-1),
(2,3,-1,-2),
(2,3,2,1),
(3,—4,-2,-2),
(3,-4,0,0),
(3,-4,2,2),
(3,-3,0,-1),
(3,-3,2,1),
(3,-2,0,-2),
(3,-2,2,0),
(3,-1,-1,2),
(3,-1,2,-1),
(3,0,1,1),
(3,1,0,-1),
(3,2,-2,-2),
(3,2,2,0),
(3,3,1,0),
(3,4,0,-2),
(4,—4,-2,0),
(4,-4,1,1),
(4,-3,-1,2),
(4,-3,2,—1),
(4,-2,0,0),
(4,-1,-2,1),
(4,-1,1,-2),
(4,0,0,-2),
(4,1,0,—1),
(4,2,-2,-2),
(4,3,-2,-1),
(4,3,2,-1),
(4,4,2,0).
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Finally, in listing [Tl we show the Mathematica code used for selecting the relevant resonance
number combinations, specifically for the dynamic case in retrograde motion. This case
was chosen because it includes the most important features of the selection process and it is

shown to demonstrate how the selection process is done in Mathematica.

(*Retrograde, so omegaphti ©s mnegative*)

rawnums=Flatten[Table[{n,k,m,s},{n,-4,4},{k,-4,4},{m,-2,2},{s
,-2,2}],8];

filterl = Select[rawnums,!(#[[1]]>=0&& #[[2]]>=0&& #[[3]1]<=0 &&
#[[4]1]1>=0)&]; (* we can’t have only postitive numbers (but \[Omegal
_pht is always negative for retrograde, so #3<=0) *)

filter2= Select[filterl ,!(#[[1]1]1<=0&& #[[2]1]1<=0&& #[[3]1]1>=0&&
#[[4]1]1<=0)&]; (* we can’t have only negative numbers (but \[Omegal
_phi 1s always mnegative for retrograde, so #3>=0) *)

filter3 = Select[filter2,EvenQ [#[[2]1]1+#[[3]1]1+#[[4]11]1&]; (¥ general
selection rule: k+tm+s=even *)

filter4 = Select[filter3 ,#[[1]]>=0&]; (*take n to be positive, because

everything times -1 gives the same resonance*)

filter5 = Select[filter4 ,{#[[1]1]1==0,#[[2]1]1<0}!={True,Truel}&]; (*if n
=0, take k to be positive because everything times -1 gives the
same Tesonance*)

filter6 = Select[filter5,{#[[1]1]1==0,#[[2]]1==0,#[[3]]<0}!={True, True,
Truel}&]; (*i¢f n=0 and k=0, take m to be postitive because everything

times -1 gives the same Tesonancex*)

filter7 = Select[filter6 ,{#[[1]1]1==0,#[[2]1]1==0,#[[3]11==0,#[[411<0}!'={
True ,True ,True ,Truel}&]; (¥i¢f n=0 and k=0,m=0, take s to be positive
because everything times -1 gives the same resonance*)

filter8=Select [filter7, MemberQ[filter7, {#[[111/2, #[[2]11/2,
#[0311/2, #[[411/2}]'=True &]; (¥Check if element is multiple of
another element*)

filter900=Select [filter8, MemberQ[filter8, {#[[1]11/3, #[[2]11/3,
#[[311/3, #[[411/3}]!=True &] (*Check %if element ts multiple of
another element *)

Print[”Theunumberuofunkmsucombinationsuinugeneraluisu", Length[
filter9001]]

Listing 1: Mathematica code: Selecting the relevant resonance number combinations in the dynamic

case for retrograde motion
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