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1 Introduction

General Relativity is the most successful theory of gravitation to date. It describes gravity as the curvature
of space-time, as opposed to being a local force [1]. Some of its early predictions are the perihelion precession
of Mercury’s orbit, the deflection of light by the sun and the gravitational redshift of light [2]. It passed these
tests already in the early to mid 20th century [3–5]. Besides these “classical tests” of General Relativity, new
experiments have been suggested to test General Relativity in other regions, such as the small scale or in the
strong field regime. Examples include researching the gravitational potential at small distances, investigating
whether a test particle’s orbit around a rotating mass shows small secular precession and inspecting whether
Newton’s gravitational constant remains constant in all of spacetime [6–11].
The strong field tests form a subset of tests of General Relativity that concerns itself with contexts where
the gravitational fields are the strongest. In these contexts, like regions near black holes or binary pulsars,
gravitational fields can not be properly approximated using corrections to Newtonian gravity. Examples of
strong field tests are the direct observation of a black hole by the Event Horizon Telescope and the detection
of gravitation waves [12, 13]. The detection of the Hulse-Taylor binary pulsar in 1974 provided the first ex-
perimental evidence of gravitational waves [14]. The orbital decay of this neutron star-pulsar binary showed
a loss in energy, which was similar to the predicted energy loss via gravitational radiation [15, 16]. However,
it took a while for gravitational waves to be detected directly. The first detection of gravitational waves was
in 2015 and the result was published in 2016 by the Laser Interferometer Gravitational-Wave Observatory
(LIGO) [17]. Observing gravitational waves is still an active field of research and there are new projects dis-
cussed currently, like the Einstein Telescope in Europe and the launching of the Laser Interferometer Space
Antenna (LISA) [18–20].
Gravitational waves are temporary disturbances in a gravitational field, manifesting as small ripples in space-
time, caused by events such as the movement of massive objects like merging black holes. They carry energy
and angular momentum away from the system [21, 22]. A prominent source of gravitational waves are binary
systems, such as two neutron starts orbiting each other or two black holes merging [23, 24]. However, super-
novae events and early universe formation shortly after the Big Bang also created gravitational waves [25, 26].
Gravitational waves do not interact strongly with matter, since it only interacts with their comparatively
small gravitational fields [22]. On the other hand, electromagnetic radiation’s path and energy is heavily
influenced when it passes through, for example, a gas cloud [27, 28]. This makes it possible for us to analyse
objects which are normally not detectable via electromagnetic radiation, such as far away objects or the early
universe [29].
A prominent source for gravitational waves is the merging of black holes, which consists of an inspiral, merger
and ringdown phase [30, 31]. During the inspiral phase, the two black holes are orbiting each other while they
keep getting closer. The merger phase is the stage when the two black holes are in the process of becoming
one black hole. The black hole that forms during the merger phase needs to stabilize, which happens during
the ringdown phase via a decrease in the asymmetry of the black hole. During all phases, gravitational waves
are generated in the neighbourhood of the black holes. Part of the gravitational waves are absorbed by the
black hole, and another part is sent out to infinity. As Figure 1 shows, the signal is the strongest during the
merger phase [17]. During the ringdown phase, one gets tones that are characteristic of the final black hole
and the signal is given by a superposition of dampened oscillations. These modes of the oscillations, which
give us information about the final black hole, are called Quasi-Normal Modes (QNMs) [32–34].

1.1 Perturbation theory of black holes

The metric gµν plays an important role in General Relativity, since it contains the information about the
curvature of space-time [35]. The Einstein Field Equations, which are equations describing the curvature of
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Figure 1: At the top, you can see a depiction of the three phases of a black holes merger. At the bottom, one
can see their respective gravitational wave data. The data from the inspiral has an increasing amplitude and
frequency. The peak is reached during the merger phase, which is shorter than the inspiral phase. Afterwards,
there is a ringdown phase, during which the final black hole comes to an equilibrium. Picture from [17].

space-time as a consequence of matter and energy, therefore contains terms like the Ricci Curvature tensor
Rµν , which are defined using the metric [2]. A cornerstone of describing gravitational waves is perturbation
theory, which applies a small perturbation to the metric, which lead to perturbation terms in for example
the Ricci Curvature tensor. These perturbation terms satisfy their own Einstein Field Equations, called the
linearized Einstein Field Equations [34].
In the following, we will explain the linearized Einstein Field Equations in more detail. In perturbation
theory for black holes, the metric is given by

gµν = g(0)
µν + ϵ g(1)

µν +O(ϵ2), (1)

where g
(0)

µν is the background metric (such as the Schwarzschild metric), ϵ is a small expansion parameter

and g
(1)

µν the first-order metric perturbation. Using the metric, it is possible to construct the Christoffel
symbol, defined by

Γρµν =
1

2
gρσ (∂µgσν + ∂νgσµ − ∂σgµν) . (2)

The expansion of the metric allows for an expansion of the Christoffel symbol. The first order term of the
Christoffel symbol Γρµν is

Γ(1) ρ
µν =

1

2
g(0) ρσ

(
∂µ g(1)

σν + ∂ν g(1)
σµ − ∂σ g(1)

µν

)
− 1

2
g(1) ρσ

(
∂µ g(0)

σν + ∂ν g(0)
σµ − ∂σ g(0)

µν

)
(3)
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Since the Christoffel symbol Γρµν is used to define the Riemann curvature tensor Rρσµν , there is a first order

term R
(1) ρ

σµν . Through this process, it is also possible to express the Ricci Curvature tensor Rµν and Ricci
scalar R perturbatively.
The curvature of space-time is described by the Einstein Field Equations, which is denoted by

Gµν + Λgµν = κTµν , (4)

where Λ is the cosmological constant (which we assume to be zero), Tµν is the stress-energy tensor (which we
take to be zero in each component, meaning we consider vacuum solutions) and Gµν is the Einstein Tensor
defined by

Gµν = Rµν −
1

2
Rgµν . (5)

In equation (5), we have the Ricci Curvature tensor Rµν and Ricci scalar R, which we can define for different

orders of perturbation theory, for example Rµν = R
(0)

µν + ϵ R
(1)

µν +O(ϵ2). Consequently, we can define the
Einstein Tensor perturbatively,

Gµν = G(0)
µν + ϵ G(1)

µν +O(ϵ2), (6)

where G
(0)

µν satisfies the Einstein Equation and G
(1)

µν satisfies the linearized Einstein Equation

G(1)
µν + Λ g(1)

µν = κ T(1)
µν . (7)

The Einstein field Equations (4) are a complex set of non-linear equations. The linearized Einstein Field
Equations (7) makes the problem more tractable, creating linear equations. The equation becomes more
difficult at higher orders, due to the mixing of terms from different orders, making the equations and terms
non-linear. To solve equation (7), people have resorted to numerical methods or approximate methods.
Numerical Relativity is very successful at modelling gravitational wave systems [36–38]. There are various
different numerical models which describe the inspiral, merger and ringdown phase of two body coalescence.
These numerical methods are the most accurate method for constructing waveforms to date and are the
benchmark for approximate schemes [39]. However, these numerical method models function a bit like a
black box: one sets up the initial data and evolves is using the Einstein Field Equations via code, which does
not explain how aspects of the binary system interact and evolve. To get more insight about what happens
during a coalescence, we therefore will analyse the problem using approximate methods.
Currently, we have approximate methods for the inspiral phase and ringdown phase. For the inspiral phase,
there exist post-Newtonian or post-Minkowskian expansions. The post-Newtonian approximation expands
the metric tensor in powers of velocity v/c, with v being much smaller than the speed of light, and the
gravitational constant G/c2 [40, 41]. The post-Minkowskian approximations only expands the metric in the
gravitational constant without assuming the velocity is small. The background metric considered in these
models is the metric for flat spacetime: the Minkowski metric [42, 43]. For the ringdown phase, the system is
described as a perturbed black hole, meaning the background metric is for example the Schwarzschild black
hole [44].
The merger phase is hard to analytically describe since there are strong gravitational fields, which means
that we expect the full nonlinear aspect of General Relativity to kick in. Consequently, numerical methods
are usually used to solve the Einstein equations for this phase of the two body coalescence [45]. Solving the
complete wave-form for the two body coalescence therefore requires a combination of approximate methods
and numerical solutions. An example of such a scheme is the effective one-body formalism [46, 47]. However,
the approximate methods from both the inspiral and ringdown phase have been surprisingly successful to
predict signals from what would normally be considered the merger phase [48–50]. This suggests that it
would be useful to analyse the early ringdown phase or late inspiral phase, since it would allow us to analyse
the merger phase. In this thesis, we will analyse the ringdown phase by using the Close Limit Approximation.
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1.2 The Close Limit Approximation

The Close Limit Approximation was proposed by Price and Pullin in 1994 to model the merger phase [51].
The model assumes that two black holes are close enough to each other, such that the separation of the
two black holes can be used as an expansion parameter. The black holes are close enough for an apparent
horizon to form which encompasses the two black holes and the black holes can be approximated as being
one perturbed black hole. The approximation method was necessary due to Numerical Relativity models
being constrained by the technology at the time.
Early work focused on the non-rotating or slowly rotating black holes, which merged to become a perturbed
Schwarzschild black hole [52–54]. The perturbation theory was first done up to first order and later up to
second order [55–58]. Second order perturbation theory was used to verify first-order results and determine
the limits of validity of the method. Due to the development of Numerical relativity models, there was a
stagnation of work publish on the Close Limit Approximation after the 2000s [59–61].
So far, most analysis of gravitational waves has been regarding QNMs from data far away from the horizon.
However, given the mathematical description of QNMs, they can also be found in data from near the horizon.
Currently, there is not much research on data extracted from the horizon [62]. It would be of interest to
investigate whether similar data can be obtained at the horizon, taking into account the delay. Potential
detection of a redshift in the data or difference in the quasi-normal modes could tell us more about the
development of the Zerilli function. The purpose of this thesis is to fill in this current gap in research by
analysing gravitational waves near the horizon.
In this thesis, we will expand on the work by Nicasio et al. [57] by analysing near the horizon and far away, the
gravitational waves from the merger of two equal-mass m Schwarzschild black holes with equal momentum
P towards each other. We deviate from [57] in both the results and formalism used, by considering the gauge
invariant Zerilli function. This thesis also sets the ground for analysing the gravitational waves up to second
order by calculating the initial data up to second order.

1.3 Overview of this thesis

This thesis is therefore split into three parts: calculating initial data, evolving the initial data, analysing the
results. For a flowchart of this thesis see Figure 2.
Firstly, we need to calculate the initial data for the Zerilli wave function. The Zerilli wave function is ex-
pressed in terms that are derived from perturbations of the space-time metric gµν . To ease the calculation,
we use the 3+1 split of spacetime. Calculating the four dimensional space-time metric is now reduced to cal-
culating the perturbations of the extrinsic curvature Kab and the three dimensional spatial metric γab of the
t = 0 slice. Calculating these tensors requires us to calculate the conformal factor ϕ. For these calculations
we will use perturbation theory in the distance L and momentum P up to second order. These calculations
are done in Section 2
Afterwards, we will cast the data in the perturbation formalism by Regge and Wheeler by expanding the
spatial metric γab and the extrinsic curvature Kab in Legendre Polynomials P lm. The coefficients will be
calculated up to first order in Section 3, while the calculations for second order can be found in Appendix B.
In Section 4, we will use the calculations of the coefficients to get the initial data for the gauge invariant
Zerilli function ψ, its time derivative ∂tψ and radial derivative ∂rψ at t = 0.
To get the Zerilli wave function at later times, we need to evolve the initial data using the Zerilli equation.
In Section 5, we introduce the mathematical framework behind Partial Differential Equations (PDEs). In
Section 6, we will explain the code that numerically evolves the inital data. The foundations of the code
are set up by Stamatis Vretinaris and are expanded on by Pjotr Koster. The code uses the method of lines
and method of characteristics to reduce the Zerilli function (a PDE) to three ODEs. This set of ODEs is
subsequently solved via the fourth order Runge Kutta method using a Julia script.
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In Section 7, the robustness and convergence of the code is discussed. We will first set out the theoretical
framework for testing the solver and then discuss different toy problems that have been solved using the
code.
In Section 8, we will discuss the results from evolving the initial data. We show that the data is highly
dependent on the resolution of the data and shows a lack of numerical convergence for the solution. We
hypothesize that the problem lies with the initial data, since previous tests of convergence have come up
positive. Potential solutions and further extensions of this thesis are discussed in Section 9.

Figure 2: Flowchart showing the breakdown of this thesis. The calculations of the initial data are done in
Sections 2-4 and this is part is colourcoded orange in the flowchart. The quantities calculated are denoted in
grey. The numerical evolution of the initial data is the second part of the thesis which is done in Sections 5-7.
This part is colourcoded blue in the flowchart. The last part of this thesis analyses the numerical solution,
which is done in Sections 8-9 and is colourcoded green in the flowchart.

In this thesis, a grasp on the basics of General Relativity and Riemannian Manifolds is assumed. How-
ever, some details on the ADM-formalism can be found in the Appendix A and concepts behind gravitational
waves in Appendix C.
We conclude with some notational remarks. The Greek indices (µ, ν, ρ, σ, ...) denote objects in four-dimensional
space-time, whereas Latin indices (a, b, c, d, ...) denote objects on the three-dimensional spatial hypersurface.
The perturbative order of a term will be denoted by a superscript in front of the symbol, in order to avoid
notational clutter with the indices. We will use natural units, meaning we set G = c = ℏ = 1.

8



2 Initial data

The first step in setting up the close limit approximation is constructing the initial data. This requires
specifying a spatial 3-metric γab and extrinsic curvature Kab on some spatial hypersurface Σt, such that the
constraint equations of General Relativity are satisfied (see Appendix A).
We will use the conformal approach (see [63]), so we introduce a conformal transformation ϕ, such that

γab = ϕ4γ̂ab, (8)

which relates the spatial metric to some conformally related background metric γ̂ab. The extrinsic curvature
Kab will also be split into is trace K and a trace-free part

Kab = ϕ−2Âab +
1

3
γabK, (9)

where Âab is the conformally rescaled trace-free part of the extrinsic curvature.

2.1 Extrinsic curvature to second order

From casting General Relativity into a Hamiltonian description, we get constraint equations and evolution
equations. In the context of two boosted black holes, these constraint equations relate the extrinsic curvature
to the “momentum” P , background metric γ̂ab and the coordinate “distance” between the centres of the
black hole L.1 We will assume that P and L are small and of the same order ϵ.2 This allows us to construct
the extrinsic curvature tensor K̂ab, which we will do up to second order in ϵ2.3 After getting an expression
for the extrinsic curvature, we can use the remaining constraint equation to relate the conformal factor to
the extrinsic curvature, meaning we can calculate the conformal factor up to second order.

2.1.1 Extrinsic curvature and the constraint equations

The constraint equations are given by

8∇̂2ϕ− ϕR̂− 2

3
ϕ5K2 + ϕ−7ÂabÂ

ab = 0; (10)

D̂bÂ
ab − 2

3
ϕ6γ̂abD̂bK = 0, (11)

where ∇̂2 = γ̂abD̂aD̂b is the Laplacian, D̂a is the covariant derivative and R̂ the Ricci scalar associated to
the conformal background metric γ̂ab. Equation (10) is called the Hamiltonian constraint and equation (11)
is known as the momentum constraint. Note that γ̂ab and K are freely specifiable.
For our calculations, we assume that our original metric γab is conformally flat, in the sense that γ̂ab = f̂ab
where f̂ab is the Euclidean 3-metric. Furthermore, we take a maximal slicing such that K = 0. This simplifies
the constraint equations (10) and (11) to

∇̂2ϕ = −1

8
ϕ−7ÂabÂ

ab; (12)

1There are quotation marks around “momentum” and “length”, since, for example, L is not the proper length, but propor-
tional to it. Our expansion parameter are sufficient, as the focus of this thesis is to show the behaviour of gravitational waves
at the horizon and far away and not to get specific numeric results.

2Note that P and L are not dimensionless, so technically one should divide by some constant to make them dimensionless.
However, since we are using natural units and look at the general behaviour, such details are omitted.

3i.e. up to order L4, P 4, P 2L2, L3P and P 3L.
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D̂bÂ
ab = 0. (13)

The momentum constraint (13) has become linear and is decoupled from the Hamiltonian constraint (12).
Besides, the Hamiltonian constraint has now become a simple Poisson equation. Therefore, we can formulate
initial data by first solving equation (13) for Âab and then the Poisson equation in (12) to determine the
conformal factor ϕ.
In our case, the solution for a single boosted black hole with centre at coordinate C and a momentum P is
given by the Bowen-York solution [64]. The conformally rescaled trace-free part of the extrinsic curvature is
then given by

ÂCP
ab =

3

2r2C

[
2P(a nb) − (γ̂ab − nanb)P

cnc

]
, (14)

where rC = ∥xi − Ci∥ is the coordinate distance between the centre of the black hole C and an arbitrary

point x, with respect to the flat metric f̂ab. This solution describes a single “boosted” black hole. Since
the momentum constraint equation (13) is linear, the superposition of two solutions is still a solution to the
constraint equation. Hence, the extrinsic curvature K̂ab in the context of two black holes at positions C1 and
C2 with momenta P1 and P2, is given by

K̂ab = ÂC1P1

ab + ÂC2P2

ab . (15)

Figure 3: Two equal mass non-
spinning black holes on the z axis
at equal distance from the origin,
with momenta in the direction of each
other. The momenta have magnitude
P .

2.1.2 Calculation of extrinsic curvature in flat space-time

To calculate the extrinsic curvature in flat space-time, we will use a coordinate system in which the two black
holes are positioned on the z axis at ±L/2 as depicted in Figure 3. The two black holes have a momentum
of equal magnitude P but opposite direction.
We are interested in the close limit of small initial separation L, which is why we use L as our order parame-
ter. Furthermore, we assume that P is also small and is related to L via P = ηL, where η is some numerical
value of order one. Hence, terms containing a factor PL2, P 2L or L3 are all of the same order.
Consider equation (15). In our coordinate system, the total extrinsic curvature K̂total

ab is represented in the

10



basis x̂ = (R, θ, ϕ), where R is the coordinate distance to the origin, with respect to γ̂ab. This implies that

R =
√
x2 + y2 + z2. However, each single extrinsic curvature ÂC1P1

ab is expressed in the basis (ri, θi, ϕ), where
ri is the coordinate distance to the centre of the black hole i, see Figure 5. Therefore, in this next part, will
describe the Bowen-York solution (14) in coordinates x̂.

Figure 4: Sketch of the two black holes on a grid with
x, y, z axes. The black holes are placed at ±L/2 on
the z axis. In pink, a random coordinate is shown at
(x, y, z), or equivalently at (R, θ, ϕ). The r′, θ′ in the
figure are the same as the r1, θ1 in the text above.
The same holds for r′′, θ′′ and r2, θ2

Figure 5: Diagram showing the change of basis. The
light blue axes denote the new coordinate system.
The axes in black are the same one as in the pre-
vious figure, except the z axis. The z axis in the
new coordinate system is the same as the one be-
fore, which is why it is in blue.

Consider the black hole located at (x, y, z) = (0, 0,−L/2), as seen in Figure 4. Alternatively, we can
use a radial coordinate system, which means that the black hole in this coordinate system is at (R, θ, ϕ) =
(L/2, π, 0). If we perform a coordinate change that shifts the z-coordinate up by L/2, the black hole is
located in the new coordinate system at (x′, y′, z′) = (0, 0, 0). If we use the radial coordinate system with
the origin centred at this new origin, we have that the black hole is located at (r1, θ1, ϕ1) = (0, 0, 0). Using
basic geometry and definition of spherical coordinates, we find

r1 =

√
x′2 + y′2 + z′2 =

√
x2 + y2 + (z − L/2)

2

=
√
R2 + L2/4−RL cos (θ)

(16)

cos (θ1) =
z′

r1
=
R cos (θ)− L/2

r1
(17)

ϕ1 = sgn(y′)
x′√

x′2 + y′2
= ϕ (18)

Having defined the coordinates, we can define the relevant vectors in the (r1, θ1, ϕ) basis

n1 = dr1 =
2R− L cos (θ)

2r1
dR+

RL sin (θ)

2r1
dθ (19)

11



P1 = −|P |dz′ = −Pdz = −|P | [cos (θ)dR−R sin (θ)dθ] , (20)

where we used that dz = dz′. The proof for this claim is

dz′ = d(r1 cos (θ1)) = cos (θ1)dr1 + r1d cos (θ1)

=
R cos (θ)− L/2√

R2 + L2/4−RL cos (θ)

 2R− L cos(θ)

2
√

L2

4 − LR cos(θ) +R2

 dR+

 LR sin(θ)

2
√

L2

4 − LR cos(θ) +R2

 dθ


+
√
R2 + L2/4−RL cos (θ)

[ cos(θ)√
L2

4 − LR cos(θ) +R2
−

(2R− L cos(θ))
(
R cos(θ)− L

2

)
2
(
L2

4 − LR cos(θ) +R2
)3/2

 dR

+

−
LR sin(θ)

(
R cos(θ)− L

2

)
2
(
L2

4 − LR cos(θ) +R2
)3/2 − R sin(θ)√

L2

4 − LR cos(θ) +R2

 dθ

]

=

[
cos(θ)−

(2R− L cos(θ))
(
R cos(θ)− L

2

)
2
(
L2

4 − LR cos(θ) +R2
) +

(R cos (θ)− L/2)(2R− L cos(θ))

2
(
L2

4 − LR cos(θ) +R2
) ]

dR

+

[
LR sin(θ)

(
R cos(θ)− L

2

)
2
(
L2

4 − LR cos(θ) +R2
) −

LR sin(θ)
(
R cos(θ)− L

2

)
2
(
L2

4 − LR cos(θ) +R2
) −R sin(θ)

]
dθ

= cos(θ)dR−R sin(θ)dθ = dz.

(21)

Now we can create the relevant tensors in the (R, θ, ϕ) basis, namely

2P(anb) =
−|P |
r1

2 cos (θ)
[
R− L

2 cos (θ)
]

L
2R cos (θ) sin (θ)−R sin (θ)

[
R− L

2 cos (θ)
]

0

Sym −LR2 sin (θ)
2

0
0 0 0


=

−|P |
r1

2 cos (θ)
[
R− L

2 cos (θ)
]

R sin (θ)
[
L
2 cos (θ)−R

]
0

Sym −LR2 sin (θ)
2

0
0 0 0

 ,

(22)

nanb =
1

r21


[
R− L

2 cos (θ)
]2 L

2R sin (θ)
[
R− L

2 cos (θ)
]

0

Sym L2

4 R
2 sin (θ)

2
0

0 0 0

 , (23)

γ̂ab =

1 0 0
0 R2 0

0 0 R2 sin (θ)
2

 . (24)

Lastly, we get

P1cn1
c =

−|P |
r1

[
cos (θ)

(
R− L

2
cos (θ)

)
− L

2

R2

R2
sin (θ)

2

]
=

−|P |
r1

[R cos (θ)− L/2] . (25)

In these equations we have still used r1, to create an expression that is more insightful. However, it is easy
to express r1 in terms of R and θ by using equation (16).
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With these choices, we obtain for equation (14) in (R, θ, ϕ) basis

ÂC1P1

ab =
3|P |
2r31


L(3 cos(2θ)(L2+8R2)+L2−5LR cos(3θ)+24R2)−R cos(θ)(19L2+32R2)

4(L2−4LR cos(θ)+4R2) Symm 0
R sin(θ)(−3L3 cos(θ)+5L2R cos(2θ)+9L2R−20LR2 cos(θ)+8R3)

2(L2−4LR cos(θ)+4R2) 0 0

0 0 0

+
3|P |
2r310 0 0

0
R3 cos(θ)(7L2+16R2)−cos(2θ)(3L3+16LR3)+L3R+5L2R2 cos(3θ)−8LR3

4(L2−4LR cos(θ)+4R2) 0

0 0 R2 sin(θ)
2
(R cos(θ)− L/2)


(26)

We get something similar for ÂC2P2

ab . Doing a Taylor expansion in L (note that ri has an L dependence)
around L = 0 up to fifth order,4 gives us

K̂tot
ab =

−L(6P ) cos(θ)2

R3 0 0

0 L(3P )(cos(2θ)+3)
4R 0

0 0 L sin(θ)2((3P )(3 cos(2θ)+1))
4R


+

−L3(3P )(28 cos(2θ)+25 cos(4θ)+11)
64R5 −L3 sin(2θ)((3P )(5 cos(2θ)+3))

16R4 0

Sym L3(3P )(36 cos(2θ)+15 cos(4θ)+13)
128R3 0

0 0 0


+

0 0 0
0 0 0

0 0 3L3P sin(θ)2(20 cos(2θ)+35 cos(4θ)+9)
128R3

+O
(
L5
)

=
3PL

2R3

−4 cos(θ)
2

0 0

0 R2(−1+2 cos(θ)2+3)
2 0

0 0 R2 sin(θ)2

2 [3(−1 + 2 cos(θ)
2
) + 1]

+
3PL3

16R5

− 28
4 [−1 + 2 cos(θ)

2
]− 25

4 [1− 8 cos(θ)
2
+ 8 cos(θ)

4
] + 11

4 0 0

−2R sin(θ) cos(θ)
[
5[−1 + 2 cos(θ)

2
] + 3

]
0 0

0 0 0


+

3PL3

16R5

0 −2R sin(θ) cos(θ)
[
5[−1 + 2 cos(θ)

2
] + 3

]
0

0 36R2

8 [−1 + 2 cos(θ)
2
] + 15R2

8 [1− 8 cos(θ)
2
+ 8 cos(θ)

4
] + 13R2

8 0
0 0 0

+O
(
L5
)

+
3PL3

16R5

0 0 0
0 0 0

0 0 R2

8

[
1− cos(θ)

2
] [

20[−1 + 2 cos(θ)
2
] + 35[1− 8 cos(θ)

2
+ 8 cos(θ)

4
] + 9

]
+O

(
L5
)

4This only affects the K̂tot
ϕϕ entry, but not the other entries.
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=
3PL

2R3

−4 cos(θ)
2

0 0

0 R2
[
cos(θ)

2
+ 1
]

0

0 0 R2 sin(θ)
2
[3 cos(θ)

2 − 1]

+
3PL3

16R5


− 1

4

[
8− 144 cos(θ)

2
+ 200 cos(θ)

4
]

−2R sin(θ) cos(θ)
[
−2 + 10 cos(θ)

2
]

0

Sym R2

8

[
−8− 48 cos(θ)

2
+ 120 cos(θ)

4
]

0

0 0 0

 ,

+
3PL3

16R5

0 0 0
0 0 0

0 0 R2

8

[
24− (240 + 24) cos(θ)

2
+ (280 + 240) cos(θ)

4 − 280 cos(θ)
6
]
+O

(
L5
)

=
3PL

2R3

−4 cos(θ)
2

0 0

0 R2
[
cos(θ)

2
+ 1
]

0

0 0 R2 sin(θ)
2
[3 cos(θ)

2 − 1]

+
3PL3

16R5


−2 + 36 cos(θ)

2 − 50 cos(θ)
4 −4R sin(θ) cos(θ)

[
−1 + 5 cos(θ)

2
]

0

Sym R2
[
−1− 6 cos(θ)

2
+ 15 cos(θ)

4
]

0

0 0 R2
[
3− 33 cos(θ)

2
+ 65 cos(θ)

4 − 35 cos(θ)
6
]
 ,

(27)

where we call the PL ∽ L2 term the first order term and PL3 ∽ L4 the second order term of the extrinsic
curvature. Note that the end result for equation (27) is the same as the solution given by [57], except for a
minus factor in front of the whole L3 contribution. The equation above also agrees with the solution Tom
van der Steen obtained using Mathematica [65].

2.2 Determining the Conformal Factor

Now that we have expanded K̂ab up to second order, the next step is to determine the conformal factor
ϕ by solving the Hamiltonian constraint. In this thesis, we assume that the black holes are of equal mass
m1 = m2 =MADM/2, where MADM is the ADM mass.5

In the context of two stationary black holes of equal mass, where the extrinsic curvature vanishes, one already
has a solution for the conformal factor ϕBL. This solution was given by Brill and Lindquist [66]

ϕBL ≡ 1 +
m1

2∥R−R1∥
+

m2

2∥R−R2∥
, (28)

where ∥. . .∥ indicates the coordinate distance with respect to f̂ab. From now on, we will set m1 = m2 = m.
Note that ϕBL is singular at the two points R = R1,2 and by construction ∇̂2ϕBL = 0.
Since we are working with boosted black holes, we add a regularising term ϕreg, such that the conformal
factor is given by

ϕ = ϕreg + ϕBL. (29)

From equation (12), we see that finding the conformal factor ϕ means that we have to solve

∇̂2ϕreg = −1

8

K̂abK̂
ab

(ϕBL + ϕreg)7
(30)

5The definition of m1 and the relation to MADM is a bit more subtle than described here. For more context and nuance see
[57].
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with the boundary conditions that ϕreg is regular at R = R1,2 and approaches zero at infinity. We will solve
(30) perturbatively for ϕreg up to second order in L.
Since we are only working to second order for ϕ, we only need to use the term in the extrinsic curvature
linear in L in equation (27). Using the fact that the extrinsic curvature at first order and inverse metric are
diagonal, we get

K̂abK̂
ab = K̂abγ̂

acγ̂bdK̂cd

=

(
3PL

2R3

)2
(−4 cos(θ)

2
)2

+

(
1

R2

)2

R4
[
cos(θ)

2
+ 1
]2

+

(
1

R2 sin(θ)
2

)2

R4 sin(θ)
4
[
3 cos(θ)

2 − 1
]2

=

(
9P 2L2

4R6

)2 [
16 cos(θ)

4
+ cos(θ)

4
+ 2 cos(θ)

2
+ 9 cos(θ)

4 − 6 cos(θ)
2
+ 1
]

=
117L2P 2 cos(θ)

4

2R6
− 9L2P 2 cos2(θ)

R6
+

9L2P 2

2R6
+O

(
L3
)

=
9L2P 2

2R6

[
1− 2 cos(θ)

2
+ 13 cos(θ)

2
]
+O

(
L3
)
.

(31)

Hence, the ansatz for the regularising term is given by

ϕreg = P 2L2 ϕ(2) +O
(
L3
)

(32)

Furthermore, for computational simplicity we make the approximation

ϕ ≈ ϕBL ≈ 2R+M

2R
= 1 +

M

2R
, (33)

which follows from expanding equation (28) using Legendre polynomials (see Appendix D for details). Com-
bining equations (31) and (33), we find that ϕ(2) should satisfy the following partial differential equation

P 2L2∇̂2 ϕ(2) = −72P 2L2R(1− 2 cos2 θ + 13 cos4 θ)

(2R+M)7
≡ S(2) , (34)

where we impose the boundary conditions that ϕ(2) → 0 as R→ ∞.

2.2.1 Expansion in Legendre polynomials

We simplify the Poisson equation (34) by expanding both the source term S(2) and the conformal factor ϕ(2)

in multipoles using Legendre polynomials. The source term takes the form

S(2) =

∞∑
l=0

S(2) (l)Pl [cos(θ)] . (35)

To determine the factors S(2) (l) in the multipole expansion (35) is equivalent to solving the following system
of equations

S(2) (l=0) − 1

2
S(2) (l=2) +

3

8
S(2) (l=4) = − 72P 2L2R

(2R+M)7
, (36)
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3

2
S(2) (l=2) − 30

8
S(2) (l=4) = − 144P 2L2R

(2R+M)7
, (37)

35

8
S(2) (l=4) =

936P 2L2R

(2R+M)7
. (38)

The solution to this system of equations is

S(2) (l=0) = −1056

5

P 2L2R

(2R+M)7
, (39a)

S(2) (l=2) = −3072

7

P 2L2R

(2R+M)7
, (39b)

S(2) (l=4) = −7488

35

P 2L2R

(2R+M)7
. (39c)

The term ϕ(2) can also be expanded in multipoles as

ϕ(2) = ϕ(2) (l=0)P0 [cos(θ)] + ϕ(2) (l=2)P2 [cos(θ)] + ϕ(2) (l=4)P4 [cos(θ)] . (40)

We can solve equation (30) by solving for each multipole separately, since the Legendre polynomials are
eigenfunctions of the Laplacian (see Appendix D). Hence, for each l the following equation must be satisfied

P 2L2∇̂2
(

ϕ(2) (l)Pl [cos(θ)]
)
= S(2) (l)Pl [cos(θ)] . (41)

Writing out the Laplacian for the flat background metric f̂ab in spherical coordinates (R, θ, φ), we get

Pl [cos(θ)]

R

∂

∂R

(
R2 ∂ ϕ(2) (l)

∂R

)
+

ϕ(2) (l)

R2 sin θ

∂

∂θ

(
sin θ

∂Pl [cos(θ)]

∂θ

)
+

ϕ(2) (l)

R2 sin2 θ

∂2Pl [cos(θ)]

∂φ2
=

S(2) (l)Pl [cos(θ)]

P 2L2
.

(42)

Multiplying this equation by ϕ(2) (l)Pl [cos(θ)] and dividing it by R2, we obtain

1

ϕ(2) (l)

∂

∂R

(
R2 ∂ ϕ(2) (l)

∂R

)
+

1

Pl sin θ

∂

∂θ

(
sin θ

∂Pl
∂θ

)
+

1

Pl sin
2 θ

∂2Pl
∂φ2︸ ︷︷ ︸

−l(l+1)

= R2 S(2) (l)

P 2L2 ϕ(2) (l)
. (43)

Here, we use the fact that the angular part of the Laplace equation equals −l(l + 1). Therefore, the radial
part results in a Riedel Equation for each multipole

∂

∂R

(
R2 ∂ ϕ(2) (l=0)

∂R

)
= −1056

5

R3

(2R+M)7
, (44a)

∂

∂R

(
R2 ∂ ϕ(2) (l=2)

∂R

)
− 6 ϕ(2) (l=2) = −3072

7

R3

(2R+M)7
, (44b)

∂

∂R

(
R2 ∂ ϕ(2) (l=4)

∂R

)
− 20 ϕ(2) (l=4) = −7488

35

R3

(2R+M)7
. (44c)
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These ordinary differential equations were solved using Mathematica and the results are

ϕ(2)(l=0) = −11

50

(8RM + 20R2 +M2)

(2R+M)5R
+

q0
R
, (45a)

ϕ(2)(l=2) = − 8

35

(M4 + 10M3R+ 40M2R2 + 80MR3 + 80R4)

(2R+M)5R3
+

q2
R3

. (45b)

Note that the boundary condition that ϕreg should approach zero as R → ∞ is satisfied by both solutions
(45a) and (45b). The constants q0 and q2 are homogenous solutions to equation (30), which implies that
their value is determined by the boundary condition on ϕreg. In this context, the condition is that ϕreg needs
to be regular for R < L. Their values, as determined in [57], are

q0 =
0.219

M3
, (46a)

q2 =
0.224

M
. (46b)

We therefore have up to l = 2 and up to first order in P and L

ϕreg = P 2L2

[
P0 [cos(θ)]

(
−11

50

(8RM + 20R2 +M2)

(2R+M)5R
+

0.219

M3R

)
+ P2 [cos(θ)](

− 8

35

(M4 + 10M3R+ 40M2R2 + 80MR3 + 80R4)

(2R+M)5R3
+

0.224

MR3

)]
+O

(
L3
)
.

(47)
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3 Polynomial expansions

Having calculated the initial data for γab and Kab, we will express the perturbations using the Regge-Wheeler
notation.
In this thesis, we are considering a Schwarzschild background, which is static and spherically symmetric. This
means we can separate the spherical components (θ, ϕ) from the (t, r) components using tensorial spherical
harmonics. Using the spherical symmetry of our system, we can ignore the ϕ component and use a sum of
Legendre Polynomials of the form Pℓ [cos(θ)] to describe the system. This notation means we disregard the
factor

√
(2l − 1)/4π from Y lm(θ, ϕ) [67].

The perturbations can be categorized in two kinds: even and odd parity perturbations. Under parity transfor-
mations on the two sphere, even parity modes change with the sign (−1)l, while odd parity modes transform
with the sign (−1)l+1. In this section, we will discuss only even parity perturbations, since our system is
symmetric under parity transformation.

3.1 Schwarzschild metric perturbations

Consider the four dimensional Schwarzschild metric. The perturbations of the metric can be descibed using
the notation introduced by Regge and Wheeler[67]

gtt =

(
1− 2M

r

)∑
ℓ

H
(ℓ)
0 (r, t)Pℓ [cos(θ)] (48a)

gtr =
∑
ℓ

H
(ℓ)
1 (r, t)Pℓ [cos(θ)] (48b)

gtθ =
∑
ℓ

h
(ℓ)
0 (r, t)(∂/∂θ)Pℓ [cos(θ)] (48c)

grθ =
∑
ℓ

h
(ℓ)
1 (r, t)(∂/∂θ)Pℓ [cos(θ)] (48d)

grr = (1− 2M/r)−1
∑
ℓ

H
(ℓ)
2 (r, t)Pℓ [cos(θ)] (48e)

gθθ = r2
∑
ℓ

[
K(ℓ)(r, t) +G(ℓ)(r, t)(∂2/∂θ2)

]
Pℓ [cos(θ)] (48f)

gϕϕ = r2 sin2 θ
∑
ℓ

[
K(ℓ)(r, t) +G(ℓ)(r, t) cot θ(∂/∂θ)

]
Pℓ [cos(θ)] . (48g)

Since we are working with the ADM formalism, we will work the spatial metric γab, meaning that we only
consider equations (48d) - (48g) in this Section.
The spatial metric is given by

γ̂ab = ϕ4f̂ab, (49)

where the hat signals that the metric is in flat space-time and

f̂ab =

1 0 0
0 R2 0

0 0 R2 sin (θ)
2

 , (50)

in the (R, θ, ϕ) basis, where R is the isotropic radial coordinate of a Schwarzschild spacetime [68].
Note however that the metric in equation (48) is expressed using the usual Schwarzschild radius r as a basis.
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These two radial coordinates are related by

R =
(
√
r +

√
r − 2M)2

4
⇐⇒ r =

(R+ M
2 )2

R
, (51)

which implies that

dR

dr
=
R

r

1√
1− 2M

r

. (52)

This means that we can express the spatial metric in Schwarzschild coordinates as

γab =
∂x̂i

∂xa
∂x̂j

∂xb
γ̂ij =

R2

r2
ϕ4


1

1− 2M
r

0 0

0 r2 0

0 0 r2 sin (θ)
2

 . (53)

3.1.1 Expanding the conformal factor

Calculating ϕ4 completely by hand is cumbersome. Thererfore, we will use the fact that the Legendre
Polynomials form an orthogonal basis, such that dealing with the cross-terms from the expression becomes
less cumbersome.
In Section 2.2.1, we expanded ϕreg into Legendre Polynomials. We therefore only need to do the same for the
Brill Lindquist conformal factor. Using the definition of the Legendre Polynomials (see Appendix D), we get

ϕBL = 1 +
m

2∥R−R1∥
+

m

2∥R−R2∥

= 1 +
m

2
√
R2 + L2/4 +RL cos (θ)

+
m

2
√
R2 + L2/4−RL cos (θ)

=

(
1 +

M

2R

)
P0 [cos (θ)] +

ML2

8R3
P2 [cos (θ)] +

ML4

32R5
P4 [cos (θ)] +O(L6).

(54)

Looking at Appendix D, it is clear that we get a pre-factor m/R =M/2R and u = ± L
2R . The latter explains

why there is no Legendre Polynomials of odd order and why the factor 1/2 disappears in equation (54).
Combing equations (54) and (47), the conformal factor can expanded as

ϕ = ϕreg + ϕBL

= 1 + P 2L2 ϕ(2) +
m

2∥R−R1∥
+

m

2∥R−R2∥
+O(L4)

=

(
1 +

M

2R

)
+
ML2

8R3
P2 [cos(θ)] + P 2L2 ϕ(2) +

ML4

32R5
P4 [cos(θ)] +O(L5)

(55)

In further sections, only the first order Zerilli equation is used. We therefore only consider calculations up
to L2, P 2 or PL in this section. For calculations up to second order, see Appendix B.1.
Using the fact that the metric will be expanded in Legendre Polynomials, the only relevant terms of ϕ4 are

4

(
1 +

M

2R

)3
ML2

8R3
P2 [cos(θ)] +

(
1 +

M

2R

)4

. (56)
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In equation (56), the extra coefficients in front of the terms are because multiple crossterms contribute to
the same term.
Just like in [52], we use the approximation

ϕ2 ≈ ϕ2Mis ≈ ϕ2Schw =

(
1 +

M

2R

)2

=

(
R+ M

2

)2
R2

=

(R+M
2 )

2

R

R
=

r

R
==

1√
1− 2M/r

dr

dR
. (57)

Using equation (57), we see that R
r ≈

(
1 + M

2R

)−2
. It therefore follows that(

ϕ4
R2

r2

)(l=2)

≈

[
4

(
1 +

M

2R

)−1
ML2

8R3
P2 [cos(θ)] + 1

](l=2)

=

(
1 +

M

2R

)−1
ML2

2R3
.

(58)

3.1.2 Conclusion

We therefore conclude that

H
(l=2)
2 = K(l=2) =

16ML2

√
r(
√
r +

√
r − 2M)5

, (59)

which is the same first order term as [57].

3.2 Perturbation coefficients of the extrinsic curvature

Let us now consider the extrinsic curvature Kab. Similar to Section 3.1.1, we are considering a spherically
symmetric tensor, which means that we can use the Regge-Wheeler notation for the perturbations

Krr =

(
1− 2M

r

)−1∑
l

KH
(l)
2 (r, t)Pl[cos (θ)] (60a)

Krθ =
∑
l

Kh
(l)
1 (r, t)∂θPl[cos (θ)] (60b)

Kθθ = r2
∑
l

[
KK(l)(r, t) +KG(l)(r, t)∂θ

2
]
Pl[cos (θ)] (60c)

Kϕϕ = r2 sin (θ)
2
∑
l

[
KK(l)(r, t) +KG(l)(r, t) cot (θ)∂θ

]
Pl[cos (θ)]. (60d)

3.2.1 Extrinsic curvature in non-flat space-time

There is no explicit calculation of the extrinsic curvature in [57], so this section is based on [52] which is
referenced in [57].
In this section, we are going to work towards the extrinsic curvature Ktot

ab related to the basis xa = (r, θ, ϕ),

where r and R are related by equation (51). Note that Ktot
ab = ϕ−2K̂tot

ab , where ϕ is the conformal factor.
The approximation of ϕ is the same as highlighted in equation (57), namely

ϕ2 ≈
(
1 +

M

2R

)2

=
r

R
=

1√
1− 2M/r

dr

dR
. (61)
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Combining the conformal relation and the coordinate transformation, we get

Ktot
ab =

R

r

∂x̂i

∂xa
∂x̂j

∂xb
K̂tot
ij . (62)

Note that R is only dependent on r and that the angles remain the same. This implies that

Ktot
ab =

3PL

2R2r

−4 cos(θ)
2 (dR

dr

)2
0 0

0 R2
[
cos(θ)

2
+ 1
]

0

0 0 R2 sin(θ)
2
[3 cos(θ)

2 − 1]

− 3PL3

16R4r
(
dR
dr

)2
[2− 36 cos(θ)

2
+ 50 cos(θ)

4
] 4RdR

dr sin(θ) cos(θ)[−1 + 5 cos(θ)
2
] 0

Sym R2[1 + 6 cos(θ)
2 − 15 cos(θ)

4
] 0

0 0 R2[−1 + 33 cos(θ)
2 − 65 cos(θ)

4
+ 35 cos(θ)

6
]



=
3PL

2r3


−4 cos(θ)2

(1− 2M
r )

0 0

0 r2
[
cos(θ)

2
+ 1
]

0

0 0 r2 sin(θ)
2
[3 cos(θ)

2 − 1]

− 3PL3(√
r − 2M +

√
r
)4
r


2(25 cos(θ)4−18 cos(θ)2+1)

r2(1− 2M
r )

4 sin(θ) cos(θ)(5 cos(θ)2−1)√
1− 2M

r r
0

Sym
(
−15 cos(θ)

4
+ 6 cos(θ)

2
+ 1
)

0

0 0
(
35 cos6(θ)− 65 cos(θ)

4
+ 33 cos(θ)

2 − 3
)
 ,

(63)

where we used that dR/dr = R/
√
r(r − 2M).

Looking at equation (63) we see that the first order agrees with the paper [57]. However we are unable to
compare second order results, as they don’t give any explicit form for the second order term. From now on,
we shall refer to Ktot

ab as Kab.

3.2.2 Expansion of extrinsic curvature

In this section, the leading order term of Kab will be expanded, i.e. the term proportional to PL term in
equation (63). The expansion of the second order term is calculated in Appendix B.3.

First, let us consider the Krr component. We need to find KH
(0)
2 (r, t) and KH

(2)
2 (r, t) such that

KH
(l=0)
2 (r, t) +KH

(l=2)
2 (r, t)

1

2

[
3 cos2 (θ)− 1

]
=

−6PL

r3
cos(θ)

2
, (64)

which implies

KH
(l=2)
2 (r, t) =

−4PL

r3
(65)

KH
(l=0)
2 (r, t) =

1

2
KH

(l=2)
2 =

−2PL

r3
. (66)

Now, consider the Kθθ and Kϕϕ terms. We need to find KK(l=0)(r, t), KK(l=2)(r, t) and KG
(l=2)
2 (r, t) such

that

KK(0)(r, t) +KK(l=2)(r, t)
1

2

[
3 cos2 (θ)− 1

]
+KG(l=2)(r, t)3

[
1− 2 cos2 (θ)

]
=

−3PL

2r3

[
cos(θ)

2
+ 1
]

(67)

21



KK(l=0)(r, t) +KK(l=2)(r, t)
1

2

[
3 cos2 (θ)− 1

]
−KG(l=2)(r, t)3 cos2 (θ) =

−3PL

2r3

[
3 cos(θ)

2 − 1
]
. (68)

By substracting the two lines from eachother, KG
(l=2)
2 (r, t) can be deteremined

KG(l=2)(r, t)3
[
1− 2 cos2 (θ)

]
+KG(l=2)(r, t)3 cos2 (θ) =

3PL

2r3

[
cos(θ)

2
+ 1
]
− 3PL

2r3

[
3 cos(θ)

2 − 1
]

KG(l=2)(r, t)
[
3− 3 cos(θ)

2
]
= −3PL

2r3

[
2 cos(θ)

2 − 2
]

KG(l=2)(r, t) =
PL

r3
,

(69)

which is the same as in [57].
Filling in equation (69) into equation (67), we get

KK(l=0)(r, t) +KK(l=2)(r, t)
1

2

[
3 cos2 (θ)− 1

]
+

3PL

r3
[
1− 2 cos2 (θ)

]
=

3PL

2r3

[
cos(θ)

2
+ 1
]

KK(l=0)(r, t) +KK(l=2)(r, t)
1

2

[
3 cos2 (θ)− 1

]
=

3PL

2r3

[
5 cos(θ)

2 − 1
]
,

(70)

which means

KK(l=2)(r, t) =
5PL

r3
(71)

KK(l=0)(r, t) =
1

5
KK

(l=0)
2 =

PL

r3
. (72)

3.2.3 Conclusion

We therefore conclude that

KH
(l=0)
2 (r, t) =

−2PL

r3
(73a)

KH
(l=2)
2 (r, t) =

−4PL

r3
(73b)

KG(l=0)(r, t) = 0 (73c)

KG(l=2)(r, t) =
PL

r3
(73d)

KK(l=0)(r, t) =
PL

r3
(73e)

KK(l=2)(r, t) =
5PL

r3
(73f)

Kh
(l=0)
1 = Kh

(l=2)
1 = 0. (73g)

These results agree with [56], but differ by a factor −1.
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4 Casting the initial data

There are many different Zerilli equations and functions that follow from the Einstein Field Equations (see
Appendix 3.1). In this thesis, we will work with the gauge invariant formalism based on the paper by Poisson
and Martel [69] and by Martel’s PhD thesis [70].6 In this section, we will introduce the formalism and
calculate the initial data for the Zerilli wave function ψ and its derivatives.

4.1 Notation

Before we introduce the Zerilli equation, it is useful to introduce some new notation.
The Zerilli equation gets an easier form, if we use the Tortoise coordinate r∗

r∗ := r + 2M log
[ r

2M
− 1
]

d

dr∗
=

∆

r2
d

dr

(74)

Expressing r as a function of r∗ is determined by

er∗ = er+2M log [ r
2M −1] = ere

log
[
( r

2M −1)
2M

]
= er

( r

2M
− 1
)2M

=⇒ e
r∗
2M −1 = e

r
2M −1

( r

2M
− 1
)

=⇒
( r

2M
− 1
)
=W0

(
e

r∗
2M −1

)
=⇒ r = 2M

(
1 +W0

(
e

r∗
2M −1

))
,

(75)

where W0 is the principle Lambert-W function. Note that both r and r∗ are real and r > 2M . This implies
r

2M − 1 ≥ 0, which is why we take the principle Lambert function W0 and not any other Wk.
The following identities will be useful when changing coordinates

∂r∗
∂r

=
r

r − 2M
=

1

1− 2M
r

=⇒ ∂r

∂r∗
= 1− 2M

r
(76)

∂2r

∂r2∗
=

(
1− 2M

r

)
∂

∂r

(
∂r

∂r∗

)
=

(
1− 2M

r

)
∂

∂r

(
1− 2M

r

)
= −

(
1− 2M

r

)
2M

r2
. (77)

Lastly, we define

Λ := (l − 1)(l + 2) +
6M

r
(78)

µ := (l − 1)(l + 2) (79)

This is different from the convention used by Chandrasekhar [34], Martel [70] and Nicasio et et al. [56], which
use

ΛMart =
1

2
Λ (80)

µ2
Ch = 2nCh = µ = 2λNic = 2λMart. (81)

.
6Here we do not mean gauge fixed but actually gauge invariant
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4.2 Zerilli equation and function

The Zerilli equation given by Poisson and Martel is

− ∂2ψ

∂t2
+

(
1− 2M

r

)2
∂2ψ

∂r2
−
(
1− 2M

r

)
2M

r2
∂ψ

∂r
− V (r)ψ.

= −∂
2ψ

∂t2
+
∂2ψ

∂r2∗
− V (r)ψ = 0

(82)

with r∗ being the tortoise coordinate (74) and

V (r) =

(
1− 2M

r

)(
(l − 1)(l + 2)− 6M

r

)2 {(l − 1)2(l − 2)2
[
(l − 1)(l − 2) + 2

r2
+

6M

r3

]
+

36M2

r4

[
(l − 1)(l − 2) +

2M

r

]}

=

(
1− 2M

r

)
Λ2

{
µ2

[
µ+ 2

r2
+

6M

r3

]
+

36M2

r4

[
µ+

2M

r

]}
.

(83)

In equation (82) we use that

∂2ψ

∂r2∗
=

∂

∂r∗

(
∂r

∂r∗

∂ψ

∂r

)
=
∂2r

∂r2∗

∂ψ

∂r
+

∂r

∂r∗

∂r

∂r∗

∂

∂r

∂ψ

∂r
=
∂2r

∂r2∗

∂ψ

∂r
+

(
∂r

∂r∗

)2
∂2ψ

∂r2
, (84)

as well as equations (76) and (77).
The gauge invariant Zerilli function ψ is defined using gauge invariant quantities. These gauge invariant
quantities are expressed using the metric perturbations given in Section 3, namely

H̃2 = H2 − 2∇rh1 + 4∇rr∇rG+ r2∇r∇rG

= H2 − 2∂rh1 + 4∂rG+ r2 (∂r∂rG− Γarr∂aG) ,
(85)

K̃ = K +
1

2
l(l + 1)G− 2

r
h1 + r∂rG (86)

where we omitted the l index. In the Regge Wheeler gauge the gauge invariant quantities are the same as
the metric perturbations, K̃ = K and H̃2 = H2, because h1 = 0 = G.
The gauge invariant Zerilli function is defined as

ψ =
2r

l(l + 1)

{
K̃ +

2

Λ

[(
1− 2M

r

)2

H̃2 − r

(
1− 2M

r

)
∂rK̃

]}
. (87)

The above definitions differ from the terms in the formalism given by Gleiser et al. The above potential in
equation (83) has a different form than the one given by Gleiser et al. [56] Both forms also differ from the
one originally given by Zerilli [71] which they consequently use when creating their second order formalism
[72]. As a consequence, each paper also has a different Zerilli function. For this reason, we opt to go for the
gauge invariant form.

4.3 Initial data for the Zerilli Function

Having introduced the Zerilli function in equation (87), we can calculate its initial value at t = 0. After
which, we can use the Zerilli equation (82) to evolve the Zerilli function to later times.
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Figure 6: Potential from
equation (83) with M = 1
and l = 2 plotted against
r∗. The maximum of the
potential is at r∗ = 0.

It is easy to calculate the Zerilli function at t = 0, as this only involves filling in equation (87) with the coeffi-
cients of the metric calculated in Section 4. Calculating ∂rψ can . These calculations can be done explicitely,
but the results are not insightfull. Besides, to make the numerical solver more generically applicable, we
have opted to code the initial data of ψ as a function of the coefficients which can adapted in the solver.
We therefore forego explicitely calculating the initial data for ψ and ∂tψ in this section and instead refer to
Appendix E.
Calculating the time derivative of the Zerilli function is more involved. We will use the following relation
between the i-th order perturbations of the spatial metric and extrinsic curvature as explained in Section A.5

K
(i)

ab =
1

2N

(
∂t γ

(i)
ab −Da N

(i)
b −Db N(i)

a

)
=

1

2

1√
1− 2M

r

(
∂

∂t
γ

(i)
ab

)
,

(88)

where n is the unit normal vector field, γab is the spatial metric on (3)Σt , N is the lapse function, Na
are components of the shift vector and D the covariant derivative defined on the original timeslice (3)Σ0.
In equation (88) we use the fact that there is zero perturbative shift for each l-mode [65]. The first order
perturbative lapse function is technically not zero for the l = 0 mode, but since all other metric coefficients
with l = 0 in equation (88) are zero, this term does not contribute. Other l−modes for the lapse function
are zero at first order.
Taking the time-derivative of the Zerilli function as defined in equation (87) gives us

∂tψ =
2r

l(l + 1)

{
∂tK̃ +

2

Λ

[(
1− 2M

r

)2

∂tH̃2 − r

(
1− 2M

r

)
∂t∂rK̃

]}
. (89)
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Using equation (88) we get

∂tK̃ = ∂tK +
1

2
l(l + 1)∂tG− 2

r
∂th1 + r∂t∂rG

= 2

√
1− 2M

r
KK + l(l + 1)

√
1− 2M

r
KG− 4

r

√
1− 2M

r
Kh1 + r∂r

(√
1− 2M

r
KG

)

= 2

√
1− 2M

r
KK +

l(l + 1)

√
1− 2M

r
+

M√
1− 2M

r r

KG− 4

r

√
1− 2M

r
Kh1 + r

√
1− 2M

r
∂rKG

=

√
1− 2M

r

[
2KK +

(
l(l + 1) +

M

r − 2M

)
KG− 4

r
Kh1 + r∂rKG

]
(90)

and

∂tH̃2 = ∂tH2 − 2∂r∂th1 + 4∂r∂tG+ r2 (∂r∂r∂tG− Γarr∂a∂tG)

=

√
1− 2M

r
KH2 +

M√
1− 2M

r r
[−2Kh1 + 4KG]− 2

√
1− 2M

r
∂rKh1 + 4

√
1− 2M

r
∂rKG

+ r2

M (2r − 3M)(
1− 2M

r

) 3
2 r4

KG+ 2
M√

1− 2M
r r

∂rKG+

√
1− 2M

r
∂r∂rKG


− r2

−M
(1− 2M

r )r2

 M√
1− 2M

r r
KG+

√
1− 2M

r
∂rKG


=

√
1− 2M

r

[
KH2 − 2∂rKh1 + 4∂rKG+ r2∂r∂rKG+

M

1− 2M
r

∂rKG

+
M

r − 2M

(
−2Kh1 + 4KG+ 2r2∂rKG+

M

1− 2M
r

KG

)
+
Mr2 (2r − 3M)

(r − 2M)
4 KG

]
,

(91)

where we used that none of the Christoffel symbols have a t-dependence and that Γtrr = 0. We can fill in
equations (90) and (91) into equation (89) to get the full expression of ∂tψ at t = 0. However, the explicit
form would be long, messy and not informative. We therefore forego writing it here.
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5 Ordinary and Partial Differential Equations

The Zerilli equation is a second order Partial Differential Equation (PDE) that we will numerically solve for
the Zerilli function ψ(r, t). To understand the numerical solver, it is necessary to understand some concepts
from Ordinary Differential Equations (ODE), as well as PDEs. We will reduce the second order PDE to a
three first order ODEs using the method of lines and method of characteristics. We then solve the ODEs
using the Runge Kutta method.
We begin by introducing the notation for ODEs and the concept of convergence and consistency. The Runge-
Kutta method is then presented, which will be used to get numerical approximations for the Zerilli function
at later times. Subsequently, we extend the notation to PDEs and outline the reduction of PDEs to ODEs
via the method of lines and the method of characteristics. We conclude by applying these methods to the
Zerilli equation.

5.1 Ordinary Differential Equations

Let us consider a set of n functions {ui(t)} on the interval [0, T ] that satisfies a set of ODEs

dui(t)

dt
= u′i(t) = fi (t, u1(t), ..., un(t)) = fi (t, u⃗(t)) (92)

for t ∈ [0, T ]. Assume that the equations satisfy the initial data

ui(0) = ui,0. (93)

According to Picard’s theorem, there is a unique solution to the problem on the time domain [0, T ], if the
vector of functions f = (fi) : [0, T ]×Rn → Rn is continuous and satisfies the Lipschitz condition with respect
to L ∈ R

∥f(t, v⃗)− f(t, ⃗̃v)∥ ≤ L∥v⃗ − ⃗̃v∥ ∀t ∈ [0, T ] ∀v⃗, v⃗ ∈ R. (94)

We divide the time-domain [0, T ] into a finite amount N of steps with size τ . We define tn := nτ ∈ [0, T ] to
be the nth timestamp. We will use numerical approximations to get values of the functions ui at the different
timestamps. The approximation of ui at timestamp tn will be denoted by ui,n.
Consider a method, which gives us approximations for the functions ui(t) at all the time steps between 0 and
T . The local (truncation) error dn is the error the method introduces when going from the (n − 1)th
time step to the nth time step. It is therefore defined as the difference between the exact solution ui(tn) and
the approximation obtained by applying one step of the method to the exact value at tn−1. To clarify this
concept, suppose that the method gives a numerical approximation ui,n based on the previous approximation
ui,n−1 in the following way

ui,n = ui,n−1 + τΨ(tn−1,ui,n−1). (95)

The local error dn is then defined by

dn =
1

τ
(ui(tn)− ui(tn−1))−Ψ(tn−1, ui(tn−1)). (96)

The local error is therefore the difference between the actual solution ui(tn) and the numerical approximation
ui,n one gets from using the approximation method which uses the actual solution ui(tn−1) as input. The
method is consistent of order p if for all approximations of ui the local error satisfies dn = O(τp) as τ → 0
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uniformly for tn.
Consider the same context as above, we can define the global error en as

en = ui(tn)− ui,n, (97)

which means that the global error is the difference between the actual solution and the approximation given
by the method. The method is called convergent of order p if for each timestamp tn the global error
en = O (τp) for τ → 0 [73].

5.1.1 Runge-Kutta method

The Runge-Kutta method is a family of methods that solves ODEs of the form of equations (92) and (93),
using intermediate approximations.
Let us consider the numerical approximation of the function ui. Between each approximation ui,n−1 and
ui,n, we will use s intermediate approximations vn,j of the form

vn,i = un−1 + τ

s∑
j=1

aijf (tn−1 + cjτ, vn−1,j) (98)

un = un−1 + τ

s∑
j=1

bjf (tn−1 + cjτ, vn,j) . (99)

The coefficients bi are called weights, ci are nodes and aij is related to cj by

ci =

s∑
j=1

aij . (100)

The method is called explicit if j ≥ i =⇒ aij = 0 and implicit if that is not the case. If the method is
explicit, each stage ki only depends on the previous stages. If the method is implicit, some stages ki depend
on themselves or other stages that have not yet been calculated. This means that one needs to solve equations
that are often non-linear in order to get ki.
To obtain an RK-method with a specific consistency or convergence order, specific condition on bi, ci and
aij must be satisfied. A discussion of the specific conditions is outside the scope of this thesis. We will
specifically use the RK4 method, also called the classic Runge-Kutta method. This method has a consistency
of order 4 and a convergence of order 4.
Take unknown function u(t), which satisfies the conditions of equations (92) and (93). We define the inter-
mediate approximations via 7

k1 = f(tn,un), (101a)

k2 = f

(
tn +

τ

2
,un + τ

k1
2

)
, (101b)

k3 = f

(
tn +

τ

2
,un + τ

k2
2

)
, (101c)

7In our application, we are considering ODEs of the form f(u(t)) (an autonomous system) and not f(t, u(t)) (a non-
autonomous system), since we don’t have a specific time-dependence. However, this does not change the approximations
beyond being able to ignore the t-component in the function. Any convergence and consistency conditions placed on ci are still
satisfied via conditions placed on aij via equation (100).
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k4 = f(tn + τ,un + τk3) . (101d)

Here, k1 is the approximation of the slope of u(t) at tn. The values k2 and k3 are the slopes at tn + τ/2
which uses k1 and k2, respectively, to get the approximation for u(tn + τ/2). The value of k4 is the slope at
the tn+1, which uses the approximation of u(tn+1) that is based on k3.
The approximation for u(tn+1) is given by

un+1 = un +
τ

6
(k1 + 2k2 + 2k3 + k4) . (102)

5.2 Partial Differential Equations

We wish to apply the Runge-Kutta method to PDEs, since we can find methods with consistency and
convergence of order p in this class of methods. To apply the RK4 method to our PDE, we will use the
method of lines and method of characteristics, which transforms the PDE into initial-value problems for
systems of ODEs [74, 75]. Before we can explain these methods, we will need discuss the characterisation of
PDEs.

5.2.1 Categorization

Suppose there is a set of n functions u = (ui) that are dependent on one time coordinate t and k spatial
coordinates xj , such that ui : [0, T ]× Rk → R. We only consider second order PDEs, which means that the
highest order partial derivatives are of second order. A second order PDE is called linear, if it is linear in
all of its derivatives and the coefficients are only dependent on the coordinates, e.g. it is of the form∑

ij

Aij(t, x⃗)∂i∂ju+
∑
i

Bi(t, x⃗)∂iu+ C(t, x⃗)u = D(t, x⃗). (103)

A PDE is called semi-linear if the highest derivatives are of linear form and have coefficients which only
depend on the coordinates. This means that the lower derivatives can have an arbitrary form, e.g. the
equation can be written as ∑

ij

Aij(t, x⃗)∂i∂ju+ F (t, x⃗, ∂iu) = D(t, x⃗). (104)

A PDE is quasi-linear if the highest order derivatives are of linear form and the coefficients are dependent
on the unknown function, its lower derivatives and potentially coordinates, e.g.∑

ij

Aij(t, x⃗, ∂lu, u)∂i∂ju+ F (t, x⃗, ∂iu) = D(t, x⃗). (105)

A PDE that has none of the linearity properties highlighted above, is called fully nonlinear.
Suppose we have a set of n functions u = (ui) that are dependent on one time coordinate t and k spatial
coordinates xj , such that ui : [0, T ] × Rk → R. Assume that they satisfy a second order linear partial
differential equation on the domain [0, T ]×i [0, Xi] of the form (103). The equation is called homogeneous
if in equation (103) we have D(t, x⃗) = 0 and non-homogeneous or inhomogeneous if this is not the
case. A partial differential equation is called elliptic if the matrix A with matrix elements Aij is positive
or negative definite, which means that the eigenvalues are non-zero and have the same sign. A PDE is
parabolic when matrix A is semi-definite. In the context of second order PDEs, this means that exactly
one eigenvalue of A is zero. A PDE is called hyperbolic if A has only non-zero eigenvalues such that all but
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one have the same sign.
Looking at equation (82), we can see that for the Zerilli equation in coordinates t, r∗ we have

A =

(
−1 0
0 1− 2M

r

)
, B⃗ =

(
0
0

)
, C(t, r∗) = V (r∗), D(t, r∗) = 0. (106)

As we can see from (106), the Zerilli equation (82) is a homogenous hyperbolic second order linear partial
differential equation.

5.2.2 Method of lines

The method of lines reduces the second order PDE to a second order ODE by keeping the t-dimension
continuous, while discretizing the spatial dimensions. This is done by replacing the spatial derivatives at the
boundary with algebraic approximations, such that spatial derivatives are not given by spatial independent
variables [76].
Let us consider a set of n functions u = (ui) that are dependent on both t and k spatial coordinates xj ,
such that ui : [0, T ] × Rk → R. Assume that they satisfy a partial differential equation on the domain
[0, T ]×i [0, Xi] of the form (103). Suppose r is the k’th spatial coordinate with the domain [0, R] which is
partioned into m equal steps ∆r. The partial derivative of u with respect to r at time t, spatial coordinates
x1, ..., xk−1, i∆r can be approximated by

∂u(t, x1, ..., xk−1, i∆r)

∂r
=
u(t, x1, ..., xk−1, i∆r))− u(t, x1, ..., xk−1, (i− 1)∆r)

∆r
+O (∆r)

=
uk,i(t, x1, ..., xk−1)− uk,i−1(t, x1, ..., xk−1)

∆r
+O (∆r)

=
uk,i − uk,i−1

∆r
+O (∆r) ,

(107)

where k subscript indicates here which coordinate we are considering and the i subscript which place in the
grid we are comparing. This method is called the finite difference method [77]. The second order derivative
with respect to r at time t, spatial coordinates x1, ..., xk−1, i∆r can be approximated by

∂2u(t, x1, ..., xk−1, i∆r)

∂r2
=
uk,i+1 − 2uk,i + uk,i−1

∆r2
+O

(
∆r2

)
, (108)

which is only defined for internal grid points of the interval, e.g. for 0 < i < m.
To approximate the time derivative in the same way, it is necesaary to take a time step τ that is small
enough. If the time step is too large, the calculations become unstable in the sense that the difference
uk,i((j +1)τ, x⃗)− uk,i(jτ, x⃗) grows and becomes unbounded. We therefore introduce a constant which relate
the step in the time domain τ with the step in the spatial domain ∆xk. This is called the Courant-
Friedricks-Lewy number cCFL (in the code denoted by cfl) [78, 79].
To highlight this, consider a simple one-dimensional wave equation for the function u(t, x) of the form

∂u

∂t
= w

∂u(x, t)

∂x
, (109)

where w denotes the velocity in the x direction. After discretization one has at the internal points t = iτ, x =
j∆x

u ((i+ 1)τ, j∆x)− u(iτ, j∆x)

τ
= w

u (iτ, j∆x)− u (iτ, (j − 1)∆x)

∆x
(110)
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which implies

u ((i+ 1)τ) = u (iτ) + τw
u (iτ, j∆x)− u (iτ, (j − 1)∆x)

∆x
,

= u (iτ) + cCFL [u (iτ, j∆x)− u (iτ, (j − 1)∆x)]

= [1 + cCFL]u (iτ, j∆x)− cCFLu (iτ, (j − 1)∆x) ,

(111)

where the cCFL constant has been implicitly defined as w τ
∆x .

This Courant-Friedricks-Lewy number needs to be chosen well, as a CFL number that is larger than a specific
critical value leads to the method to be unstable. This critical value is dependent on the system and has no
general formula. In practice, the CFL number is fixed before the grid for the spatial dimensions is chosen.
After the discretization for the spatial grid has been created, the time steps τ are varied to keep the CFL
number constant. Increasing the accuracy of the method, e.g. picking a smaller step in the spatial domain
∆xk, means that one needs to introduce a smaller step in the temporal domain τ [80].

5.2.3 Method of characteristics

The method of characteristics is a way to reduce a set of PDEs to a set of ODEs or to reduce higher order
PDEs to a set of lower order ODEs.
The principle behind this method is constructing a characteristic curves, along whichthePDE becomes a set
of ODEs. Consider a function u(x) : Rn → R which satisfies on Ω ⊂ Rn a general homogenous first order
PDE of the form

F (x1, ..., xn, u, ∂1u, ...., ∂nu) = 0. (112)

Suppose Γ ⊂ Rn is a submanifold of Ω parametrized by (γ1(r), ..., γn(r)), where γi : I ⊂ Rn−1 → R and
r = (r1, ..., rn−1) ∈ Rn−1. The boundary condition for u(x) is given by

u
∣∣
Γ
= ϕ. (113)

Assume u(x) ∈ C2(Ω) is a solution of the PDE (112). Let x(s) : I ⊂ R → Rn be a curve along which u(x)
solves the PDE (112), with initial condition u(x0) = u0 = ϕ where x(0) = x0 = (x01, ..., x

0
n) ∈ Γ. We define

z(s) = u(x(s)) : I → R. Assume that all curves are twice differentiable.
We can create a curve p = (p1(s), ..., pn(s)) = (∂1u(x(s)), ..., ∂nu(x(s))) in Rn and (x(s), z(s),p(s)) in R2n+1,

where ∂i =
∂

∂xi
. Note that by definition, we have pi(s) ∈ C1(I). Taking a total derivative of equation (112)

with respect to xi gives us

dF

dxi
=
∑
j

∂F

∂pj

∂pj
∂xi

+
∂F

∂u

∂u

∂xi
+ ∂iF = 0. (114)

Note that
∂pj
∂xi

= ∂ipj = ∂i∂ju. If we place on xi the condition

dxi(s)

ds
=
∂F (x, z,p)

∂pi
, (115)

we can formulate equation (114) as an ODE for pi(s), namely∑
j

∂F

∂pj

∂pj
∂xi

=
∑
j

dxj(s)

ds
(∂j∂iu) =

dpi
ds

= −∂F
∂u

∂iu− ∂iF. (116)
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In equation (116) we have used the chain rule for pi, given by

dpi
ds

=
d(∂iu(xj(s))

ds
=
∑
j

∂(∂iu(xj(s)))

∂xj(s)

∂xj(s)

∂s
=
∑
j

dxi(s)

ds
(∂j∂iu). (117)

Lastly, we need to get an ODE for u(s)

dz

ds
=
∑
j

∂u(x(s))

∂xj

∂xj
∂s

=
∑
j

pj
∂F

∂pj
. (118)

In conclusion, we have turned the general homogenous PDE of equation (103) into a family of ODEs

dxi
ds

=
∂F (x, u,p)

∂pi
, (119a)

dpi
ds

= −∂F (x, u,p)
∂u

∂iu− ∂iF (x, u,p), (119b)

dz

ds
=
∑
j

pj
∂F (x, u,p)

∂pj
, (119c)

which are called the characteristic equations [81–83].
So far we have not discussed the kind of surface Γ can be, nor what the initial conditions are for the ODEs
(119). The initial conditions for xi(s) are xi(0) = x0i and for z(s) they are z(0) = ϕ . The condition for
pi(0) = p0i are

F (x0, u0,p
0) = 0, (120a)

dϕ(r)

dri
=
∑
j

p0j
∂γj
∂ri

, (120b)

where r is such that γ(r) ∈ Γ and i = 1, ..., n− 1 [81, 82, 84].
Finding functions pj(s) that satisfy (120) might not always be possible, nor are solutions always unique.
However, if one has found (local) functions satisfying equations (120), the solution is unique. There are
also conditions on the initial data which will guarantee a unique (local) solution. For example, if Γ is a
coordinate hypersurface, e.g. (x1, ..., xn−1) ∈ Γ if and only if x = (x1, ..., xn−1, a) is in Ω ⊂ Rn for a value

of a, then ∂F (x0,u0,p
0)

∂pn
̸= 0 is sufficient condition for p to be unique. In the case where the hypersurface is

two-dimensional, e.g. Γ = (γ1(r), γ2(r)), the condition(
∂F (γ1, γ2, ϕ, p1, p2)

∂p1
,
∂F (γ1, γ2, ϕ, p1, p2)

∂p2

) ∣∣∣∣∣
s=r

· (−γ2, γ1)
∣∣
s=r

̸= 0 (121)

is sufficient. In the latter case, we call the boundary data (Γ, ϕ, ψ1, ψ2) noncharacteristic. This condition
can be generalized to ∇pF (Γ(r), ϕ,p

0) ·N(Γ(r)), where N(Γ(r)) is the normal vector to Γ [81, 82, 84].

It is theoretically possible to extend this framework to create a further reduction of the PDE. However,
creating such a system of equations becomes significantly more complex than is needed for this thesis. See
[85] for an example of such a higher order reduction.
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5.2.4 Application to Zerilli Function

Having laid out the mathematical foundations of the method of lines and method of characteristics, we will
now apply them to the Zerilli equation.
Let us first consider the Zerilli equation (82) in the context of the method of lines. At some time t and some
r∗,j = j∆r∗, the Zerilli equation will become8

∂2ψ

∂t2
=
ψj+1(t)− 2ψj(t) + ψj−1(t)

∆r2∗
+ V (r∗,j)ψj(t). (122)

Using the finite difference method for the time derivative, we can rewrite equation (122) at (ti = iτ, rj)
as

ψj(ti+1)− 2ψj(ti) + ψj(ti−1)

τ2
=
ψj+1(ti)− 2ψj(ti) + ψj−1(ti)

∆r2∗
+ V (rj)ψj(ti) (123)

which implies

ψj(ti+1) = 2ψj(ti)− ψj(ti−1) + τ2
[
ψj+1(ti)− 2ψj(ti) + ψj−1(ti)

∆r2∗
+ V (rj)ψj(ti)

]
. (124)

In this case the expression of ψ at the next time step is only dependent on the solution of previous time-steps.
In the application of the method of lines we only consider ψ and do not track the derivatives. This could
lead to inaccuracies at, for example, the boundary. To provide a more stable method we therefore apply the
method of characteristicss. Including the derivatives of ψ also makes it possible for us to analyse and track
quantities such as the total energy of the system.
Using the notation of Section 5.2.3, we have u = ψ(r∗, t), p1 = ∂r∗ψ and p2 = ∂tψ. Using index notation
similar as above and assume that we have the values of p1(r∗, t), p2(r∗, t), u(r∗, t) on a specific time-slice t = ti
we can define

∂p1(r∗, t)

∂r∗

∣∣∣∣∣
r∗=r∗,j ,t=ti

=
p1(r∗,j−1, ti)− p1(r∗,j+1, ti)

2∆r∗
(125a)

∂p2(r∗, t)

∂r∗

∣∣∣∣∣
r∗=r∗,j ,t=ti

=
p2(r∗,j−1, ti)− p2(r∗,j+1, ti)

2∆r∗
. (125b)

∂u(r∗, t)

∂r∗

∣∣∣∣∣
r∗=r∗,j ,t=ti

=
u(r∗,j−1, ti)− u(r∗,j+1, ti)

2∆r∗
, (125c)

where we assume rj is in the interior of the spatial domain [r∗,min, r∗,max]. If r∗,j = r∗,min, we have that
p1(r∗,j−1, ti) → p1(r∗,min, ti) and 2∆r∗ → ∆r∗. The cases go analogously for p2(r∗, t) and u(r∗, t), as well as
for r∗,j = r∗,max.
For the time-derivatives, we have

∂p1(r∗, t)

∂t

∣∣∣∣∣
r∗=r∗,j ,t=ti

=
∂p2(r∗, t)

∂r∗

∣∣∣∣∣
r∗=r∗,j ,t=ti

(126a)

∂p2(r∗, t)

∂t

∣∣∣∣∣
r∗=r∗,j ,t=ti

=
∂p1(r∗, t)

∂r∗

∣∣∣∣∣
r∗=r∗,j ,t=ti

− V (r∗,j)u(r∗,j , t) (126b)

8Compared to Section 5.2.2, we omit the 1, in the subscript, since we only have one spatial dimension

33



∂u(r∗, t)

∂t

∣∣∣∣∣
r∗=r∗,j ,t=ti

= p2(r∗,j , ti), (126c)

where we use, respectively, the definitions of pi, the Zerilli equation and the fact that u(r∗, t) is continuous
and smooth in both variables.
Combining both methods, we get

p2(r∗,j , ti+1) = p2(r∗,j , ti) +
cCFL

2
[p1(r∗,j+1, ti)− p1(r∗,j−1, ti)] + τV (r∗,j)u(r∗,j , ti), (127a)

p1(r∗,j , ti+1) = p1(r∗,j , ti) +
cCFL

2
[p2(r∗,j+1, ti)− p2(r∗,j−1, ti)] , (127b)

u(r∗,j , ti+1) = u(r∗,j , ti) + cCFL∆r∗p2(r∗,j , ti)(ti), (127c)

where the Courant-Friendricks-Lewy number is given by cCFL = τ
∆r∗

.
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6 The code

The code that evolves the Zerilli function using the Zerilli equation is made in the coding language Julia.
The foundations of the code have been made by Stamatis Vretinaris and have been extended on by Pjotr
Koster. Details about the mathematical background of partial differential equations and details about the
code can be found in Section 5. Tests of the code can be found in Section 7.

6.1 Implementing initial data

The initial data used for the Zerilli equation can be found in the file InitialData.jl. Since we use the method
of characteristics, we work with the functions

Φcode = ψ (128)

Πcode = ∂tΦcode = ∂tψ (129)

Ψcode = ∂r∗Φcode = ∂rψ (130)

From now on, we omit the “code” from the subscripts.
This means that the Zerilli equation (82) becomes

− ∂Π

∂t
+
∂Ψ

∂r∗
− V (r)Φ = 0. (131)

In the code, we have opted for writing down the general forms of the initial data for Φ and Π, equations
(87) and (89), respectively. This means that we have created separate functions for the metric coefficients.
The functions for the initial data Φ(t, r,M, P, L, l) and Π(t, r,M, P, L, l) are also dependent on the l−mode,
so that the code can be used in other contexts. For Ψ(t, r,M, P, L, l), we use the ForwardDiff package to
safe computation time, meaning Ψ(t, r) = ForwardDiff.derivative(r1 → Φ(t, r1,M, P, L, l), r). Using these
functions, we create vectors of ncells length with Float64 entries. These are combined into a matrix we call
statevector, using the function hcat().

6.2 The rhs! function

Since we use the method of characteristics and method of lines, the code needs to solve three first order
Ordinary Differential equations. This is done using the Runge Kutta method, for which we need to program
a function that approximates the time-derivative of the functions Φ,Π and Ψ at a time tj and space r∗,i =
r∗,min + i∆r∗. This is done by the rhs! function in the ODE.jl file.
The function rhs!(du :: AbstractArray{<: Real}, U :: AbstractArray{<: Real},params, t :: Real) outputs
the different time-derivatives of the functions (128) -(130) at a specific time t in the abstract array du. The
matrix U contains the arrays of Φ, Π and Ψ at a specific time t. From params, it uses the information about
the number of (spatial) cells, the spacing, the mass, boundary type and the spatial domain. The t is not
explicitly used, but will be used in the RK4 function. The real input is therefore from U and params. The
parts in aquamarine are there to make sure that the input is correct, for example : Real ensures that the
initial data is real and not complex.

6.2.1 Approximating spatial derivatives

Calculating the time-derivatives requires an approximation for the spatial derivatives at each spatial point,
for which we use the finite difference method.
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For each interior point r∗,i = r∗,min + i∆r∗, we take

∂rΦ(tj , r∗,i) = drΦ = (Φ[i+ 1]− Φ[i− 1])/2h (132a)

∂rΠ(tj , r∗,i) = drΠ = (Π[i+ 1]−Π[i− 1])/2h (132b)

∂rΨ(tj , r∗,i) = drΨ = (Ψ[i+ 1]−Ψ[i− 1])/2h, (132c)

where the second equal sign shows how it is denoted in the code9 and h = ∆r∗.
For the boundaries in the spatial domain, one takes i−1 → 1 and i+1 → 2 with 2h→ h, or i−1 → N−1 and
i+ 1 → N with 2h→ h.10 This implies that the approximations of the derivatives at the spatial boundaries
are of first order, while the approximations are of the second order at the interior.

6.2.2 Approximating time derivatives

The time-derivatives for Φ,Π and Ψ are approximated via the definition of the characteristic functions, the
Zerilli equation, and the radiative boundary and smoothness condition of the Zerilli function, respectively.
At the interior of the domain, the time derivatives of the functions (128) -(130) are given by

∂tΦ(tj , r∗,i) = dtΦ[i] = Π[i] (133a)

∂tΠ(tj , r∗,i) = dtΠ[i] = drΨ− V (r∗,i,M)Φ[i] (133b)

∂tΨ(tj , r∗,i) = dtΨ[i] = drΠ[i], (133c)

where again the second equal sign shows how it is denoted in the code.11 Equation (133a) follows from the
definition of Π and therefore also holds at the spatial boundary points. Equation (133b) follows from the
Zerilli equation. Equation (133c) follows from the fact that the Zerilli equation should be continuous and
smooth in both variables, such that ∂t∂r∗ψ = ∂r∗∂tψ.

Let us now consider the boundaries of our spatial domain. Solving a partial differential equation requires
you to give boundary conditions at the beginning and end of your domain. The code allows for two boundary
conditions, radiative or reflective.
In the case of the radiative boundary condition, we define the characteristic variables at the spatial boundary
points

a = drΦ+ drΨ (134a)

b = drΦ− drΨ, (134b)

where a from equation (134a) is called the out-coming characteristic variable and b from equation (134b) is
called the in-coming characteristic variable. For radiative boundary condition at the last spatial point r∗,N ,
one sets b 7→ 0, while at the first spatial point r∗,0, one sets a 7→ 0. Afterwards, the primitive variables are
defined as

drΦ = (a+ b)/2 (135a)

drΨ = (a− b)/2, (135b)

which follow trivially from equations (134). The time-derivatives for Π and Ψ are then given by

dtΠ[i] = drΨ (136a)

9In the code, we calculate all of the above and below equation for each i, which is why the index i is nor included in f.e. drΦ.
10In the code we take N1 = N − 1 and uses end instead of N. For legibility, we have opted to try and stay consistent with

the notation from Section 5.
11In this context, there is an i index, because the output are three different arrays bundled together.
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dtΨ[i] = drΠ. (136b)

In the context of reflexive boundary conditions, one does not require characteristic variables to define the
time-derivative at the spatial boundaries

dtΠ[i] = 0 (137a)

dtΨ[i] = drΠ. (137b)

After all the time-derivates are calculated, the arrays dtΦ, dtΠ and dtΨ are bundled together into the matrix
du using the hcat() function.

6.3 The RK4 function

Having found a way to approximate the time derivatives for each characteristic function, we need to create
a function that solves the equations. We will use the Runge-Kutta method of fourth order.
In the code, solving the three Ordinary Differential Equations is done by the function RK4(rhs! :: F , dt ::
Real, reg1, reg2, reg3, reg4, params, t :: Real, indices :: CartesianIndices), which can be found in the Inte-
grator.jl file. Here rhs! is the function as described in Section 6.2; dt is the time step;12 regi are four different
abstract arrays which will be used to make different (intermediate) approximations of the functions Φ, Π and
Ψ, and params and t are both used as input for rhs!.
The abstract array reg1 is used as input U in rhs!, meaning that it contains the information of Φ,Π,Ψ for a
specific time. The abstract array reg4 is used as input du in rhs!, meaning that it contains the approximation
for the time derivatives of Φ,Π,Ψ at a specific time. The other abstract arrays reg3 and reg2 are used as
templates for different intermediate approximations. These approximations happen in four steps, each step
is started by rhs!(reg4, reg1, params, t).
In the first step, we take

reg31[i] = dt ∗ reg41[i] = k1, (138a)

reg21[i] = reg31[i] = k1. (138b)

where i is a spatial index and the index 1 denotes which step it is defined in.13 Using the notation of Section
5.1.1, we have reg31[i] = k1, since rhs!(reg4, reg1, params, t) = f(r∗.i, y0) and dt = h.
In the second step, we have gotten a new approximation of the time derivatives in reg41 from inputting reg11

into rhs!. Similarly to before, we take

reg32[i] = dt ∗ reg42[i] = k2, (139a)

reg12[i] = reg11[i] + (reg32[i]− reg21[i])/2 = y0 + k1/2 + (k2 − k1)/2 = y0 + k2/2. (139b)

As we see from equation (139b), we have defined reg21 not to approximate the function, but rather to get
the right input.
After implementing rhs! again, we define

reg33[i] = dt ∗ reg43[i]− reg32[i]/2 = dt ∗
(
reg43[i]− reg42[i]/2

)
= k3 − k2/2, (140a)

reg13[i] = reg12[i] + reg33[i] = y0 + k2/2 + (k3 − k2/2) = y0 + k3, (140b)

reg23[i] = reg21[i]/6− reg33[i] = k1/6− k3 + k2/2. (140c)

12In the formulas about the theory behind solving differential equations, we also call this τ .
13These indices are not used in the code, but will be used here to show the chronology of the definitions and create more

clarity.
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After applying rhs! for the last time, we take

reg34[i] = dt ∗ reg44[i] + reg33[i] + reg33[i] = k4 + 2 ∗ (k3 − k2/2) = k4 + 2k3 − k2, (141a)

reg14[i] = reg13[i] + reg23[i] + reg34[i]/6 = y0 + k1/6 + k4/6 + k3/3 + k2/3, (141b)

where reg14[i] from equation (141b) is the final approximation and coincides with the final approximation of
the RK4 method, as seen in equation (102).

6.4 Running the code

The previously discussed functions are used to do the mathematical “dirty-work”. There are other functions
in the code that are used to create files with the solutions. For example, there is a function that creates the
right path so the files get created in the right folder. These functions can be found in the Integrator.jl file,
and we shall not discuss them in detail. Instead, we shall shortly discuss the run zerilli function.
The run zerilli function in the Run.jl file runs the code that produces the solution to the ODEs. The
function run zerilli(domain :: V ector, ncells :: Integer, tf :: Real, cfl :: Real, l :: Integer,M :: Real =
1.0, P :: Real = 1.0, L :: Real = 1; boundary type :: Symbol =: radiative, folder = ””, save every = 1)
has as input domain the spatial domain for each time-slice, ncells the number of equally separated spatial
points in the domain, tf the final time, cfl the Courant-Friedricks-Lewy number, l the multipole of the Zerilli
function and potential, M the mass of the black holes, P the momentum of the black holes, L the distance
separating the two black holes, boundary type the boundary condition at the borders of the spatial domain,
folder the specific name added to the foldername and safe every which determines if the solutions for all
time slices gets saved (for example, if the value is two, only each second solution gets saved into the folder).
When the words in aquamarine are followed by an equal sign and another symbol, the input is taken to be
the symbol after the equal sign when no manual input was given.
The output of the function is a folder with an hf5 file for each time slice. Each hf5 file of the ith time slice
contains the solution for Φ,Π and Ψ as well as the number of the file i. The function also outputs a text file
which contains the meta data of the file, such as the input of run zerilli function, the domain in r∗, the size
of the steps dr∗ and dt, other parameters needed for the initial data and the function for dtΠ[i] in the rhs!
function.
The initial data for Φ,Π and Ψ used for the run are therefore not inputs for the run zerilli function. The
functions are imported from the InitialData.jl -file and are part of the run zerilli function. The run zerilli
function also creates a list called params, which contains information about the inputs that are also shown
in the meta data file. As previous sections highlighted, this list is used for different functions in the code.
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7 Validating the code

To verify the numerical solver, we have performed multiple tests to ensure the correctness of the solutions.
These testst include checking the implementation of the coordinate transformation from r to r⋆, the ability for
the code to solve other simpler or Schrödinger-like equations and confirming that the numerical convergence
of the solution is of order p = 2.

7.1 Theoreritcal framework for validating the code

To verify the accracy of the data and the numerical solver, we need to check the convergence of the data.
We use a finite step method to approximate the derivative of functions at later time. As shown in the rhs!
function from Section 6, we have at the spatial boundaries (e.g. r∗ = r∗,min and r∗ = r∗,max) approximations
of the order p = 1. At the interior of the spatial domain, we have approximations of the order p = 2. At
later times, lower order errors from the spatial boundaries propogates to the interior. When considering the
numerical convergence of the solutions to the initial value problem, this error propogation must be taken into
account.

7.1.1 Error functions

To check the order of convergence, we use the Richard extrapolation. Given a domain of the form
[r∗,min, r∗,max], we can cut the domain up into ncells, leading to a resolution of h =

r∗,max−r∗,min

ncells
. Suppose

that ψh(t, r∗) is the approximation of ψ at t, r∗ with resolution h, if the approximation is of order p, we have

ψh(t, r∗) = ψ(r∗, t) + cph
p + cp+1h

p+1 +O
(
hp+1

)
(142)

=⇒ ψh(r∗, t)− ψ(t, r∗) = cph
p + cp+1h

p+1 +O
(
hp+1

)
, (143)

where cp is a constant and ψ(r∗, t) is the analytical solution. If one would take a smaller resolution, say h/2,
it is clear that equation (142) becomes

ψh/2(t, r∗) = ψ(r∗, t) + cp

(
h

2

)p
+ cp+1

(
h

2

)p+1

+O
(
hp+1

)
(144)

Using equations (143) and (144), we can define “error functions”

ψh(t, r∗)− ψh/2(t, r∗) = cp

[
hp +

(
h

2

)p]
+ cp+1

[
hp+1 +

(
h

2

)p+1
]
+O

(
hp+1

)
(145)

ψh/2(r∗, t)− ψh/4(t, r∗) = cp

[(
h

2

)p
+

(
h

4

)p]
+ cp+1

[(
h

2

)p+1

+

(
h

4

)p+1
]
+O

(
hp+1

)
, (146)

where we call equation (145) the first error function and equation (146) the second error function.
Using these error functions (145) and (146), the order of convergence can be determined for the code via

ψh(t, r∗)− ψh/2(t, r∗)

ψh/2(t, r∗)− ψh/4(t, r∗)
=

cph
p − cp

(
h
2

)p
+O

(
hp+1

)
cp
(
h
2

)p − cp
(
h
4

)p
+O (hp+1)

=
1−

(
1
2

)p
+O (h)(

1
2

)p − ( 14)p +O (h)
=

4p − 2p +O (h)

2p − 1 +O (h)
=

2p(2p − 1) +O (h)

2p − 1 +O (h)
= 2p +O (h) .

(147)
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One therefore can find the order of convergence by

p = log2

[
ψh(t, r∗)− ψh/2(t, r∗)

ψh/2(t, r∗)− ψh/4(t, r∗)

]
. (148)

When creating data-sets, we can calculate the order of convergence at each point. However, it will be more
useful to consider the L2−norm of the datasets. This means that for a timeslice at t, we consider

∥ψh(t, r∗)− ψh/2(t, r∗)∥ =

√√√√ncells∑
i=0

∣∣ψh(t, r∗,i)− ψh/2(t, r∗,i)
∣∣2, (149)

where r∗,i = r∗,min + ih. Equation (149) can be used to give us an averaged order of convergence.

7.1.2 Total energy of the system

Analysing the total energy of the system is a robust way to check whether the method is numerically stable.
In the case of radiative boundary conditions, the expactation is that the total energy of the system remains
constant or monotonically decreases. The energy is expected to monotonically decrease when the pulse starts
to leave the spatial domain.
The energy of a system described by a function ϕ(t, r) is given by

E =

∫ r∗,max

r∗,min

dr∗ (∂tϕ(t, r∗))
2
+ (∂r∗ϕ(t, r∗)

2
+ V (r∗)ϕ(t, r∗)

2, (150)

where [r∗,min, r∗,max] is the spatial domain, ϕ(t, r∗) is the function of the system and V (r∗) is the potential
of the system.

7.2 Code for validation

As we have seen in Section 7.1, there are multiple ways to check the validness the code. In this section, we
will discuss how we have implemented the theory to our datasets.
Firstly, the evolution of the total energy of the system can be checked by creating a function that takes as
input the data, potential and an nd-array r of the spatial domain. The function is of the form

Ecode =
Π[0]2 +Ψ[0]2 + V (r[0])Φ[0]2 +Π[n]2 +Ψ[n]2 + V (r[−1])Φ[n]2

2
+

n−1∑
i=1

Π[i]2 +Ψ[i]2 + V (r[i])Φ[i]2,

(151)
where n is the resolution of the data and r is an ndarray of the spatial domain consisting of n total equidistant
steps. The factor 1/2 for the boundary points in equation (151) comes from the fact that the approximations
here are of first order, whereas they are of second order inside the domain. Using this function, it is possible
to plot the energy as function of time and analyse its behaviour. This test is what we call the energy check.
Secondly, it is possible to check the convergence by consider the ratio between the two norms of the error
functions

∥ψh(t, r∗)− ψh/2(t, r∗)∥
∥ψh/2(t, r∗)− ψh/4(t, r∗)∥

=

√∑ncells

i=0

∣∣∣cp,i [hp + (h2 )p]∣∣∣2√∑ncells

i=0

∣∣∣cp,i [(h2 )p + (h4 )p]∣∣∣2
. (152)
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If the code is convergent up to a specific time, the fraction remains constant for that period of time. After-
wards, the difference between the aggregated errors for different resolutions becomes too large. Consequently,
this method gives us a rough picture when the convergence stops. We call this the fraction check.
It is important to chose the right Courant-Friedricks-Lewy number and resolutions for the spatial domain,
otherwise the fraction check is invalid. Consider equations (145) and (146) that were used in equation (152).
Naturally, the difference between approximations ψh, ψh/2 and ψh/4 should be considered at the same points
in time and space. This implies that for a specific value for t, we should consider each fourth point of the
array for ψh/4 and each second point of the array for ψh/2, because the array for ψh/4 contans four times more
points than the array for ψh. Similarly, we should take each second point of the array for ψh/2. However,
one needs to take into the account that simply multiplying the index over which one iterates might not give
the same points, since the code first divides up the grid and needs to round off. Therefore, one needs to
pick the cCFL, the spatial domain, ncells and the time domain wisely. For this reason, we have chosen to
take cCFL = 0.25 and values of ncells that are multiples of 100 or multiples of the length of the domain. For
example, when the domain is [−20, 20], we might consider ncells = 40, 80, 160.
To get more information about the order of convergence at a specific time-slice, one can apply the L2−norms
of the error functions. Looking at the definition of the error functions (145) and (146), the two norms of the
error functions should align if one errorfunction is rescaled with 2p

∥2p(ψh/2(t, r∗)− ψh/4(t, r∗))∥ =

√√√√ncells∑
i=0

∣∣2p(ψh/2(t, r∗,i)− ψh/4(t, r∗,i))
∣∣2

=

√√√√ncells∑
i=0

∣∣∣∣2p(cp,i [(h2
)p

+

(
h

4

)p])∣∣∣∣2

=

√√√√ncells∑
i=0

∣∣∣∣cp,i [hp + (h2
)p]∣∣∣∣2 = ∥ψh(t, r∗)− ψh/2(t, r∗)∥.

(153)

To check the convergence at a specific time-slice, we plot the norm of the first error function and a rescaled
version of the second error function with different values of p. In the beginning, one should have p = 2 which
then slowly becomes smaller as the errors at the boundary propagate into the interior of the spatial domain.
This test is called the errors scaling check.
After considering where the aggregated errors start to differ, we fix t and analyse the errors pointwise. This
can either be done by analysing the fraction from equation (147) or the rescaled versions of the error functions
(145) and (146). This will tell us where in the spatial domain the problems from convergence come from.
For example, say that for successive time slices one sees that the order of convergence drops on the left
side of the spatial domain and this dropping slowly extends into the interior. The problem of convergence
is then a consequence of using different order approximations at the boundary. However, if the problem of
convergence comes from the place where the potential becomes non-zero, the problem is more likely to be
caused by interactions with the potential. These tests we call the pointwise convergence check.
If the analytical solution to the PDE or ODE is known, it is possible to check whether the numerical solution
aligns with the analytical solution. In the convergence checks, it is possible to use the difference between the
analytical and numerical solutions ψanal(t, r∗)−ψh(t, r∗) and ψanal(t, r∗)−ψh/2(t, r∗) instead of the difference
between numerical solutions with different resolutions from equations (145) and (146). These tests form the
analytical comparison check.
Lastly, it is possible to consider the convergence of the data at specific spatial points. Examples include
places near the spatial boundaries that can represent places near or far away from the horizon. As we
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want to analyse the data for quasi-normal modes at the horizon and far away, it is important to know the
convergence behaviour of the data at these points. The checks at these points consist of plotting, as a function
of time, the fraction from equation (147) or rescaled versions of the error functions (145) and (146). These
checks are called the horizon and far away checks.

7.3 Results from checks

This section will contain the results of some of the tests that have been performed on varying toy models.
We will not go into detail about the exact details, they can be found in teh Jupyter Notebook in https:

//github.com/PiortKosret/MasterThesisFinal.git.
Before we can discuss the results, we will clarify the toy models we have considered. If a toy model uses
exponential initial data, the values for the wave function is given by

ψ(t, r) =
(
er−r0 + er0−r

) (
et + e−t

)
, (154)

where the initial data in constructed by taking the respective derivatives and setting t = 0. Similarly, a
Gaussian wave pulse is a function of the form

ψ(t, r) = e(r−r0−t)
2/σ2

, (155)

where r0 is the place of the peak and σ determines the spread of the pulse.
A simple wave equation is a PDE without a potential

∂2ψ

∂r2
=
∂2ψ

∂t2
. (156)

If the toy model has a potential, the PDE that is solved for is of the form

∂2ψ

∂r2
− ∂2ψ

∂t2
− V (r)ψ = 0. (157)

The gauge invariant potential refers to the potential from equation (83), which will be used to evolve the
Zerilli function. The Pöschl-Teller potential refers to the potential from equation (160).
Implementing a coordinate change r∗ = f(r) means here that insted of r we solve for the tortoise coordinate
r∗ from equation (74). This means that the input of the spatial domain in defined for r∗ and the PDE is
solved for r∗. The PDE has the form

∂2ψ

∂r2∗
− ∂2ψ

∂t2
− V

(
f−1(r∗)

)
ψ = 0, (158)

where f−1(r∗) is the inverse of the coordinate change. The potential and functions for the initial data ψ|t=0

are still defined in r, since we calculated the initial data for the Zerilli function the same way. Therefore,
to get the correct initial data which is used to solve equation (158), we make use of the inverse coordinate
change.
The time-independent Pöschl-Teller equation is

−1

2
∂2rψ(r)− V (r)ψ(r) = Eψ(r), (159)

where the potential is given by

V (r) =
λ(λ+ 1)

2
sech2(r). (160)
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The solution to equation (159) therefore is

ψ(r) = Pµλ [tanh(r)] , (161)

where E = −µ2

2 , with µ = 1, ..., λ. The related time-dependent equation is given by

0 = −1

2
ψ2(t)∂

2
rψ1(r)− V (r)ψ1(r)ψ2(t) + ψ1(r)∂

2
t ψ2(t)

= −1

2
ψ2(t)∂

2
xψ1(r)− V (r)ψ1(r)ψ2(t) + ω2ψ1(r)ψ2(t)

=

[
−1

2
∂2rψ1(r)− V (r)ψ1(r)− Eψ1(r)

]
ψ2(t) = 0

(162)

Below is a list of a selection of the performed tests and their results. In all of the test it is assumed
that at the spatial boundary radiative boundary hold. The data, code and plots can be found in https:

//github.com/PiortKosret/MasterThesisFinal.git.

Figure 7: Comparison of numerical and analytical solutions for Φ and Π that satisfy the simple wave equation
with exponential initial data. The data is plotted as a function of r on the domain [−20, 20]. The timestamps
related to the data is colour coded and flagged in the legend. The input for the solver is cCFL = 0.3, n = 500
and r0 = 5.

(a) Plot showing the numerical and analytical solution
for Φ.

(b) Plot showing the numerical and analytical solution
for Π.

• Checking numerical solution for the simple wave equation with exponential initial data:
The data was solved in the domain [−20, 20] with ncells = 500, cCFL = 0.3 and r0 = 5. The numerical
solutions for Φ, Π and Ψ overall fit the analytical solution. The only place where there is a discrepancy
is near the left boundary point in the spatial domain, as one can see in Figure 7. This is because the
initial data does not go to 0 at the boundaries. Note however that the numerical solution does not
diverge at the boundary, but instead stays constant. This shows that the divergence we saw in Section
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8 is not from the fact that the boundary value is non-zero, but rather something specific to the initial
data.

• Replicating data from other papers: We were unable to recreate the same plots from [86] and [57].
After this attempt, other convergence/ solutions checks led us to change some code, particularly in the
InitialData.jl file. With the updated code, the corresponding data could be generated and compared
to the reference plots. However, due to time constraints, this has not been done yet.

• Check numerical solution to time-independent Pöschl-Teller equation: The data was solved
on the domain [−5, 5], with ncells = 500, cCFL = 0.3, T = 10 for λ = 2 with µ = 1, 2. The numerical
solution for Φ was consistent with the analytical solution. The solution also solved the equation (159).

• Check numerical solution to time-dependent Pöschl-Teller equation: The data was solved
for the domains [−1, 1], [−3, 3][−5, 5] in x, with ncells = 500, cCFL = 0.3, T = 10 for λ = 2 with
µ = 1, 2. The numerical solution agrees with the initial data and solves equation (162). The plot shows
convergence of p = 2, which decreases over time with speeds depending on the spatial domains. When
the domain is larger, the boundary values are closer to zero leading to a slower decrease of convergence,
since the deviance from the required boundary conditions becomes smaller.

• Convergence check for the simple wave equation and Gaussian pulse: successfully passed the
fraction check, errors scaling check and pointwise convergence check when comparing numerical data.
When comparing to the analytical result, the data also passes the fraction check and errors scaling
check. Problems with convergence are due to the pulse leaving the domain to the right, which lead to
difference in errors at the right end of the domain. The energy check was unsuccessful, since the energy
decreases non-monotonically. Convergence check at the horizon shows that the order of convergence
starts at p = 2 which decreases quickly, because the error of the left boundary reaches the point near
the horizon quickly. At far away, the order of convergence starts at p = 1 and later on start to increase
in value. This result is counterintuitive, but can be written up to the pulse leaving the domain at later
times, leading to error functions having higher values and differences.

• Convergence check for the simple wave equation and Gaussian pulse with coordinate
transformation: successfully passed the fraction check, errors scaling check and pointwise convergence
check. Problems with convergence are due to the pulse leaving the domain to the right, which lead to
difference in errors at the right end of the domain. This happens earlier than in the previous check,
because the spatial domain in r is smaller than before due to the coordinate change. The energy check
was unsuccessful, since the energy both increases and decreases non-monotonically. The behaviour near
the horizon and far away is similar to the previous test.

• Convergence check for the wave equation with gauge invariant potential and Gaussian
pulse: successfully passed the errors scaling check and pointwise convergence check. Problems with
convergence are due to a small difference in the error functions at t = 0.25 at the right end of the
spatial boundary, which propagates to the left into the interior of the spatial domain. The energy test
failed, since the energy does not monotonically decrease. At the horizon, the convergence is of order 2,
which changes only very little. Far away, the convergence is of order 1, which might be a consequence
of the asymmetry of the potential when expressed in r.

• Convergence check for the wave equation with gauge invariant potential, Gaussian pulse
and coordinate change: successfully passed the errors scaling check and pointwise convergence check.
Problems with convergence are due to a small difference in the error functions in the beginning at the
right end of the spatial boundary, which propagates to the left into the interior of the spatial domain.
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The energy test failed, since the energy does not monotonically decrease. The behaviour at the boundary
and far away is similar to the previous test.

• Convergence check for the wave equation with Pöschl-Teller potential and Gaussian pulse:
this convergent test was successful when the potential had the opposite sign of the potential from
equation (160). If the potential had the same sign as in equation (160), the code diverges and passes
no testx. The following checks are done for the potential with the opposite sign of equation (160).
We created datasets where the potential had different scaling factors, meaning we multiply the potential
by 1/nscaling. The larger the value for nscaling, the smaller the potential. If nscaling increases, the
amplitude of the wave after it passes the potential increases. The smaller the value of nscaling, the more
the pulse reflects. When doing the fraction check and error scaling check, the convergence order starts
at 2 and falls of quicker the higher the value of nscaling is taken, see Figure 8 and 9. Performing the
pointwise convergence check shows that the errors come from the interaction between the data and the
potential. The energy test failed, since the value of the energy increases and decreases.

• Convergence check for solving the Zerilli equation with initial data from Section 3: Besides
the results found in Section 8, the fraction shows a roughly consistent order of convergence until
t = 120. Pointwise error checks at t = 20 show that problems with convergence follows from large
difference between the numerical solutions in the beginning of the spatial domain, around r∗ = [0, 10],
as well as larger differences between the numerical solutions after the wave reached the potential peak,
around r∗ = [50, 70].

• Convergence check for solving Zerilli equation with flipped sign of the potential and initial
data from Section 3: 14 Basic plotting of the data shows a divergence when Φ reaches the potential.
Errors scaling check shows there is no convergence, even at early times. The norm of the errors grows
exponential over time. Pointwise convergence checks show error plots similar to the ones in Section 8
at early times. The ratio test also shows consistent order of convergence until t = 70, but the ratio
decreases for Φ and Π (which is unexpected, as this would mean that p would increase after t = 70)
while increases for Ψ (which is expected). Pointwise convergence check around t = 70 shows that the
main problem with convergence is no longer the left boundary point, but rather the interaction between
Φ and the potential at around r∗ = 0. The energy check fails, as it exponentially grows. Horizon and
far away check both show an exponential decrease of Φ at late times.

14The reason for including this test is that previous tests showed that sometimes, having a different sign for the potential
leads to a large divergence of the data when it reaches the potential. To see whether the effects came from the potential having
the wrong sign, we checked the case where the potential from equation (83) had a minus sign.
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Figure 8: Plot showing the errors scaling check for the wave equation with Pöschl-Teller potential and
Gaussian pulse. The scaling factor is nsc = 1.The data is plotted as a function of t on the domain [0, 50].
The timestamps related to the data is colour coded and flagged in the legend. The input for the solver is
cCFL = 0.25, n = 80, r0 = −15, sigma = 6 and the domain in r is [−40, 40].

(a) Plot showing the errors scaling check for Φ s a func-
tion of t on the domain [0, 50].

(b) Similar plot to Figure 8a, but now zoomed into the
domain t = [0, 15].

Figure 9: Similar plot to Figure 9a, but now with scaling factor nsc = 20.

(a) Plot showing the errors scaling check for Φ s a func-
tion of t on the domain [0, 50].

(b) Similar plot to Figure 7a, but now zoomed into the
domain t = [0, 15].
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8 Results

The main objective of this thesis is to evolve the initial data for t = 0 by using the code and the Zerilli
function. A part of the signal will propagate into the black hole, while the remainder of the signal will
propagate to infinity. This study aims to compare the data, in particularly the quasi-normal modes, near the
horizon and far away. The analysis of the data, such as the checking of convergence and the total energy, are
performed using python and can be found in the Jupyter Notebook in https://github.com/PiortKosret/

MasterThesisFinal.git. The analysis of quasi-normal modes is done in the Wolfram Mathematica file.
The initial data and numerical implementation described above did not produce physically meaningful results.
Several modifications, such as changing the spatial domain considered, changing the sign of the potential and
heavily increasing the resolution, have not yielded any improvements. From the tests in Section 7, it follows
that the numerical solver is working well enough. In this section, we will explain what our input is, analyse
the numerical solution, present convergence and stability tests, and give a conjecture on the cause of the
issues. See Figure 10 for a flowchart for checking the results.
In the sections below, we use quantities such as r∗ and t in plots that are not dimensionless. However, since
we set M = 1, renormalising does not change the plots or analysis below. The factors of M can be inserted
back by checking the dimensions of the quantities.

Figure 10: Flowchart showing the breakdown of this section. The first step consists of analysing the numerical
solution for Φ on the whole spatial domain, and Φ,Π and Ψ near the horizon and far away from the horizon.
This step is colourcoded red in the flowchart. The second step consists of checking the numeric stability of
the solution by plotting the total energy of the system and is colourcoded purple. The last step consists of
checking numerical convergence of Φ,Π and Ψ, and is colcourded pink.

8.1 Input

The initial data are functions called InitialPsiV alues, dtInitialPsiV alues and drInitialPsiV alues for Φ,
Π and Ψ, respectively. They can be found in the InitidalData.jl file. The black holes parameters are
M = 1, P = 1, L = 1, l = 2 throughout this section. The spatial domain is [−70, 130] in r∗, which is
approximately equivalent to [2.00, 121.81] in r. It is not possible to take values more negative than −75 in
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r∗, because the code can not handle values so close to the horizon.15 Since there is a unit propagation speed
for Φ, Π and Ψ, the final time is taken to be 305 to ensure sufficient time for a pulse near the horizon to
propagate to the end of the spatial domain. The Courant–Friedrichs–Lewy is set to cCFL = 0.25 in order to
get time-steps dt that can be written as terminating decimals, e.g. dt = 0.25. Simulations were performed
for the set of resolutions {n = 100, n = 200, n = 400, n = 800, n = 1000}. The first four resolutions are used
to analyse the convergence of the code, while the last resolution is taken to show the general behaviour of
the solution. These simulations have, respectively, spatial steps dr of size {2, 1, 0.5, 0.25, 0.2} and time-steps
dt of {0.5, 0.25, 0.125, 0.0675, 0.05}.

8.2 Results

In this Section, we will first discuss how the initial data evolves over time by looking at plots which show
the data Φ,Π and Ψ at different times. Afterwards, we discuss the data near the horizon and at asymptotic
distances.

Figure 11: Plot showing the
data for Φ from equation (87)
with initial data from Section
3.2.3. The data shown goes
up to t = 100 and is plot-
ted as a function of r∗. The
times related to the data are
colour coded and marked in
the legend. The resolution is
n = 1000.

8.2.1 Overall features of the data

To discuss the overall feature that Φ displays over time, we analyse the data with the resolution n = 1000.
Figures 11 and 12 show that Φ diverges near the horizon, becoming increasingly negative until around t = 140,
after which the data stays at around −5 ∗ 1025 near the horizon. The data reaches the global minimum near
r∗ = −70, after which it linearly increases to 0, until around t = 70. At t = 70 the incline at approximately
r∗ = −10 gets a kink after which the data for Φ shows a greater incline. As t increases, the location of the

15One of the safety precautions taken in the code is to assert that r > 2M in the rhs! function. Taking values smaller than
−75 means that the code rounds the value of r down to 2M , leading to an error.
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Figure 12: Plot showing the
data for Φ from equation (87)
with initial data from Section
3.2.3. The data shown are be-
tween t = 100 and t = 200 and
is plotted as a function of r∗.
The times related to the data
are colour coded and marked
in the legend.

Figure 13: Plot showing the
data for Φ from equation (87)
with initial data from Section
3.2.3. The data shown is be-
tween t = 200 and t = 300 and
is plotted as a function of r∗.
The times related to the data
are colour coded and marked
in the legend.
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kink shifts to more negative values of r∗. After t = 140, the kink has reached the left boundary. After t = 140
the overall chape of the data at the beginning of the spatial domain stays the same, as shown in Figures 12
and 13.
Figure 11 shows that the propagation of the function changes significantly at around r∗ = 0, which is where
the potential has its peak, as can be seen in Figure 6. The data for Φ after this point does not seem to
change on the same level as before. From Figure 11 we see that at around t = 70, the form of the function
changes when it reaches around r∗ = −10, which is near where the potential starts to become non-negative.
The creation of the kink may be attributed to an interaction of the data with the potential: the potential
causes a reflection of the data. However, it should be noted that the potential is much smaller than the data,
as Figure 6 shows: the peak of potential is of the order 10−3.
Looking at Figures 12 and 13, we see that Φ does not stay constant after it reaches r∗ = 0, as there are
small bumps visible. This behaviour of Φ is more clearly illustrated in Figures 14 and 15. The data exhibits
pulse-like behaviour fom r∗ = 0 to the end of the spatial domain r∗ = 130. At a fixed spatial coordinate, the
data exihibits dampened oscillatory behaviour, which is consistent with data containing quasi-normal modes.
However, as we will see in Section 8.2.3, this oscillatory behaviour is heavily dependent on the resolution of
the data.

Figure 14: Plot showing the
data for Φ from equation (87)
with initial data from Section
3.2.3. The data is plotted as a
function of r∗ and is limited to
the domain [0, 130]. The times
related to the data are colour
coded and marked in the leg-
end.
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Figure 15: Plot showing the
data for Φ from equation (87)
with initial data from Section
3.2.3. The data is plotted as
a function of r∗ and is limited
to the domain [40, 130]. The
times related to the data are
colour coded and marked in
the legend.

Figure 16: Plots showing the data for Φ from equation (87) with initial data from Section 3.2.3 with different
resolutions. The data is plotted as a function of r∗ and is limited to the domain [−70, 50]. The resolutions
related to the data are colour coded and marked in the legend.

(a) Plot showing the data for Φ with different resolutions
at t = 0.5.

(b) Plot showing the data for Φ with different resolutions
at t = 4.0. Note that the order of magnitude of the y-
axis has increased by a factor of 10.

8.2.2 Near the horizon

In this section, we analyse the data near the horizon at the domain [−70,−50] in r∗ and at the point r∗ = −62
(or equivalently r = 2.0000000000000253).
The results on the domain [−70,−50] are strongly dependent on the resolution of the data, because the
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approximation of the spatial derivative is at first order here. Due to the large magnitudes of Φ, the difference
between the values of Φ for different resolutions are large at early times. The values do agree more at points
further in the spatial domain, as shown in Figure 16a and 16b. At early times, the error caused by the
difference between the orders of the approximation (first order at the boundary and second order in the
interior), has not yet reached these further points. The spatial coordinate where the different data for Φ
agrees more, increases over time. From the Jupyter Notebook file, one can see that this propagation at early
times is linear and happens with speed 1.
To analyse the behaviour near the left boundary, we focus on the fourth spatial grid when the resolution
is n = 800, which is equivalent to r∗ = −62. As displayed in Figure 17, the values of Φ decreases linearly
until around −5 ∗ 1025. This happens until t = 140, when the global minimum is reached. The values for Φ
slightly increase until a local maximum is reached at approximately t = 150. Afterwards, the values decrease
slightly and stay approximately on the domain [160, 305]. The overall form of the data is independent of the
resolution, as shown in the Jupyter Notebook. The values for Π and Ψ are smaller than Φ, but still large,
since they are of the order 1023.

Figure 17: Plot showing the data
for Φ from equation (87), Π from
equation (89) and Ψ from equa-
tion (130) as a function of t at
r∗ = −62. The different datasets
are colour coded and marked in
the legend. The resolution is
n = 800.

The behaviour of Π and Ψ is more clearly visible in Figures 18a and 18b. The values for Ψ increase until
t = 10, after which the data exhibits dampened oscillatory behaviour with small amplitudes until t = 110.
Afterwards, the data increases again until t = 140. This gets followed by oscillatory dampened behaviour
until t = 305. The overall form of Π is approximately the same as the overall form of Ψ. However, in the
first part, the data for Π decreases instead of increases. The characteristics of the oscillatory behaviour of
the data, such as the frequency, amplitude, and damping, are dependent on the resolution. As illustrated
in Figures 18a and 18b, if the data has a higher resolution, the frequency is larger and the domain of the
behaviour is longer. This shows that this behaviour is not a characteristic of the solution, but rather an
artefact of the code or initial data. The oscillatory behaviour of Π and Ψ does influence the shape of Φ on
a smaller level by making the decrease less linear and more oscillatory, as shown in Figures 19a and 19b.
However, it does not change the overall shape, as seen in Figure 17.
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Figure 18: Plots showing the data for Π from equation (89) and Ψ from equation (130) near the horizon at
r∗ = −62 as a function of t on the domain [0, 300]. The different functions are colour coded and marked in
the legend.

(a) Plot showing the data for Π and Ψ with resolution
n = 100.

(b) Plot showing the data for Π and Ψ with resolution
n = 400.

When we focus on specific parts of the time-domain, such as [0, 10] in Figures 19a and 19b, and [200, 300]
in Figures 20a and 20b, we see that the results of Φ are strongly dependent on the resolution. Changes in the
data include whether the function shows oscillatory behaviour, to what extent these are dampened, whether
the function overall increases or decreases, the smoothness of the function and more. The overall shape of
the function is also dependent on the resolution: Figure 19a shows that Φ decreases exponentially at the end
if n = 100, while Figure 19b shows that Φ decreases while showing oscillatory behaviour if n = 400. This
shows that there is clearly no convergence. Looking at Figures 18a and 18b, we can see that this behaviour
at late times is mostly determined by the values of Ψ, since they are a lot larger than the values for Π in this
part of the late domain.
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Figure 19: Plots showing the data for Φ from equation (87), Π from equation (89) and Ψ from equation (130)
at r∗ = −62 as a function of t on the domain [0, 10]. The different functions are colour coded and marked in
the legend.

(a) Plot showing the data for Φ , Π and Ψ with resolution
n = 100.

(b) Plot showing the data for Φ , Π and Ψ with resolution
n = 400.

Figure 20: Plots showing the data for Φ from equation (87) near the horizon at r∗ = −62 as a function of t
on the domain [200, 300].

(a) Plot showing the data for Φ with resolution n = 100. (b) Plot showing the data for Φ with resolution n = 400.

8.2.3 Far away

We now examine the overall form, and the behaviour at early and late time of the data near the end of the
spatial domain. The point we are considering is r∗ = 124 , which is approximately equivalent to r = 115.92.
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Figure 21: Plots showing the data for Φ from equation (87), Π from equation (89) and Ψ from equation (130)
with different resolutions at r∗ = 124 as a function of t on the domain [0, 300]. The different datasets are
colour coded and marked in the legend.

(a) Plot showing the data for Φ , Π and Ψ with resolution
n = 100.

(b) Plot showing the data for Φ , Π and Ψ with resolution
n = 200.

Figure 22: Similar plots to Figure 21.

(a) Plot showing the data for Φ , Π and Ψ with resolution
n = 400.

(b) Plot showing the data for Φ , Π and Ψ with resolution
n = 800.
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Figures 21 and 22 suggest that overall the function remains constant for the first part of the time domain,
independent of the resolution. Depending on the resolution, Φ remains constant until t = 170 or t = 190, as
shown in Figures 21a, 21b, 22a and 22b. Regardless of the resolution, the values for Φ are large, being of the
order of 1023.
At later times, the data for Φ shows different behaviour depending on the resolution. For the resolution
n = 100, the data shows a oscillatory behaviour from t = 170 and onwards. From Figure 21a we see that
the amplitude grows. For higher resolutions, such as n = 200 in Figure 21b, n = 400 in Figure 23a and
n = 800 in Figure 23b, the data shows an oscillatory behaviour which grows at first but then is dampened,
akin to quasi-normal mode signals. However, after t = 260 the data with resolution n = 200 stops being
dampened and continues to oscillate with an approximately constant amplitude. This is similar to the data
with resolution n = 400 after t = 260. However, in the case of resolution n = 800 the data seems to be
dampened until t = 260, after which the amplitude starts to slowly increase again.

Figure 23: Plots showing the data for Φ from equation (87) at r∗ = 124 as a function of t on the domain
[0, 300].

(a) Plot showing the data for Φ with resolution n = 400. (b) Plot showing the data for Φ with resolution n = 800.

It is clear that characteristics of the signal at late times, such as the period, the amplitude, the extent of
damping, etc. are highly dependent on the resolution. The frequency of the oscillatory behaviour increases
as the resolution increases. At higher resolutions, the data is also more irregular. This can be seen from the
n = 800 case in Figure 23b, in which there are two local minima reached just after t = 200. This behaviour
is not observed when n = 200. The difference can plausibly be attributed to the fact that the initial data for
the incoming wave depends on the resolution taken, which influences the interaction between the incoming
data and the potential. Given that the form of this data at late times is highly dependent on the resolution,
it is unclear whether this behaviour is characteristic to the data or is coming from boundary effects of the
data that are dependent on the resolution.
At the beginning of the time domain, [0, 10] to be exact, Figure 24 shows that the value of Φ linearly decreases.
This holds true for any resolution. This behaviour can be explained by the fact that on this time domain,
the value of Ψ is 0, while Π is a constant negative value. When the domain is extended to [0, 50], the data
shows the exact same behaviour. This behaviour can not be detected by looking at the overall form, since
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the decrease is constant and the coefficient is Π = −1, making the decrease of orders 100 to 102, which are
much smaller than 1023. This behaviour is unexpected, as the data is expected to be 0 far away at early
times, since the signal should not have reached the point yet. This suggests that there is an error in the
initial data at large spatial coordinates.

Figure 24: Plot showing the data for Φ from
equation (87), Π from equation (89) and Ψ
from equation (130) as a function of t on
the domain [0, 10]. The different datasets
are colour coded and marked in the legend.
The resolution is n = 200.

8.3 Tests of the data

As demonstrated in the previous section, the results depend on the resolution of the data, which suggests that
there is no numerical convergence. In this section, we will go into more detail about the lack of convergence
and stability by discussing the total energy of the system and some of the convergence checks that have been
performed. Further tests can be found in the Jupyter Notebook file in https://github.com/PiortKosret/

MasterThesisFinal.git.16

8.3.1 Energy

Analysing the total energy of the system is commonly used as a robust way to check the numerical stability
of a method. We expect the total energy of the system to be conserved or to monotonically decrease when
the pulse starts to leave the spatial domain.
As illustrated in Figures 25a and 25b, the total energy increases monotonically until t = 150, regardless of
resolution. This is expected when looking at the numerical solution, since the data of Φ keeps decreasing in
the beginning of the spatial domain until t = 150, which happens for each resolution. There is a slight bump
at t = 70, which is when the potential starts interacting with the data. From Figure 25a and 25b we can see
that the energy of the system at late times is more stable and approximately constant, although the value
for the total energy of the system is different for each resolution. This is expected, given that at late times
the values for the energy are dominated by Φ, which has different values across different resolutions. In the
case of n = 100, the solution seems to be non-constant, even after t = 170.

16The tests for the case where adds the potential instead of subtracting it are less excessive but cover most of the same
grounds.
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Figure 25: Plots showing the total energy of the system from equation (151) as function of t on the domain
[0, 300].

(a) Plot showing the total energy with resolution n =
100.

(b) Plot showing the total energy with resolution n =
400.

Figure 26: Plots showing the total energy of the system from equation (151) for data as function of t in the
domain [150, 305].

(a) Plot showing the total energy with resolution n =
100.

(b) Plot showing the total energy with resolution n =
400.

Looking at the total energy of the system on the time domain [150, 305], illustrated in Figures 26a and 26b,
we see that, at late times the total energy overall both increases and decreases depending on the resolution.
The total energy occasionaly shows oscillatory behaviour, while at other times it suddenly drops and rises.
There seems to be no overall pattern when the resolution is increased. The numerical solution therefore acts
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wildly different depending on the resolution, which suggests that the signal at the end of the time domain is
heavily influenced by the errors from the boundaries.

8.3.2 Plotting of errors

Let us now examine the error functions from Section 7.1.1 to analyse the numerical convergence and potential
origins of the problems from the previous section. Given our implementation of the RK4 method and the
finite difference approximation, we expect that the code has convergence of order p = 2 at the interior and
p = 1 at the boundaries.
In the code we compare the data for Φ, Π and Ψ for resolution n = 200,n = 400 and n = 800. For the first
error function we take the difference between the values for the data with n = 200 and n = 400. For the
second error function, we consider the difference between the values for the data with n = 400 and n = 800.
From the theory behind the errors scaling check, one would expect the blue curve from Figures 27a and 27b
to be a factor 2p = 4 larger than then the orange curve. Even though the blue and orange curves have similar
shapes, the orange curve is already larger than the blue curve if we take p = 1. If we consider p = 2, the
discrepancy would be even larger. The case where p = 2 is not shown in the plots, as the resulting rescaling
would obscure the similarities between the curves.

Figure 27: Plots showing the L2−norm of the errors from equations (153) for Φ with p = 1 for each time
slice t in the domain [0, 300].

(a) Plots showing the norm for each time slice t in the
domain [0, 300].

(b) Similar plot to Figure 27a, but now only for the do-
main t = [0, 40].
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Figure 28: Similar plots to Figure 27, but now considering Π and Ψ.

(a) Similar plot to Figure 27a, but now considering Π. (b) Similar plot to Figure 27a, but now considering Ψ.

From Figure 28a and 28b, we see that the problem with the rescaling also happens for Π and Ψ. The
norm of the second error is larger than the norm of the first error, even when p = 1. The norm of the error
functions for Ψ and Π behave more erratically than the error functions for Φ. This behaviour suggests that
the issue with convergence could be caused by the behaviour of Π and Ψ.
We have also checked to see if any of the curves from Figures 27 and 28 overlap if p = 2, p = 0, p = −1 and
p = −2. However, they do not line up for any of these values of p. This suggests that the right fit for p
would be a faction, which is unexpected, since this would suggest that the convergence order would not be a
natural number.
It is also informative to consider the error functions pointwise, as it allows us to see at which spatial points
the convergence problems start. Looking at the plots for the error functions at early times (t = 0.25) in
Figure 29a, we see that errors originate from the left side of the spatial domain. When looking at a later time
(t = 22.25), the error propagates further inward in the spatial domain, as we see in Figure 29b. This suggests
that the problem with the convergence comes from the initial data on the left spatial boundary point. As
shown in Figures 30a and 30b, the pointwise errors at late times do not resemble each other, regardless of
rescaling. Figure 30a also shows that the error on the left boundary point keeps dominating at each time
slice. The issues with the numerical solution therefore originates from the left side of the spatial domain and
is due to the initial values, since this behaviour does not occur for different initial values (see Section 7).
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Figure 29: Plots showing the pointwise errors from equation (153) for Φ with p = 1 as function of r∗ on the
domain [−75, 125]. The different error functions are colour coded and marked in the legend.

(a) Plot showing the pointwise errors for Φ at t = 0.25. (b) Similar plot to Figure 29a, but now at t = 22.25.

Figure 30: Similar plots to Figure 29, but now at different times.

(a) Similar plot to Figure 29a, but now at t = 304.75. (b) Similar plot to Figure 29a, but now at t = 349.75.
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9 Conclusion and discussion

In this thesis, we used the Close Limit Approximation to get the initial data for the three dimensional space
metric γab and extrinsic curvature Kab at t = 0. Consequently, this initial data was cast into the Regge-
Wheeler formalism to get initial data for the gauge-invariant Zerilli function ψ, its time-derivative ∂tψ and its
spatial derivative ∂r∗ψ. We got approximately the same result for the coefficients up to first order as in [57],
except for some minus signs. Evolving the initial data using a solver was unsuccessful, since there is a lack
of numerical convergence. Results far away and near the horizon are heavily dependent on the resolution,
which is most likely caused by an instability near the horizon. There are some other peculiarities, such as
the time-derivative being non-zero far away at early times, which suggests there is a more general problem
with the initial data.
In this section, we will firstly discuss ways to resolve the dependency of the data on the resolution. Subse-
quently, we will discuss ways for further research using first order perturbation theory and the Close Limit
Approximation. Afterwards, we discuss second order perturbation theory. Lastly, we discuss potential com-
parisons with numerical data.

9.1 Solving the code

As Section 8.2 shows, the problem is likely to be an instability in the initial data near the horizon. In this
section we will discuss methods for further investigation or alternatives to solve the issue.

9.1.1 Checking initial data

Since our test on simpler toy models show that the code has second order convergence, a reasonable start
would be to check the initial data.
One way to check the initial data is by presuming a specific time-dependence of the Zerilli function and seeing
if it solves the Zerilli equation we have set up. This is done by using separation of variables and assuming
that the time-dependence is of the form eiωt, where ω ∈ C. The theoretical foundations and calculations can
be found in Appendix E. However, due to time-constraints, we were unable to implement the test.
From this test, it is possible to assess whether the initial data at t = 0 solves the Zerilli Equation. If it does
not solve the equation, there must be an error in the initial data.

9.1.2 Different Zerilli function

As stated in Appendix C, there are different forms of the Zerilli equation. One way to solve the problem with
the initial data is picking one of the other formulations, leading to a different Zerilli function and therefore
different initial data.
We opted for the gauge invariant form, because there were initially questions about the gauge choices made
in the paper by Nicasio et al. [57].17 As Tom van der Steen has shown in great detail [65], the gauge choices
are correct, meaning we could consider the formalism used by Nicasio et al. [57].
No matter which formalism is picked, it would be easy to create the initial data for Φ,Π and Ψ in the code.
One of the tests for the code was to try to get the same data as different papers. The different potentials
and initial data for Φ,Π and Ψ can therefore already be found in the InitialData.jl file. Since the metric
coefficients and gauge conditions have already been calculated, changes in the code would be minor.
Note however, that in this thesis, we have used the gauge invariant formalism of the Zerilli function. As

17The gauge choices in the paper are such that specific conditions are upheld for the second order perturbations. There was
some conceptual ambiguity about some of the statements and about which choices needed to be made in what order. Due to
time constraints, we opted for using the gauge invariant form of the Zerilli function.
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a consequence, it is possible to obtain the initial data for Zerilli function ψ and its time-derivative by
calculating the perturbation coefficient in any gauge. However, if a different formalism is chosen, the gauge-
choices become more important. From Appendix A, we know that the relation between the time-derivative
of the metric and the extrinsic curvature is dependent on the shift and lapse. These shift and lapse are
dependent on which coordinates you ascribe to the points on a time-slice. Employing a gauge transformation
on the coordinate system would therefore change the shift and lapse. The most useful gauge would be the
Regge-Wheeller gauge, which simplifies the calculation of the time-derivative of the Zerilli function by making
the perturbative and shift to be zero. Other non gauge invariant formalisms can therefore also be considered
using these transformations.

9.2 Further research into first order perturbation theory

So far, we have extended the classic stationary black hole merger by analytically and numerically analysing
the context of boosted black holes at first order. This is a good first step towards describing more complex
black hole mergers. In this section, we will highlight which simplification could be lifted and what that would
mean for applying the Close Limit Approximation.

9.2.1 Unequal mass and momentum

In this thesis, we have used that the two black holes have the same mass m and reverse momenta P⃗1 = −P⃗2.
It is possible to consider the context where the black holes have unequal masses and/or different momenta,
expanding on [53, 87] .
If the black holes have different masses and/or momenta, the calculation for the extrinsic curvature becomes
much more involved. As seen in the calculations from Section 2.1, some of the terms would not cancel
anymore and coefficients for odd l Legendre polynomials would become non-zero. The consequence would
be that the coefficients of the extrinsic curvature would be different, which would impact the initial data at
t = 0 for the time derivative of the Zerilli function. From equation (30), it is clear that also the regularising
term of the conformal factor changes, which means that the metric coefficients would also change. However,
the rest of the scheme is unchanged.
So far, we have assumed the momentum is head on and is of the same order as the length. However, most
black hole collisions happen at ultra relativistic speeds and are not head-on collisions. Applying the Close
Limit Approximation for ultra relativistic speeds would mean we only expand in L and the momentum P can
become a parameter of the code that is independent of the parameter L. Relaxing the condition of head-on
collisions would also be more realistic, as current studies suggest that most of Black Hole mergers will have
quasi-circular inspirals [88, 89]. Generalising the system to have a quasi-circular inspiral would impact the
form of the extrinsic curvature Kab, but we could still use the Bowen-York initial data [90].

9.2.2 Black holes with spin

So far, we have been working with two boosted black holes that have no charge and are non-rotating.
Consequently, the resulting black hole is also non-rotating. Relaxing these conditions would create a more
realistic model of black hole mergers.
So far, the Close Limit Approximation has not been applied to the case of Kerr black holes. Introducing
spin for the resulting black hole would significantly change the methods we have used. The background
metric would change, like the metric perturbations. The Teukolsky equation would need to be used instead
of the Zerilli equation, since the Zerilli equation is specific to the Schwarzschild case (see Appendix C). It
would also not be possible to use the Bowen-York initial data [91, 92]. Adapting the description based on
coordinates might prove too difficult or extensive, so adapting ,for example, the Newman-Penrose formalism
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might be more useful. Such a tetrad formalismuses spin-weighted harmonics as a basis instead of the tensorial
harmonics we have used so far [34, 93]. The resulting QNM’s can be compared to numerical models [94, 95]
and semi-analytical methods [96, 97].

9.2.3 Black holes with charge

Charged black holes are physicially unlikely due to charge neutralization from surrounding matter. However,
they are not ruled out by observations: current numerical models for non-spinning electrically charged black
holes show that systems with small charge-mass ration up to 0.3 are consistent with gravitational waves
observations of LIGO/Virgo[98, 99]. This opens ups a new wat to expand our current methods by considering
charged black hole spacetimes.
To incorporate charge, it is natural to start with the Reissner-Nordström metric which describes non-spinning
electrically charged black holes [35, 100]. In this background, linearized perturbations satisfy the Einstein-
Maxwell equation. The gravitational perturbation can be decomposed into tensor spherical harmonics, while
the electromagnetic perturbation can be expanded in vector harmonics. These coupled systems reduce to two
Schrödinger-like equations which determine the gravitational field and electromagnetic field [101]. Applying
perturbation theory would require us to consider different Zerilli functions and completely reevaluate how to
calculate the initial data [102, 103].
The final data can be compared to fully nonlineear numerical simulations. While these models are less
abundant than numerical models for uncharged spinning black holes, several studies have modeled non-
spinning electrically charged black holes [104, 105]. Most models consider an electric charge, but models for
magnetically or general U(1) charges also exist. These charged spacetimes can be used to nalyse modified
theories of gravity which contain additional gauge or scalar fields [106, 107].
The most general explicit solution for a black holes describes black holes with both spin and electric charge.
According to the no-hair theorem, this is the most general stationary solution for black holes [108, 109]. The
background of the spacetime would the Kerr-Newman metric. Applying perturbation to this metric is much
more complicated than the Schwarzschild or Reissner–Nordström metrics. Current perturbation theories
focus on the slow-rotation limit [110, 111]. However, the presence of spin and charge leads to coupling of
spin-1 (Maxwell) fields and spin-2 (gravitational) fields. The resulting system of equations can be cast into a
set of five real second order ODEs, two of which are Teukolsky type equations, two of which are generalized
Regge-Wheeler equations and one of which is a first order algebraic relation [34]. Encorporating both spin
and charge to the Close Limit Approximation would therefore require large changes of the numerical solver,
since five coupled equations need to be solved. Similarly to the Reissner-Nordström case, how to calculate
the initial data would need to be reevaluated.

9.3 Metric perturbation up to second order

So far, we have considered first order metric perturbations g
(1)

µν . It is possible to include second order

perturbations of the metric g
(2)

µν , which would lead to a more precise description of the system[50, 112,
113].
In this section, we will discuss how it would be possible to apply the framework given in this thesis to second
order. Since the original goal of this paper was to analyse the Zerilli function at second order, the calculations
for the coefficients have already been performed and can be found in Appendix B.

9.3.1 Second order Zerilli equation and function

When applying second order perturbation theory, there are two different Zerilli equations that need to be
solved. The first order Zerilli equation would not change and the second order Zerilli equation has a source
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term.
At second order, a new Zerilli-type equation follows from the Einstein equations analogously to the first-order
case (see Appendix C). This equation is satisfied by a second-order Zerilli function χ(r, t).18 It includes a
new source term and takes the form

∂2χ

∂t2
+
∂2χ

∂r2∗
+ V (r)χ = S, (163)

where V (r) is the same potential term as in the first-order equation, r∗ the tortoise coordinate, and S the
second-order source term. This new source term will be dependent on the mass of the black holes m, the
order of expansion in Legendre Polynomial l, radial coordinate r, and the first order Zerilli function ψ(t, r)
and various of its derivatives with respect to r, t. This source term can be extremely long, as shown in [57],
being half a page long. The source term can also be divergent, depending on the gauge choices made [57,
65]. This can be solved by considering a different gauge at first order or by redefining the wave function to
have a quadratic term in first order perturbations [114].
Besides calculating the initial data for χ(r, t) and the new source term S, the Julia code would also need to
be changed to to solve equation (163). Introducing the source term for solcing Φ in the rhs! function adds
non-linearities for which the solver needs to be adapted. Solving the first order Zerilli equation at each t and
afterwards solving the second order derivative is relatively easy to code. However, note that the source term
S could have third order derivatives of ψ, which will need to be approximated. At the boundaries, there will
be a larger error than at first order.

9.3.2 Gauge conditions

Currently, we have used the Gauge-invariant Moncrief-Zerilli function, which means we did not have to deal
with gauge transformations. There is a gauge invariant and covariant (i.e. independent on the background
coordinates) formalism that could be used for second order perturbations on a Schwarzschild background
[115].
Using a different Zerilli formalism which is not gauge-invariant would require gauge transformations to sim-
plify calculations. Fulfilling these gauge conditions in second order theories is more complex than satisfying
gauge conditions at first order in perturbation theories. This is not only because second order terms and
equations are more expansive, but also because first order gauge transformations create second order terms.
This requires you to fulfil gauge conditions order by order, while bookkeeping how previous order gauge
transformations change your second order quantities. Extensive calculations of these gauge conditions can
be found in [65].

9.4 Comparing data to numerical data

Numerical models for General Relativity are seen as the benchmark for solutions of the Einstein Equations
[116]. They are able to solve the full nonlinear Einstein Equations and use fewer assumptions to describe the
initial data, creating more accurate prescriptions of gravitational waves [37]. It would therefore be interesting
to compare the data we get at the horizon and null infinity with numerical results.
Comparing data at the horizon is challenging, since numerical methods use Marginally Outer Trapped Sur-
faces (MOTS), which differ from the event horizon used by the Close Limit Approximation. Marginally
outer trapped surfaces are used to characterize the black holes quasi-locally for each time slice during the
simulation [38, 117]. A marginal surface is a two dimensional surface with the topology of a sphere, such that
normal outward going light rays going have vanishing expansion. The outermost of such surface is called the
apparent horizon [118]. If the apparent horizon differs from the event horizon, the apparent horizon is located

18Here we follow the same notation as in [57].
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within the event horizon [117]. Even though the Close Limit Approximation has been used to characterize
the merger phase, the comparisons with numerical data should therefore be with late-time data, when the
black hole has stabilized.
Comparing the numerical data can be based the waveform shape, energy output and QNM content [57, 119].
There exist semi-analytical research that combines the Close Limit Approximation with post Newtonian
initial conditions [120]. In this method the numerical simulations cover the essential non-linear interaction
of the merger, until the close limit approximation can be used [121]. Numerical models for a low-velocity
head-on collision for boosted non-spinning black holes already existed in 1975 [122, 123]. However, there are
also more recent studies that analyse such collisions with higher resolutions [52, 124].
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Appendix

A ADM formalism

To understand this thesis, one needs to have an understanding of the Arnowitt-Deser-Misner (ADM) formal-
ism of General Relativity. This formalism is also called the 3+ 1 decomposition and makes use of a foliation
of a space-time M .

A.1 Canonical form

The canonical formulation of General Relativity was introduced to determine the number of independent
dynamical modes of the gravitational waves. This was done by casting General Relativity into a Hamiltonian
formalism. This was necessary, because the gauge-freedom inherent to General Relativity lead to conceptual
difficulties [125].
General Relativity describes gravity as a curvature of space-time, where the space-time is described by pseudo-
Riemannian manifolds. These manifolds have a metric which carries information about the curvature of the
manifold, and have an atlas containing chart which carry information about the coordinates used to describe
the manifold. This can lead to conceptual difficulties, namely the interpretation of the coordinates. There is
no preference for any set of coordinates and some coordinate systems have the same geometric characteristics,
e.g. curvature, and satisfy the same Einstein Equations. This is because the Einstein Equations and geometry
don’t constrain the system enough to have one unique solution. One therefore has gauge-freedoms for the
coordinate systems [125].
To recast the system in ADM form, one analyses the gravitational field using a Lagrangian formulation and
uses two axioms. The first axiom is that the field equations have only of first order time derivatives. The
second axiom is that the space-time can be described in a (3 + 1) form. The latter axiom is needed because
a Hamiltonian describes the physical state at a certain time. This can be seen from the fact that to be able
to define a momentum p, one needs to take the time of its configuration variable q, i.e., p = ∂L

∂∂tq
. Therefore,

one needs a distinguished time, which leads to the foliation [126].
Note that the second axiom restricts the topology, but the theory is still covariant. That is to say, the system
is invariant under an arbitrary change of coordinates. This follows from the fact that the topology of the
manifold is independent of the coordinate system one uses.

A.2 Embeddings of hypersurfaces

Let us consider a four dimensional Lorentzian manifold of the form (M, gµν). Instead of using a general
topology, the ADM formalism uses the 3 + 1 split, such that M ∼= R × (3)Σ. The 3 + 1 split restricts
the topology of the space-times we consider, but leads to an easier formulation of the space-time. In this
section, we will lay out the topological foundation of the 3 + 1 split, specifically the definition and topology
of hypersurfaces.
A set Σ ⊂ M is called an n-dimensional hypersurface if it is an image of an embedding Φ : Σ̂ → Σ ⊂
M , where Σ̂ is itself an n-dimensional manifold. The fact that Φ is an embedding means that Φ

∣∣
Σ̂

is
homeomorphic. Equivalently, it means that Φ is a continuous bijective mapping whose inverse is continuous.
Since the mapping is bijective, it is not possible for the hypersurface to intersect itself [127].
Let us consider a point p ∈ Σ̂. The embedding Φ induces a push-forward

Φp∗ = dΦp : Tp

(
Σ̂
)
→ TΦ(p)(M)

vp 7→ dΦp(v).
(164)
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We use the same conventions and definitions as in the books by Lee [127, 128]. This means that for f ∈
C∞(M), we use the notation dΦp(v)(f) = vp(f ◦ Φ).
We can use the push-forward dΦp to introduce a pull-back

Φ∗
p = dΦ∗

p : T
∗
Φ(p) (M) → T ∗

p (Σ̂)

ωΦ(p) 7→ dΦ∗
p(ω).

(165)

Here T ∗
p (M) are the linear forms of Tp(M), e.g.

ωp : Tp(M) → R
vp 7→ ωp(vp) = ⟨ω, v⟩p.

(166)

In the context of a pull-back, we therefore have

dΦ∗
p(ω) : Tp(Σ̂) → R

vp 7→ ⟨ωp, dΦp(v)⟩.
(167)

To illustrate the above definitions, one can find a schematic of the mappings in Figure 31.
Consider now again a Lorentzian manifold (M, g). Note that the metric g is a bilinear form on M , which
implies that we can use the embedding to create an induced metric ĝ on Σ̂. This is done by defining

ĝµν = Φ∗gµν : Tp(Σ̂)× Tp(Σ̂) → R
(vp, wp) 7→ ĝ(vp, wp) = g (dΦp(v), dΦp(w)) .

(168)

We call an n-dimensional hypersurface an n-dimensional spatial hypersurface if the embedding of the
n-dimensional manifold Σ̂ on the manifold (M, g), has an induced metric which has Riemannian (or positive)
signature [128].
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Figure 31: A figure showing an embedding of a surface Σ̂ into a Manifold M via an embedding map Φ
(shown in red). It shows the relations between the tangent spaces Tp(Σ̂) and TΦ(p)(Σ) via the push-forward

dΦ (shown in blue). It also shows the relation between the linear forms T ∗
p (Σ̂) and T

∗
Φ(p)(Σ̂) via the pull-back

dΦ∗ (shown in orange).

A.3 Definition of foliation

Since we have defined the topology of the manifold and hypersurfaces, we can give a definition of a foliation.
From this definition, we can analyse the geometric interpretation and introduce a coordinate representation
that we will use to explain the time-evolution of the hypersurfaces.
Let us consider a Lorentzian manifold (M, g). We say that the manifold can be foliated by a family of space-
like hypersurfaces (Σt)t∈R if there is a smooth scalar field t̂ onM which is regular19, such that each level surface
of the scalar field is one of the space-like hypersurface. This means that (Σt)t∈R =

{
p ∈M

∣∣t̂(p) = t
}
and

M =
⋃
t∈R Σt. Since the gradient of the scalar field t̂ is non-zero everywhere, the different hypersurfaces don’t

intersect each other [129]. Since we are working with a four dimensional manifold, the spatial hypersurfaces are
three-dimensional, which is why we introduce the notation (3)Σt for spatial hypersurfaces. For a visualisation
of a foliation, see Figure 32.

19The definition of regular in this context is that the gradient of the scalar field is non-zero everywhere.
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Figure 32: A picture showing
a foliation (Σt)t∈R, where the
spatial hypersufaces Σt are
two-dimensional. The space
between the hypersurfaces is
exaggerated to visualise the
stacking. In red, one can see
part of the scalar field t̂.

A.4 Metric decomposition

It is possible to relate the four dimensional spacetime metric gab to the three dimensional spatial metric γab
andKab. In this section, we will give a short recap on coordinates within differential geometry. Afterwards we
introduce the lapse function N and shift vector N which allows us to relate two different spatial hypersurfaces
(3)Σt and (3)Σt′ to eachother. We conclude this section with the relation between the four dimensional
spacetime metric gab and the three dimensional spatial metric γab, the lapse function N and shift vector N.

A.4.1 Recap on coordinates

We will start by recapping the definition of coordinates in the context of manifolds, to create clarity about
the notation and definitions used. We use the convention used in the books by Lee [127, 128].
Consider a chart (U, ϕ) on an n-dimensional manifoldM . The map ϕ : U → Rn is a diffeomorphism, meaning
it is a bijective smooth map whose inverse is also smooth. In ϕ(U) ⊂ Rn, we can express points and vectors
using the basis (x1, ..., xn). This means that we can define coordinate vectors (∂1, ..., ∂n) in Tp (M) via
∂af

∣∣
p
= ∂

∂xa

∣∣
p
f = ∂

∂xa

∣∣
ϕ(p)

(
f ◦ ϕ−1

)
for f ∈ C∞ (M). This forms a well-defined basis for Tp (M), as the

inverse of ϕ is also a bijective smooth map. Using the coordinate vectors, one is able to define a coordinate

vector field Xi : Σ̂ → Tp

(
Σ̂
)
, which sends p 7→ ∂a

∣∣
p
[127].

Let us now consider coordinates in the contexts of spatial hypersurfaces. Consider a chart (U, ϕ) on a
hypersurface (3)Σt with coordinate vectors (∂1, ∂2, ∂3). The embedding Φ induces a push-forward from
Tp
(
(3)Σt

)
to TΦ(p) (M), which means that we can relate the coordinate vectors ∂a to coordinate vectors ∂

′

a.

A.4.2 Lapse function

Let us consider a spatial hypersurface (3)Σt. Before we can analyse the relation between two hypersurfaces,
we need to introduce the normal of the spatial hypersurface. It is clear that this normal is related to the
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scalar field t̂ = t via its gradient. The unit normal vector is then given by

n = −N∇t = − (⟨dt,∇t⟩)−1/2 ∇t, (169)

such that n · n = −1. Here N > 0 is the lapse function [126].
As will be clear later, it is useful to define a normal evolution vector m, which is defined as

m = Nn, (170)

which is adapted to the scalar field t. This means that ⟨dt,m⟩ = 1 = mµ∇µt [129].
Consider now two hypersurfaces (3)Σt and

(3)Σt′ that are close to each other in the sense that t′ = t + δt,
where δt is a small number. Let us take a point p ∈(3) Σt and consider p′ = p+ δtm, we have

t̂(p′) = t̂(p+ δtm) = t̂(p) + δt
〈
t̂,m

〉
= t̂(p) + δt. (171)

From this we conclude that p′ ∈(3) Σt′ and from the definition of t̂ it is clear that the mapping is bijective.
Therefore, we can reach each point p′ on the hypersurface (3)Σt′ by taking the small displacement δtm on
the hypersurface (3)Σt . Alternatively, one can say that (3)Σt is Lie dragged to (3)Σt′ via m.
Similarly, we can relate the two tangent spaces T

(
(3)Σt

)
and T

(
(3)Σt′

)
to each other. In this context, we

have that
v ∈ T

(
(3)Σt

)
⇐⇒ Lmv ∈ T

(
(3)Σt′

)
, (172)

which means that we can now characterize how points and vectors change over time [130]. The mapping of
vectors and points between two close hypersurfaces can be found in Figure 33.

Figure 33: Figure showing two close hypersurfaces Σt and Σt+δt. The points p and p′ are related to each
other via δtmp, shown in green with solid lines, which is a rescaled version of the normal np(shown in purple).
A vector vp ∈ T

(
(3)Σt

)
, shown in orange, is tangent to the spatial hypersurface Σt and can be seen as a

displacement between p and q. This vector vp gets Lie dragged to T
(
(3)Σt+δt

)
via the vector field m, part

of which is depicted in green with striped lines. The vector vp therefore becomes vp′ ∈ T
(
(3)Σt+δt

)
, which is

tangent to the spatial hypersurface Σt+δt. Therefore, the vector vp′ can be seen as the displacement between
p′ and q′, where q′ is related to q via δtmq shown in green with solid lines.
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A.4.3 The shift vector

Let us consider two hypersurfaces (3)Σt and
(3)Σt′ that are infinitesimally close to each other, i.e. t′ = t+ δt,

where δt is a small number. Using coordinates, we will introduce ∂t ∈ Tp(M), which relates two points on
two infinitesimally close hypersurfaces, by having the same “spatial coordinates”. The ∂t ∈ Tp(M) will be
used to introduce the shift vector N.
Let us consider a point p on the hypersurface (3)Σt. Since

(3)Σt is a hypersurface, the neighbourhood of p has
a coordinate system xa = (x1, x2, x3), which we call the spatial coordinates. This allows us to introduce
the coordinate system xµ = (t, x1, x2, x3), which is defined on M .
The coordinates xa allow us to define a basis for the tangent space of the hypersurface Tp

(
(3)Σt

)
, which we

denote by ∂a. Via the embedding Φ, we get three basis vectors for Tp (M). To complete the basis, we will
take a basis that spans the orthogonal complement to TΦ(p)

(
Φ
(
(3)Σt

))
⊂ TΦ(p)M . This basis we call the

time vector ∂t, which we define such that ⟨∂t, dt⟩ = 1. 20

Consider now a point q on the hypersurface (3)Σt′ . Since (3)Σt′ is a submanifold, there is a chart (U ′, ϕ′) ,

such that ϕ′(q) = (t′, x1
′
, x2

′
, x3

′
). Note that for each slice, we have the freedom to once change the maps in

the charts belonging to the atlas of the spatial slice, such that ϕ′(q) = (t′, x1, x2, x3). Via the compatibility
of the charts, this uniquely fixes the point on (3)Σt′ that we associate with (t′, x1, x2, x3). This means that
∂t ∈ Tp(M) is pointing from p to q, since there is no change in spatial coordinates. In essence, this is the
definition of ∂t: it is the vector tangent to curves with constant spatial coordinates.
Consider p and q as described above. There is a difference between ∂t and m, as q does not necessarily need
to lie orthogonal to the surface. Therefore, one can decompose

∂t = m+N, (173)

where N is the shift vector. The shift vector is therefore implicitly defined by choosing which point on (3)Σt′

you identify with the same spatial coordinates as p. We have that ⟨dt,N⟩ = ⟨dt, ∂t⟩ − ⟨dt,m⟩ = 0, which
implies that the shift vector N is tangent to the hypersurface (3)Σt [129]. For a visualisation of these vectors,
see Figure 34.

20See Section A.6 for a more in-depth explanation of causality and the parameter t.
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Figure 34: A picture showing the different vectors defined for a point p ∈(3) Σt. The normal evolution vector
mp, shown in purple, is normal to the surface and a rescaled version of it, δtmp, points to a point p′ ∈(3) Σt′ .
The point p′ has different spatial coordinates than p. The striped red line shows the curve that denotes all
the points which have the same spatial coordinates. The time vector ∂p, shown with solid red lines, is tangent
to the red striped line. The point q′ ∈(3) Σt′ has the same spatial coordinates as p and therefore lies on the
red striped line. The shift vector Np, shown in orange, is a vector in Tp

(
(3)Σt

)
, which points to q ∈(3) Σt.

The point q is defined in such a way that the vector δtmq, shown in green, points to q′. The shift vector is
therefore the projection of the time vector ∂t unto the spatial hypersurface (3)Σt.

A.4.4 Decomposing the space-time metric

In this subsection, we will relate the space-time metric gµν to the spatial metric γµν , the lapse function N
and the shift Nµ. We will do this by analysing two hypersurfaces (3)Σt and

(3)Σt′ that are infinitesimally
close to each other.
Using the notation from Section A.4.3, we can express the normal vector n ,

n = nµ∂µ =
1

N
∂t −

Na

N
∂a, (174)

where N is the lapse function and N = Na∂a is the shift vector. Note that from the definition of n, given in
equation 169, we know that

n = −Ndt. (175)

Consider the spatial metric γ = γabdx
a ⊗ dxb and the space-time metric g = gµνdx

µ ⊗ dxν , we have

gtt = g(∂t, ∂t) = ⟨m+N,m+N⟩ = −N2 +NaNa (176a)

gta = g(∂t, ∂a) = ⟨m+N, ∂a⟩ = 0 +Na = Na (176b)

gab = g(∂a, ∂b) = ⟨∂a, ∂b⟩ = γab. (176c)
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Alternatively, one can find an expression for the space-time metric gµν , by calculating the distance between
p ∈(3) Σt and q ∈(3) Σt′ . Using the Lorentzian form of the Pythagorean Theorem, one gets

ds2 = −(Ndt)2 + γij(dx
a +Nadt)(dxb +N bdt)

=
(
NaNa −N2

)
dt2 + 2Nadx

adt+ γabdx
adxb.

(177)

Using equation (177) we can see that the space-time metric for the 3-1 decomposition is

gµν =

(
g0,0 g0,a
gb,0 gab

)
=

(
NaNa −N2 Na

Nb γab

)
(178)

One can also calculate the inverse of the metric, which is

gµν =

(
− 1
N2

Na

N2

Nb

N2 γab − NaNb

N2

)
, (179)

which shows that gab ̸= γab.

A.5 Extrinsic curvature

An important way to characterise the foliation is the extrinsic curvature Kab of a hypersurface (3)Σt. It
denotes how the hypersurfaces are “folded” on each other and therefore tells us something about the time-
evolution of the hypersurfaces.
Consider two points p and q on (3)Σt and their respective normal vectors nµ

∣∣
p
and nµ

∣∣
q
. Let nµ′

∣∣
q
be the

normal nµ
∣∣
p
parallel transported to q. The difference between the two vectors is a measure of the curvature

of (3)Σt, see Figure 35. This leads to the definition

Kµν = γµ
ρ∇ρnν , (180)

where γ is the induced three-dimensional spatial metric on (3)Σt
21 and ∇ is the connection with respect to

the space-time metric gµν . As one can see, we have Kµνn
µ = Kµνn

ν = 0, which shows that this tensor field
is purely spatial. We therefore will use the notation Kab.
Alternatively, one can use the Lie derivative to write down the extrinsic curvature, which will be more useful
when making gauge choices. One gets

Kab =
1

2
Lnγab

=
1

2N
(∂tγab −DaNb −DbNa)

(181)

where n is the unit normal vector field, γab is the spatial metric on (3)Σt , N is the lapse function, Na are
components of the shift vector and D the covariant derivative defined on (3)Σt. As a consequence of equation
(181), one can call the extrinsic curvature the “velocity” of the spatial metric γab.

21This metric is induced by the embedding, see Section A.2.

74



Figure 35: A picture showing a spatial hypersurface (3)Σt. We mark a point p ∈(3) Σt, with its normal
vector np shown in purple. If we consider another point q ∈(3) Σt, we can consider the normal vector nq on
that point, shown also in purple. One can parallel transport the normal vector np to q, which we denote as
PT(np) and is shown in grey. The difference between these two vectors, we call δn and is shown in light blue.
This difference between these vectors is proportional to the extrinsic curvature at point q, e.g. Kab ∝ δn.

A.6 Causality

So far, we have only discussed the topology, geometry and coordinate systems within the ADM-formalism.
However, we have not yet discussed the causal structure of the space-time. In this section, we will set up the
groundwork to discuss the causal structure, by defining causality and light cones within Lorentzian manifolds.
Afterwards, we can define the concepts of global hyperbolicity and Cauchy surfaces, which we can relate to
the ADM formalism. We will use the definitions and conventions in the book Foundations of General Rela-
tivity by Klaas Landsman [131].
A Lorentzian manifold (M, g) is called a space-time if it is connected and has a time orientation, which
implies that there is a global time-like vector field T ∈ X(M) such that gp(T, T ) < 0 at each point
p ∈ M .22 This allows us to define non-zero vectors Xp that are causal (gp(Xp, Xp) ≤ 0) and future-
directed (gp(Tp, Xp) < 0) 23.
Since we have defined causal future directed vectors, we can define curves analogously. Consider a curve
c(t) : R → M . We call it causal and future directed on [0, Tend], if its derivative ċ(t) is causal and future
directed on the whole domain. Consider two points p, q ∈ M , such that there is a causal future-directed
curve from p to q. We denote this relationship via p ≤ q. Using this definition, one can define future and
past causal cones: J+(x) = {y ∈M |x ≤ y} and J−(x) = {y ∈M |y ≤ x}.
Lastly, we will introduce the concept of a space-time being non-imprisoning. A space-time (M, g) is non-
imprisoning if no inextendible future directed causal curve c is contained in a compact subset of M . This
means that if one maximally extends a causal curve, it will “wonder off to infinity”.

Using the above definitions, we can define what a Cauchy surface is. A Cauchy surface Σ is a subset

22Technically, in the Section about the geometry of the 3 + 1 split, one normally already considers (M, g) to be a space-time.
Note that ∂t does not need to be this time-like vector, as it can be space-like or lightlike too (see [129] for a further explanation).
The R×(3) Σ topology of the embedding is indepent of (M, g) being a space-time.

23The normal n of a spatial hypersurface is actually a future-directed vector.
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such that each inextendible time-like curve intersects Σ in exactly one point. Equivalently, one can say that Σ
is a Cauchy surface if and only if the domain of dependence is the whole space-time M . Using this definition,
one can show that a Cauchy surface Σ needs to be a closed connected three-dimensional topological manifold
of M and must be achronal. The latter meaning that no two points p, q ∈ Σ can be connected by a timelike
curve. If a space-time (M, g) has a Cauchy surface, then every other Cauchy surface Σ′ is homeomorphic to
Σ and that M is homeomorphic to R× Σ.24

With the previous definitions, we can now also define global hyperbolic space-times. We call a space-time
globally hyperbolic is it is non-imprisoning and each double cone J(p, q) = J+(p) ∩ J−(q) is compact for
each p, q ∈ M .25 From this definition, one can get space-times with reasonable characteristic, such that it
can describe the universe. For example, the space time being non-imprisoning implies that the space-time is
causal, meaning that there are no closed causal curves. It also means that any point y in the future causal
cone J+(x) can be connected via a future directed causal geodesic of finite maximal length.
Let’s now consider all these characteristics of causality and space-times in the context of the ADM formalism.
Sometimes, one assumes that the space-time one works with is globally hyperbolic. In this context, the
foliation, as defined in Section A.3, is actually a consequence of global hyperbolicity, not the definition.
Another important thing to note is that a space-time is globally hyperbolic if and only if it has a Cauchy
surface Σ. This means that the spatial hypersurfaces (3)Σt are actually Cauchy surfaces, which means that
there is more (causal) structure between hypersurfaces than one may presume from looking at the definition
of a foliation. Another consequence is that some space-times are not suitable for the ADM-formalism, such
as the Anti de Sitter space-times. This means that we restrict the space-times we can consider in the ADM-
formalism, but it is a sacrifice worth making, since the causal structure give us reasonable characteristics
[131].

A.7 The Einstein-Hilbert action

So far we, we have discussed the space-time and how it can be foliated with Cauchy surfaces (3)Σt. As
explained in Section A.6, there is a causal structure within the space-time related to points and causal cones.
However, we have not yet considered the causal relationship between the surfaces themselves. This is what
we will do in this section, by considering the Einstein Field Equations and the Einstein-Hilbert action.26

A.7.1 The Einstein field equation

Let us consider the Einstein-Hilbert action, which is given by

SEH =
c4

16πG

∫
M

d4x
√
−g(R− 2Λ)−

∫
∂M

d4x
√
γK =

1

2

∫
M

d4x
√
−gR. (182)

In equation (182), the terms behind the first equal-sign denote the full action. We consider the term behind
the second equal-sign for simplicity reasons. We therefore use natural constants, assume that the cosmological
constant Λ is zero and ignore the boundary terms [131].
The Einstein Field Equations are given by extremizing the Einstein Hilbert action, with respect to the metric

24Note that this the relationship between Σ being a Cauchy surface and these characteristics is not an “if and only if”, meaning
that the above are not equivalent.

25It is important to note that there are multiple equivalent definitions of global hyperbolic space-times and that some definitions
have changed over time. For example, sometimes people use strongly causal over non-imprissoning.

26The Hamiltonian formalism of General Relativity, as discussed in Section A.1, was developed before the ADM-formalism.
The equations one gets from the Hamiltonian formalism are equivalent to the equations we get below. We therefore forego an
in-depth analysis of this formalism and refer to [129] and [126] instead.

76



gµν [132]. This give us

Gµν = Rµν −
1

2
gµνR = 8πTµν = 0, (183)

where the last equal sign comes from the fact that we are considering the vacuum equations.
The Einstein Field Equations (183) are underdetermined. It is underdetermined in the sense that for any
solution gµν to the set of equations (183), ∀ψ ∈ Diff(M) : ψ ∗ gµν is also a solution. This means that the
solution to the Einstein Equations is independent of the coordinate system one uses. This characteristic is
also called general covariance or invariance of the theory.

A.7.2 The 3+1 decomposition of the Einstein Field Equations

Since we have decomposed the space-time into slices of spatial hypersurfaces, it will be useful to decompose
the Einstein Field Equations, such that they only contain three-dimensional variables. The decomposition will
give us conditions on the three-dimensional variables, which, if satisfied, means that our system is consistent
with General Relativity.
The Einstein Field Equation (182) can be rewritten to only contain the following three-dimensional variables:
the spatial metric γab, the extrinsic curvature Kab, the shift vector N and the lapse function N . For
this substitution, one uses general equations which relate the four dimensional curvature tensors to three-
dimensional ones, such as the Codazzi equation. This derivation is outside the scope of this thesis, but can
be found in [129] and [131], which results in

(∂t −LN) γab = −2NKab (184)

(∂t −LN) γab = −DaDbN +N
(
(3)Rab +KKab + 2KaiK

i
b

)
(185)

R+K2 −KabK
ab = 0 (186)

DbK
b
a −DaK = 0, (187)

whereDa is the covariant derivative as defined on (3)Σt.
27 Equations (184) and (185) are called the dynamical

Einstein Equations, which give use information about how initial data evolves.28 Equation (186) is called the
Hamiltonian constraint and equation (187) is called the momentum constraint. 29 These constraint equations
give conditions on γab,Kab for each spatial hypersurfaces, which need to be satisfied to be consistent with
General Relativity.
Note that the system of equations (184) - (187) contains no time derivatives of the lapse function or shift
vector. This implies that they are Lagrange multipliers, which means that they are not determined by
these equations. The general covariance, as discussed in Section A.7.1, has been traded off for being able
to arbitrarily choose the lapse and shift. Looking at Section A.4.3, this is not surprising, as the shift is a
consequence of arbitrarily changing coordinates.

A.7.3 Dynamical Einstein equations and Cauchy solutions

Let us now consider the dynamical Einstein equations (184) - (185), which will tell us something about the
development of Cauchy surfaces [129].
Note that the constraint equations (186) - (187) need to hold at every hypersurface (3)Σt, but this does

27In these equations, we have assumed that there is a vacuum. However, it is possible to consider the non-vacuum case, since
one can decompose the stress-energy tensor Tµν [129].

28These dynamical equations for γab and ∂tγab are equivalent to dynamical equations of gµν given by Gab = 0.
29The constraint equations for K are equivalent to the constraint equations of gµν given by G0µ = 0.
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not mean that one needs to check at every hypersurface if it is satisfied. If the constraints are satisfied for
(3)Σt=0 and the dynamical Einstein Equations are satisfied creating “later” spatial hypersurfaces (3)Σt, then
the Bianchi identities ensure that the constraints are also satisfied at other hypersurfaces (3)Σt.
A stronger variation of the previous question is called the Cauchy problem. Assuming that we have smooth
initial data γab,Kab on a hypersurface (3)Σ0 that satisfy the constraint equations (186) - (187), is there a
space-time (M, g) that satisfy the Einstein equations and embeds (3)Σ0 as hypersurface of M with induced
metric γab and extrinsic curvature Kab. As Choquet-Bruhat and Geroch have shown, the answer is yes [133].
Before we can explain the Choquet-Bruhat and Geroch result, we will introduce some notation. Assume
((3)Σ, γab,Kab) satisfy the constraint equations (186) - (187). The triplet (M, g, i) is called a Cauchy de-
velopment, when (M, g) is space-time that solves the Einstein equation and i :(3) Σ →M is an embedding,
such that i((3)Σ) is a Cauchy surface in M . This means that (M, g) is globally hyperbolic and allows us to
foliate the space-time. We call such a Cauchy development maximal if for any other Cauchy development
(M ′, g′, i′) of the initial data ((3)Σ, γab,Kab) there exists an embedding ψ : M ′ → M , such that it preserves
time orientation, the metric g (i.e. ψ ∗ g = g′ ) and the Cauchy surface (3)Σ (i.e. ψ ◦ i′ = i). Maximal in
this context does not mean that it Cauchy development is maximal as a solution to the Einstein equations,
nor that there are any globally hyperbolic extensions of the space-time (M, g). It means that if there is an
isometric embedding ψ : M → M ′′ into a space-time (M ′′, g′

′
), the embedding of (3)Σ in M ′′ is no longer a

Cauchy surface in M ′′.
The theorem by Choquet-Bruhat and Geroch tells us that for each smooth initial data γab,Kab on a hyper-
surface (3)Σ0 that satisfy the constraint equations (186) - (187), there exists a maximal Cauchy development
(M, g, i) which is unique up to time-orientation, metric and Cauchy preserving isometries [133].

This concludes the Appendix Section on the ADM formalism, since we have explained how and why we
can create a four dimensional space-time (M, g) that satisfies the Einstein Equations from analysing γab,Kab

on the initial time-slice (3)Σt. We explained the relation between γab,Kab,N, N and gµν and showed that
the lapse function and shift vector can be chosen arbitrarily. Lastly, we also showed what constraints the
initial data γab,Kab should satisfy and their origin.30

30There is a larger context related to Quantum Gravity, which we have not fully touched on. The original goal was to create
a Hamiltonian formalism of the Einstein-Hilbert action (182), for which one needed to define general velocities, which required
a time coordinate [126]. This formalism was chronologically prior to the 3+1 formalism as we have discussed it, and some of
the results derived from this Hamiltonian formalism translate to the formalism we use. For further reading, see [131] and [129].
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B Second order calculations

In this section, one can find the second order calculations for the perturbation coefficients for the metric and
extrinsic curvature. At second order, we take into account terms of the term L4, L3P,L2P 2, LP 3 or P 4.

B.1 Conformal factor

Before we can calculate the second order metric perturbations, we need to calculate the conformal factor up
to second order. Consider equation (55) for the conformal factor ϕ from Section 3.1.1. Note that we are only
doing calculations up to L4, P 4 or P 2L2 and we are expanding the metric in Legendre Polynomials, which
means that the terms that matter are (recall the metric has a term ϕ4 appearing)

4

(
1 +

M

2R

)3(
P 2L2 ϕ(2) +

ML2

8R3
P2 [cos(θ)] +

ML4

32R5
P4 [cos(θ)]

)
+ 6

(
1 +

M

2R

)2(
ML2

8R3
P2 [cos(θ)]

)2

+

(
1 +

M

2R

)4

.

(188)

The extra coefficients in front of the terms are due to multiple crossterms contributing to the same term.

B.2 Metric coefficients

The goal is to express equation (188) in Legendre Polynomials. Specifically, we are considering l = 2,
which means we can ignore the P4 [cos(θ)] term as the Legendre polynomials form an orthogonal basis. The
calculation will be done by using the previously given approximation, filling in ϕ(2) from equation (45b)

and consequently filling in R from equation (51). Using the approximation R
r ≈

(
1 + M

2R

)−2
, equation (188)
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ϕ4
R2

r2
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= −32P 2L225
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B.2.1 Conclusion

We therefore conclude that

H
(l=2)
2 = K(l=2) = −32768P 2L2
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Note that the result in (190) differs from the exact form given in [57]. This is most likely due to coefficients
being calculated there using a computer programme instead of by hand. Numerically checking the results
shows that they give the same values for the coefficients.

B.3 Extrinsic curvature

As we have shown in Section 2.1.2, the extrinsic curvature in flat space time is

K̂tot
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(191)
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Let us consider only the second order part of the extrinsic curvature. Following the same procedure as in
Section 3.2.1, we get

Ktot
ab = − 3PL3

16R4r2
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B.3.1 Expanding the second order term of extrinsic curvature

So far, we have been able to find the coefficients for the perturbations by analysing linear sets of equations.
However, for the terms of order PL3 in equation (192) it is more efficient to use the (semi-) orthonormality
of the set of Legendre Polynomials (see Appendix D)∫ π

0

f(θ)Pn[cos (θ)] sin (θ)dθ = cn
2

2n+ 1
. (193)

Now consider the Krθ term. Note that in equation (60b) we have a derivative with respect to the angle
θ, so we integrate the angle dependent part of Krθ∫ θ

0

4 sin (θ) cos (θ)[−1 + 5 cos (θ)
2
]dθ = − [−1 + 5 cos (θ)

2
]2

5
. (194)

For l = 0 we get
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which implies that
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For l = 2, we have
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We therefore conclude
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Now considerKrr. Removing the (1−2M/r)−1 factor from equation (63), because of the prefactor in equation
(48e), we get for l = 0
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Equation (199) implies
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We therefore conclude
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Now consider KK
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implying
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In the case of l = 2, we have
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This implies that
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We get for l = 0
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which implies that
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We then see

KG
(l=2)
2 = c2

5

2
=

−PL3(√
r − 2M +

√
r
)4
r3

32

21
, (211)

B.3.2 Conclusion

We therefore conclude that
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The results in (212) also differ from the exact form given in [57]. Numerically checking the results shows that
both solutions give the same values for the coefficients. The difference is again most likely due to coefficients
being calculated in [57] using a computer programme instead of by hand.
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C Schwarzschild perturbations

There are two ways one can analyse black hole perturbations, either via the Newman Penrose formalism
or via parameterizing the perturbations as variations of the metric and combining them with the (vacuum)
Einstein Field Equations. Both methods lead to the same two sets of equations: the Regge-Wheeler equation
and the Zerilli equation [34]. In this appendix, we will highlight the second method, since this form can be
more easily combined with the ADM-formalism, as it uses coordinates.

C.1 Perturbation of the Schwarzschild metric

Let us consider a non-rotating zero charge black hole in a vacuum context where the cosmological constant
is zero. The metric is given by Schwarzschild’s solution to the Einstein Field Equations. The perturbations
of the metric can be categorized into two kinds of perturbations: axial and polar perturbations.
The Schwarzschild solution can be written as a special form of a spherically symmetric time-independent
metric that obeys the Einstein Field equations. Let us consider such a metric expressed in radial coordinate
basis (t, r, θ, ϕ)

ds2 = e2νdt2 − e2µ2dr2 − e2µ3dθ2 − e2ψ (−ωdt− q2dr − q3dθ + dϕ)
2
. (213)

When we consider the unperturbed Schwarzschild metric, we have

e2ν = e−2µ2 = 1− 2M

r
(214)

eµ3 = r (215)

eψ = r sin (θ) (216)

ω = q2 = q3 = 0. (217)

We introduce a new symbol to make our calculations more compact

∆ := r2 − 2Mr. (218)

The perturbation of the metric leads to ω, q2 and q3 to take on small non-zero values, while the functions
ν, µ2, µ3 and ψ get small increments. These can consequently be subdivided into axial (ω, q2, q3) and polar
(δν, δµ2, δµ3, δψ) perturbations. The axial perturbations induce a “dragging” of the inertial frame. The polar
perturbations don’t create such a rotation. The axial perturbation will lead to the Regge-Wheeler equation,
while the polar perturbations will lead to the Zerilli equation.
The Regge-Wheeler and Zerilli equations follow from the Einstein Equations, which are linearized about the
unperturbed Schwarzschild space-time. The axial perturbations follow from

δR12 = 0 = δR13 (219)

and the polar perturbations by

δR02 = 0 = δR03 = δR23 = δR11 = δG22, (220)

where Rµν is the Ricci curvature tensor and Gµν is the Einstein tensor. From the definition of these tensors
and the metric given by equation (213) one gets equations given in ω, q2 and q3, and δν, δµ2, δµ3 and δψ.
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C.1.1 Polar perturbations

Let us consider polar perturbations, since these lead to the Zerilli equation. The full derivation can be found
in the book by Chandrasekhar [34], in this part we will briefly highlight the steps made in between. Firstly,
one assumes that the time-dependence of the perturbation is of the form eiσt, where σ ∈ C. Then one
assumes that there is a separation of variables between r and θ, such that the perturbations take the form

δν = N(r)Pl [cos (θ)] e
iσt (221)

δµ2 = L(r)Pl [cos (θ)] e
iσt (222)

δµ3 =
(
T (r)Pl [cos (θ)] + V (r)∂2θPl [cos (θ)]

)
eiσt (223)

δψ = (T (r)Pl [cos (θ)] + V (r)∂θPl [cot (θ)]) e
iσt, (224)

where N(r), L(r), T (r) and V (r) are functions of r and Pl is a Legendre polynomial of mode l. The similarity
between equations (224) and (223) follows from equations (220) and the assumption of separation of variables.
It is not an a priori assumption on the specific perturbations of the functions ψ and µ3.
When filling in the equations (221) - (224) into equations (220), one is able to express the derivatives of the
functions N(r), L(r) and V (r) as linear combinations of N(r), L(r) and V (r). As a consequence, one is able
to reduce the equations to a one-dimensional wave equation which is satisfied by a wave equation of the form

Z(+) =
r2

1
2 (l + 2)(l − 1)r + 3M

(
3M

r
V (r)− L(r)

)
. (225)

To express the wave equation, we need to introduce the tortoise coordinate r∗, which is defined by

r∗ := r + 2M log
[ r

2M
− 1
]
. (226)

Taking the time derivate of the perturbations is trivial due to the assumption that it of the form eiσt, which
means that we can define an operator

Λ± :=
d

dr∗
± iσ

Λ2 = Λ+Λ− =
d2

dr2∗
+ σ2,

(227)

such that equations (220) are reduced to

Λ2Z+(r, t) = V +(r)Z+(r, t). (228)

In equation (228), the V + is a potential, which is of the form

V +(r) =
2(r2 − 2Mr)

r5(nr + 3M)2
[
n2(n+ 1)r3 + 3Mn2r2 + 9M2nr + 9M3

]
, (229)

where

n :=
1

2
(l − 1)(l + 2). (230)

Given l and M , one is able to express the solutions for L(r), V (r) and N(r) as a function of Z+. For the
functions L(r) and V (r), one gets a relatively simple form, namely

L(r) =
−n
r
Z+ +

3M

r2
Ξ (231)
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V (r) =
1

r

(
Z+ + Ξ

)
(232)

where

Ξ := neν
∫

eνZ+

nr + 3M
dr. (233)

The introduction of Ξ in equations (231) and (232) should not be surprising, since equations (220) are of third
order, which were reduced to a second order problem for Z+. For the function N(r), one gets a significantly
more difficult expression, namely

N(r) =
−nr

nr + 3M
∂r∗Z

+ − nZ+

(nr + 3M)2

[
6M2

r
+ 3Mn+ n(n+ 1)r

]
+

[
M − M2 + σ2r4

r − 2M

]
Ξ

r2
. (234)

Let us reflect on the results so far. Note that in equation (234), we have a dependence on σ, which means
that our assumption on the time-dependence has a direct effect on the form of the r−dependence of the
perturbations. From the solutions for the functions L(r), V (r) and N(r), we conclude that perturbations are
only well-defined if the Zerilli function Z+ is smooth and the integral from equation (233) is well-defined. It
is evident that this formulation is not gauge-invariant, since performing a gauge-transformation would change
the coordinate system and therefore the way that the perturbations are defined and therefore the form of
Z+. This explains why there are multiple forms of the Zerilli equation (228), since the potential would also
change.

C.1.2 Relations between polar and axial perturbations

Before concluding, , we will discuss the structural similarity between the polar and axial perturbations by
considering their wave equations.
The polar and axial perturbations are separate perturbations, which are independent in the sense that
the Einstein equations give two independent sets of equations that define the perturbations. Despite this
independence, there is an underlying relation between the axial and polar perturbations, which will become
important in the context of reflection and transmission of waves.
In Section C.1.1, we have denoted functions with a superscript +. In the case of axial perturbations, one is
similarly able to define a function Z−. The function Z− also satisfies a wave equation, but with a potential
of the form

V − =
2∆

r5
[(n+ 1)r − 6M ] . (235)

This implies that both equations can be written down as a one dimensional Schrödinger equation

Λ2Z± = V ±Z±, (236)

where the + case denotes the Zerilli Equation and the − case denotes the Regge-Wheeler Equation.
Let us consider the potentials in equation (236). There is a relation between the two potential terms,31 given
by

V ± = ±β df

dr∗
+ β2f2 + κf, (237)

31This relation comes to light when one uses the Newman-Penrose formalism to discuss the perturbations. Since it is out of
the scope of this thesis to discuss this formalism, one can find a derivation in the book by Chandrasekhar [34].
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where

β = 6M (238)

κ = 4n(n+ 1) (239)

f =
∆

r3(2nr + 6M)
. (240)

Given l and M , we define the functions p(r∗) and q(r∗) such that

Z+(r∗) = p(r∗)Z
−(r∗) + q(r∗)∂r∗Z

−(r∗). (241)

Using the fact that ∂2r∗Z
− = (V − − σ2)Z−, one can take the double derivative of Z+ in equation (241) and

compare it to equation (236) for the + case. One can then show that p(r) = κ + 2β2f(r) and q = 2β, such
that the relation between the Z± terms is given by

[4n(n+ 1)± 12iσM ]Z± =

[
4n(n+ 1) +

72M2(r2 − 2Mr)

r3(2nr + 6M)

]
Z∓ ± 12M

dZ∓

dr∗
. (242)

The consequence of this relation between Z+ and Z− is that one is able to construct an expression consisting
of polar perturbations that satisfy the wave equation related to the axial perturbations.
Let us consider Z± in the context of reflection and transmission. For f(r) in equation (237) we have f(r∗) → 0
as r∗ → ±∞.32 The potential V ± therefore goes to zero for r∗ → ±∞ and falls of as

V ± ∝

{
r−2
∗ when r∗ → ∞
er∗ when r∗ → −∞

(243)

The solution Z+(r∗) of equation (236) therefore has asymptotic behaviour

Z− ∝

{
eiσr∗ when r∗ → ∞
e−iσr∗ when r∗ → −∞.

(244)

Using equation (241), we conclude that

Z+ ∝


eiσr∗ when r∗ → ∞
κ− 2iσβ

κ+ 2iσβ
e−iσr∗ when r∗ → −∞.

(245)

This implies the amplitude of the transmitted waves are identically the same for when one considers V ±,
while the reflected amplitudes differ by a phase.

C.2 quasi-normal modes

Quasi-Normal Modes (QNMs) are characteristic solutions to the linearized Einstein equations which decay
over time due to the emission of gravitational waves. It describes the exponential decrease of asymmetry of
the final black hole as it starts to resemble a perfect spherical shape. They are used to analyse the merging
of the black hole by analysing the signal.
Consider a perturbation of a black hole. This can be due to an object falling into the black hole, a merger,
etc. Any perturbation will decay in the final stages in a way that is characteristic to the black hole, but
independent of the original cause of the perturbation. The gravitational waves from the last stages will
therefore have frequencies and rates of damping, which we can use to characterise the black hole.

32The condition r∗ → −∞ is equivalent to r → 2M and r∗ → +∞ is equivalent to r → +∞
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C.2.1 Mathematical description

In general, quasi-normal modes (QNMs) are a solution to a linearized differential equation with a complex
eigenvalue. This means that they are the modes of energy dissipation of a perturbed object. The quasi-
normal modes are also called the “pure tones” of a black hole.
Let us consider the wave functions Z± from Section C.1. Quasi-normal modes satisfy purely outgoing waves
at infinity and purely ingoing waves at the horizon, meaning

Z± →

{
A±e−iσr for r∗ → ∞
e−iσr for r∗ → −∞,

(246)

where σ ∈ C is the same σ from the time-dependence, i.e. eiσt. Since σ ∈ C, it is clear that Re[σ] denotes the
temporal oscillation, while Im[σ] denotes whether the signal dampens or grows over time. In this context, we
only have damped stable QNMs, which correspond to Im[σ] < 0. The QNM with the largest imaginary part
is called the fundamental mode. This is the pure note, as this mode has the smallest damping, which
means that it is the only mode that is visible after a while.
From Section C.1.2, we saw that the transmitted amplitudes for the + and − case are the same, while the
reflected amplitudes have only a phase-difference. It is therefore sufficient to analyse the Z+ case (the Zerilli
case), since

A− = A+n(n+ 1) + 3σMi

n(n+ 1)− 3σMi
. (247)

In this thesis, we analyse the Zerilli equation, since the close limit approximation gives us initial data about
the even parity sector. This means that the initial data is more easily related to the Zerilli function. We will
therefore only discuss the Zerilli equation in the next sections.

C.2.2 Calculating the quasi-normal modes

There are multiple ways to calculate quasi-normal modes; the Mashoon method which approximates the
Zerilli equation with the Pöschl-Teller equation; the WKB method which uses asymptotic WKB solutions
at r∗ → ±∞ with a Taylor expansion near the top of the potential barrier through two turning points, and
many more [134]. In this section, we will shortly discuss the Chandrasekhar-Detweiler and shooting methods.
Consider Z+ from Section C.1.1, in this case we write

Z+(r∗) = ei
∫ r∗ ξ(r′)dr′ . (248)

Filling in equation (248) into (228), we see that we get a non-linear eigenvalue problem for ξ(r∗) of the form

dξ(r∗)

dr∗
+ σ2 − ξ(r∗)

2 − V +(r∗) = 0, (249)

which is called the Ricatti equation. From equation (246), we see that the boundary conditions for ϕ(r∗) are
given by

ξ(r∗) = −σ for r∗ → ∞ (250)

ξ(r∗) = −σ for r∗ → −∞ (251)

Solutions for ξ only exist when σ takes values from a discrete set of values. One would normally integrate
the Riccati equation numerically.
One such way is called the shooting method. Take a σ ∈ C, such that Z+ ∝ eiσr∗ for r∗ → ±∞. One would
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integrate Z+ from infinity to an intermediate value rfixed∗ , and integrate Z+ from the horizon to rfixed∗ . The
Wronskian of the two solutions vanishes, which gives one an equation for quasi-normal modes. Note however
that at second order, the solution gets contaminated at the horizon and far away, making it only useful for
lower modes.
In this thesis, we do not explicitly calculate the initial data, but fit our data to already calculated quasi-
normal modes. We start with the data of the wave function at t = 0 for each r∗, which includes the horizon
and some point far away. Using the Zerilli function and a solver, we evolve the initial data. Next, we extract
the data for the wave function at the horizon and far away as a function of time. We then fit the data using
Mathematica code to A+

lme
iσlmt, where the quasi-normal modes σlm are given by the theory (such as the

shooting method described above). The values for σlm gets imported via the QNM package for Mathematica.
We fit the coefficients for the different QNMs and sees if there is a redshift between the QNMs at the horizon
and far away. The idea is to specifically look at the pure note and the fundamental mode.
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D Legendre polynomials

In this thesis, we use Legendre Polynomials to expand our initial data into the Regge-Wheeler formalism,
which can consequently be used to define the Zerilli function. In this appendix, we will shortly introduce the
concept behind the Legendre Polynomials and show some useful relations.
The definitions of the Legendre Polynomials is given by

1√
1− 2xt+ u2

=

∞∑
n=0

Pn[x]u
n. (252)

For this thesis, we only need to consider the Legendre Polynomials with x = cos (θ) up to l = 4, which are

P0[cos (θ)] = 1

P2[cos (θ)] =
1

2

[
3 cos2 (θ)− 1

]
P4[cos (θ)] =

1

8

[
35 cos4 (θ)− 30 cos2 (θ) + 3

]
As a consequence, we find

cos2 θ =
1

3
P0(cos θ) +

2

3
P2(cos θ) (253)

cos4 θ =
1

5
P0(cos θ) +

4

7
P2(cos θ) +

8

35
P4(cos θ), (254)

which we use in Section 3.
The set of Legendre Polynomials has a (semi-) orthonormality condition, given by∫ 1

−1

Pm(x)Pn(x) dx =
2

2n+ 1
δmn. (255)

This implies that if we expand a function in Legendre polynomials, we get∫ 1

−1

f(x)Pn[x]dx =

∫ 1

−1

∑
m

cmPm [cos (θ)]Pn[cos (θ)]d cos (θ)

=
∑
m

∫ π

0

cmPm [cos (θ)]Pn[cos (θ)] sin (θ)dθ = cn
2

2n+ 1
.

(256)

We use this relation to calculate the metric perturbation coefficients at second order and to verify the results
at first order.
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E Checking initial data

One potential way to deal with the divergence in our solution is by creating a check for the constructed initial
data. In this Appendix, we will lay the groundwork for such a check. Due to time constraints, this has not
been implemented yet.
We assume that the original function at t = 0 satisfies the separation of variables ψ(r, t) = ψ1(r)ψ2(t). The
Zerilli equation than becomes

− ψ1(r)
∂2ψ2(t)

∂t2
+ ψ2(t)

∂2ψ1(r)

∂r2∗
− V (r)ψ1(r)ψ2(t) = 0

= − 1

ψ2(t)

∂2ψ2(t)

∂t2
+

1

ψ1(r)

∂2ψ1(r)

∂r2∗
− V (r).

(257)

Assume that the time component takes the form

ψ2(t) = e−iωt, (258)

where ω ∈ C. Equation (257) therefore becomes

− (−iω)2eiωte−iωt + 1

ψ1(r)

∂2ψ1(r)

∂r2∗
− V (r) = 0.

1

ψ1(r)

∂2ψ1(r)

∂r2∗
= V (r)− ω2

(259)

As we have already shown in Section 4, we have

H̃2 =
16L2M

√
r
(√
r − 2M +

√
r
)5 (260)

K̃ =
16L2M

√
r
(√
r − 2M +

√
r
)5 , (261)

which implies that

∂rK̃ = −
16L2M

(√
r − 2M + 5

√
r
)

2r3/2
√
r − 2M

(√
r − 2M +

√
r
)5 . (262)

The Gauge invariant Zerilli function (87) is then given by

ψ =
r

3

{
16L2M

√
r
(√
r − 2M +

√
r
)5 +

2

Λ

[(
1− 2M

r

)2
16L2M

√
r
(√
r − 2M +

√
r
)5 − r

(
1− 2M

r

)
∂r

16L2M
√
r
(√
r − 2M +

√
r
)5
]}

=
r

3

{
16L2M

√
r
(√
r − 2M +

√
r
)5 +

1

2 + 3M
r

[
16L2M

(
1− 2M

r

)2
√
r
(√
r − 2M +

√
r
)5 +

16L2M
√
r − 2M

(√
r − 2M + 5

√
r
)

2r3/2
(√
r − 2M +

√
r
)5

]}
,

(263)
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with Λ = (l − 1)(l + 2) + 6M
r = 4 + 6M

r
Changing the coordinate system back to (t, r, θ, ϕ), substituting equation (83) into equation (259) we get

V (r)− ω2 =
1

ψ1(r)

(
1− 2M

r

)2
∂2ψ1(r)

∂r2
− 1

ψ1(r)

(
1− 2M

r

)
2M

r2
∂ψ1(r)

∂r

=

(
1− 2M

r

)(
4 + 6M

r

)2 {16 [ 6

r2
+

6M

r3

]
+

36M2

r4

[
4 +

2M

r

]}
− ω2

(264)

The r−derivatives of the Zerilli function are given by

∂rψ =
16L2M

(√
r − 2M − 5

√
r
)

2
√
r
√
r − 2M

(√
r − 2M +

√
r
)5 −

8L2M
√
r − 2M

(
10r

7
2 +

√
r − 2M

(
2r3 − 23Mr2 − 18M2r

)
− 5Mr

5
2 − 30M2r

3
2

)
r

7
2 (2r + 3M)

2 (√
r − 2M +

√
r
)5

− 4L2M

[
−10r

7
2 +

√
r − 2M

(
46r3 + 69Mr2

)
− 15Mr

5
2 + (r − 2M)

3
2
(
6r2 + 3Mr

)
r

5
2

√
r − 2M (2r + 3M)

2 (√
r − 2M +

√
r
)5

+
r
(
60M2

√
r − 15Mr

3
2

)
+ r2

(
30r

3
2 − 30M

√
r
)
− 90M2r

3
2

r
5
2

√
r − 2M (2r + 3M)

2 (√
r − 2M +

√
r
)5

]
(265)

and

∂2rψ = −
4L2M

(
(r − 2M)

3
2 − 25r

√
r − 2M − 10M

√
r
)

r
3
2 (r − 2M)

3
2
(√
r − 2M +

√
r
)5 + 4L2M

[√
r − 2M

(
92r5 + 180Mr4 − 165M2r3 − 342M3r2

)
r

9
2

√
r − 2M (2r + 3M)

3 (√
r − 2M +

√
r
)5

+
r
(
80r

9
2 − 230Mr

7
2 − 695M2r

5
2 + 120M3r

3
2 + 540M4

√
r
)
− 230Mr

9
2

r
9
2

√
r − 2M (2r + 3M)

3 (√
r − 2M +

√
r
)5

+
(r − 2M)

3
2
(
20r4 − 316Mr3 − 531M2r2 − 270M3r

)
+ 495M2r

7
2

r
9
2

√
r − 2M (2r + 3M)

3 (√
r − 2M +

√
r
)5

+
r2
(
−20Mr

5
2 − 240M2r

3
2 − 270M3

√
r
)
+ 1680M3r

5
2 + 720M4r

3
2

r
9
2

√
r − 2M (2r + 3M)

3 (√
r − 2M +

√
r
)5

]

−
2L2

(
(r − 2M)

5
2 + 21r (r − 2M)

3
2 − 120r

5
2 + 240Mr

3
2 + 50r

√
r − 2M (r −M) + 20M2

√
r
)

9r
3
2 (r − 2M)

3
2
(√
r − 2M +

√
r
)5 .

(266)

Equations (265) and (266) can be substituted into (264) to check if they solve the equation for different
values of r (akin to what was done for the Pöschl-Teller equation). This can be done by calculating the
r−derivatives numerically in the code or using the explicit formulations in equations (265) and (266).
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