Foundations of gravitational waves and black hole perturbation theory 2020/2021
(NWI-NM125)

Problem sheet #7: Perturbations on Kerr

Tutorial on Thursday 17 March 2022, 13:30 - 15:15

Exercise 7.1: Teukolsky equation in different forms
There are many equivalent ways of writing the Teukolsky equation.

a) An alternative way of writing the Teukolsky equation is:
ov) =0

with
O =b—4p—7p) (b —p) — (0—4r —7) (@ - ) — 30 .
Show that this is equivalent to Eq. (9.22) in the Lecture notes.
(1) (1)

b) Given the Teukolsky equation for ¥, what equation does ¥, ’ satisfy?! Make sure to write

the derivative operators in the same order as those in the equation for \I’(()l) (i.e. pp' —00).

¢) Introduce yp,, = A%/%(r? +a?)Y/2 Ry, and the coordinate r, through %= = 4> Show that

.
Yem satisfies

d? 1 . )
ldﬂ T (r2 + a2)2 <K2 — 2is(r — M)K + A (dirws — A))] Yem = 0.

d) Show that in the limit 7 — oo, the differential equation for vy, becomes

A

d? 2iws
[ 2 + ] Ym = 07

so that yg, ~ r+°

these asymptotic solutions are

1 .
Ry, = ;e T and Ry, = "

e) Extra: Show that near the event horizon r — 7, the radial equation for Y becomes

d? ry — M (ry — M)?
— + k? — 2isk— — 521 ~0
a2 UM, T M2 | T
a . . -~ +i (kiis TQJJK/I_TY)T* T
where k = w—mwy and wy = T with solutions yg,, =~ € . Hint: Use a Tay-

eTrs are asymptotically solutions. In terms of the original variable Ry,y,,

lor series in r = r4. You may use Mathematica or some alternative algebraic manipulation

software for this subquestion.

!The vacuum Teukolsky equation for \I/il) that typically appears in the literature is ﬁ(g‘l\llil)) = 0 instead

of 0"\11511) = 0, where ¢ appears in the Killing tensor for Kerr and in Boyer-Lindquist coordinates is given by

¢ =7 —iacosf. This alternative form is based on the identity: ¢'¥'" = ¢~*@¢twi".
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