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Abstract

Despite their rigidity, both the shape and gravitational field of black holes are affected by external bodies.
The effects of the external bodies are conveniently characterized by surficial and gravitational Love numbers.
In this thesis, these Love numbers are calculated for various spherically symmetric and therefore relatively
simple black holes. The calculations will be carried out using black hole perturbation theory that will be
applied to the black holes described by the Schwarzschild and Reissner-Nordstréom metric. To be confident
about the results, the calculations will be carried out in both the popular Regge-Wheeler gauge and the
more physically motivated light cone gauge.
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Chapter 1

Introduction

1.1 Motivation

While you are reading this the earth is steadily moving along its orbit around the sun and also spinning
around its (tilted) axis. At the same time, the moon is revolving around the earth and as it does its surface
is deformed by the gravitational field of the earth. How the surface of the moon is deformed depends on
where the moon is on its orbit, as is schematically shown in figure 1.1.
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Figure 1.1: The shape of the surface of the moon as it moves on its elliptic orbit around the earth.

Even though the mass of the earth is much larger than the mass of the moon, the shape of the earth is
also affected by the moon. It is being deformed as its mass distribution is constantly changing due to the
fact that a large portion of the earth’s mass is in liquid form and can therefore more easily be displaced,
resulting in the tides. This displacement of water is due to gravitational force that the moon exerts as it
rotates around the earth. So even though the moon has a considerably lower mass than the earth, it can
still have a notable effect on the earth.



Something similar happens to black holes as they occupy a part of space that contains all kinds of other
massive objects as well. Black holes are strongly curved regions of spacetime, where gravity is so strong that
any matter within the event horizon can never escape the gravitational pull. This leads to the fact that
black holes are very rigid objects, meaning that it is very difficult to deform them. Naturally, the extremely
strong gravitational field of a black hole will affect other bodies in space by deforming them. However it is
not impossible for black holes to be deformed by external objects. Hence, the shape of the black hole will in
turn be affected by the other massive objects it deforms.

The goal of this thesis is to characterize some of the different ways in which a black hole can be deformed.
For example, its surface can be deformed due to an external gravitational potential in a similar way to how
the surface of the earth is deformed by the gravitational force of the moon. However, it will turn out that
the surface of a black hole is not the only thing that is affected by an external field.

1.2 Overview

This thesis is structured in the following way: First, some important properties of black holes and how they
can be described mathematically in different coordinate systems and gauges will be introduced. Then it will
be explained how perturbation theory can be applied to black holes in general and how the gauge conditions
of two gauges that are common in literature, the light cone gauge and the Regge-Wheeler gauge, can be
expressed in terms of restrictions on the components of the metric perturbation.

Then, perturbation theory will be applied to two different black holes. First, it will be applied to an
uncharged, nonrotating black hole that is described by the Schwarzschild metric. This will describe how
a black hole and its gravitational field are affected by an external gravitational field. Next, perturbation
theory is applied to a charged, nonrotating black hole described by the Reissner-Nordstrom metric. In this
case, the black hole itself (and possibly the perturbing body (or bodies)) will be charged, leading not only
to a perturbation of the gravitational potential but a perturbation of the electromagnetic potential as well.
Expressions describing all these perturbations will be found by demanding that the full metric obeys Ein-
stein’s equations and in the case of a charged black hole Maxwell’s equations as well.

Once the perturbations are known, they can be used to calculate the Love numbers corresponding to each
deformation. Love numbers are dimensionless quantities that characterize the deformation of astronomical
objects under the influence of external forces. To determine these Love numbers, many expressions will be
expanded in terms of multipole moments. It will turn out that an external gravitational field not only affects
the surface of a black hole by deforming it, but it will also induce gravitational multipole moments in the
gravitational field far away from the black hole. Furthermore, an external electromagnetic field will displace
the charge distribution on the surface of a charged black hole and in addition it will induce electromagnetic
multipole moments of the electromagnetic field far away from the black hole. Each of these different effects
of external fields can be characterized by different Love numbers.

In the appendix, the Newman-Penrose and Geroch-Held-Penrose formalism are introduced that can also
be used to describe black hole perturbation theory. They are formalisms that are not derived from any
specific coordinate system and are particularly convenient because they represent a compact way of writing
the relevant equations. This is especially useful to describe perturbation theory applied to a rotating black
hole described by the Kerr metric, which in a coordinate formulation would lead to quite complicated
equations that are difficult to solve. Due to lack of time the formalism will not be used for this purpose in
this thesis, but some calculations that were done for the Schwarzschild and Reissner-Nordstrém metrics will
be repeated, to show their compactness.



Chapter 2

Theory

In this section, some properties of black holes and a technique called black hole perturbation theory will be
introduced. Furthermore, coordinate transformations and gauge transformations will be described, that will
feature in the rest of the text. Also, two different gauges that will be used, the light cone gauge and the
Regge-Wheeler gauge, are introduced. Then, black hole Love numbers will be defined, that can be calculated
by means of black hole perturbation theory.

2.1 Black holes

General Relativity is a theory that describes gravity as a property of spacetime. It is a generalization of
Special Relativity and it describes the relation between the curvature and the energy-momentum content of
spacetime by means of the Einstein field equations:

1 8rG
R, — §g”VR =—Tu. (2.1.1)

!
In this system of differential equations, g, is the spacetime metric, R, the Ricci curvature tensor, R the
Ricci curvature scalar and 7}, the energy-momentum tensor. From now on, geometrized units will be used
such that Newton’s constant G and the speed of light c are set to 1. In short, the energy-momentum content
leads to curvature of spacetime, which in turn gives rise to gravity.

The fact that their gravity is so strong makes black holes very rigid, it is hard to deform their perfectly
spherical shape. Any external gravitational force will in general be small compared to the gravity of the
black hole, making the situation suitable for perturbation theory, which will be introduced soon. Black
holes are interesting objects for applying and testing the theory of General Relativity, as the physics of some
unperturbed black holes is already described quite well by the corresponding metric.

2.1.1 The Schwarzschild metric

The metric provides a mathematical description of black holes that represents a solution to Einstein’s equa-
tions. The simplest black hole is an uncharged, nonrotating one that is described by the Schwarzschild
metric. This is one of the very few exact solutions to Einstein’s equations or more precisely, to the vacuum
Einstein equations, as the region outside an uncharged, stationary black hole can be treated as a vacuum.
In spherical coordinates, see section 2.3, the Schwarzschild metric is:

1

Guvdatda” = —f(r)dt* + )

dr® 4 r%(d6? + sin 02d¢?). (2.1.2)

with in this case f(r) =1— 2,



In these coordinates it is clear that the center of the black hole at = 0 is a singularity as 1/r diverges
there. However, in these coordinates there is another singularity at the Schwarzschild radius » = 2M, where
1/f(r) diverges. It turns out that the latter singularity is a coordinate singularity as it can be removed by
moving to a different coordinate system, as will be shown later. The three-dimensional surface of the black
hole at the position r = 2M is called the (event) horizon.

2.1.2 The Reissner-Nordstrom metric

A slightly more complicated black hole is a charged, nonrotating one that is described by the Reissner-
Nordstrém metric. In spherical coordinates it looks the same as the Schwarzschild metric, only now

RENSEE- e 3

In this case, the center of the black hole is still a singularity, as expected. However, there are now two
values of r where 1/ f(r) diverges. These values are determined by setting f(r) = 0, which results in an inner
horizon at r_ = M — y/M? — @Q? and an outer horizon at ry = M + /M2 — Q2. The outer horizon plays
the role of the event horizon that was encountered for a Schwarzschild black hole, it marks the outer limit
of the black hole and the location of the surface. The function f(r) will appear in many of the equations in
this thesis. For brevity, it will therefore be denoted as f from now on.

Having two horizons is something a Reissner-Nordstrém black hole has in common with a Kerr black
hole, which is an uncharged but rotating black hole. The Kerr metric is considerably more complicated and
it is much more difficult to solve the resulting equations. However, it is more interesting to investigate a
Kerr black hole since it is closer to an actual, physical black hole. The fact that a Reissner-Nordstrom black
hole also has two horizons while its metric is less complicated, makes it a good alternative to investigate the
effects of two horizons.

2.2 Black hole perturbation theory

Perturbation theory is an important technique that is widely used in many branches of physics and other
sciences. It is a mathematical method for finding approximate solutions to problems that cannot be solved
exactly. It involves perturbing an exact solution, which means that the exact solution will be used as a
background to which a perturbation will be added. In this thesis, perturbation theory will be applied to
black holes. Specifically it will be applied to uncharged and charged nonrotating black holes.

2.2.1 Perturbing the metric

It is only interesting to investigate deformed black holes as an isolated Schwarzschild black hole will remain
at a fixed position in spacetime, maintaining its original size and mass. Fortunately, a physical black hole is
located in space, where other objects reside that also generate a gravitational field. The field of any external
object will perturb the gravitational field and therefore the metric of the black hole. Assuming the deviation
from the original metric is small, it is quite natural to use perturbation theory to describe the metric after
the perturbation.

In this thesis, black hole perturbation theory will be used to study the deformation of different black
holes in the presence of an external tidal field. The external tidal field will be described as a perturbation of
the metric of the black hole under consideration. Black hole perturbation theory can be written in a general
way as:

Gap = Gag + Py + 250 + O[E?), (2.2.1)

where € is a small constant, gas is the full metric, g,z is the background metric and the p((;[)a describe the
i-th order of the perturbation. In this thesis, only perturbing terms of linear order (that is, proportional to



) will be taken into consideration.

2.2.2 Expansion of the perturbation

The perturbation of a spherically symmetric metric can be decomposed into scalar, vectorial and tensorial
spherical harmonics. The scalar harmonics are the standard spherical harmonics Y}, (0, ¢) satisfying the
eigenvalue equation [Q4BDsDp + I(I + 1)]Y'™ = 0, where Q45 = diag(1,sin? ) is the metric of a two-
sphere and D4 is the covariant derivative compatible with this metric. Of the vectorial as well as tensorial
harmonics, there are two types, one with even parity and one with odd parity. The even-parity spherical
harmonics are defined as Y[flm := DAY" and the odd-parity ones are X f{” = —ef DgY'™. For the tensorial
spherical harmonics, the even-parity part can be split into a trace and traceless part. Specifically, the trace
part is given by Q45Y"™ and the traceless part by Y2 with:

1
Y™ .= [DaDp + 5z(z + 1D)QaplY'™. (2.2.2)
The odd-parity tensor harmonics are:

1
fi(sgDB. +eGDA)DY!™, (2.2.3)

Xy =
The parity of a vectorial or tensorial harmonic determines how it behaves under a parity transformation. An
even-parity harmonic is even under a parity transformation, i.e. it remains unchanged, whereas an odd-parity
harmonic picks up a minus sign [1].

2.2.3 Even-parity sector

The metric perturbation can thus be split into a part with even parity and a part with odd parity, corre-
sponding to the component of the perturbation that can be expanded in terms of the even- and odd-parity
spherical harmonics respectively. Only the even-parity sector will be taken into consideration in the rest of
this thesis. Next, the following notation as used in [1] will be introduced for the temporal-radial, angular
and mixed terms of the metric respectively: ¢gup = Gop + Dave, gap = r2Qap + pape and gop = PaBE.
Here, lower case Latin indices run over 0 and 1, thus g, refers to the (¢, r)-part of the metric whereas the
upper-case Latin indices take the values 2 and 3, referring to the angular part. Greek indices will run over
all components, from 0 to 4. The perturbation terms that appear in this notation are:

Pab = D W (1) Y™ (0, 9) (2.2.4a)
lm
Pap = _Ji(t,r)YE" (2.2.4b)
Im
pap =12 (K" (t,1)QapY"™ + G (t,1)YL}), (2.2.4¢)
Im

where the sum runs over the multipole moments denoted by [ and m takes values from —I to [.

As a further simplification, only the quadrupole terms (I = 2) of the multipole expansions will be taken
into account in all upcoming calculations. Furthermore, only situations in which the time dependence is
irrelevant will be considered: time dependence is sufficiently slow such that the tidal forces never take the
body out of equilibrium. In other words, the external time scale is much longer than the internal time scale
related to the body’s internal processes. Therefore, we are in the static tides regime [2].



2.3 Coordinate transformations

Since the metric (including possible perturbations) is a tensor, it is by definition independent of the choice
of coordinates. Therefore, there is a freedom to choose a coordinate system that is convenient for a spe-
cific situation. Also, a coordinate transformation from one coordinate system to another can always be found.

2.3.1 Spherical coordinates

The most obvious coordinates system is the spherical one, exploiting the exact spherical symmetry of an
unperturbed black hole. Then, the Schwarzschild metric will be described by t, r, 8 and ¢ which is how it
was denoted in the introduction. An advantage of this coordinate system is that the metric is diagonal.

Although this might be the most concise way of writing the Schwarzschild metric, there are reasons why
another coordinate system would be preferable. One of these reasons is that a coordinate singularity appears
at r = 2M when the metric is written in this way. When r = 2M, f becomes zero, which is a problem in the
rr-component of the metric, where f appears in the denominator. To see that this is indeed a coordinate
singularity and not a physical singularity, one can refer to a different coordinate system and see that the
singularity does not appear there.

2.3.2 Eddington-Finkelstein coordinates

A coordinate system that is commonly used to remove this coordinate singularity is the Eddington-Finkelstein
coordinate system. Here, radial light rays are used to define surfaces of constant time. In this case, the
advanced-time coordinate v is used instead of t: v = t + 7 + 2M In(r/2M — 1). From this relation follows
that: dt = dv — %, which results in:

ds® = —fdv? + 2dvdr + r2d6> + r? sin® 0d¢” (23.1)

Here, v is called the advanced time (since terms are added to t) coordinate, which is constant on incoming
light cones. The coordinate r is an affine parameter, meaning that it depends linearly on proper time. The
angular coordinates 6 and ¢ are constant along generators of light cones [3].

By writing the metric this way, there is no term where f appears in the denominator, therefore setting
r = 2M no longer gives rise to a singularity. In fact, the range of r is now r € (0, c0), the condition r > 2M
is no longer required. Hence, the interior (where r < 2M) of the black hole can also be described in this
coordinate system. However, there is also a disadvantage of this particular coordinate system, which is that
the metric contains off-diagonal terms.

2.3.3 General coordinate transformation

. . / .
Under a general transformation from one coordinate system z* to another z* | the metric tensor transforms
as:

ozxH Ox¥

=229 2.3.2
In a9z IH ( )

As an example, this will be used to transform from Eddington-Finkelstein to general spherical coordinates.
Using dv = dt + f~'dr and the relevant metric components in the former coordinate system: g,, = —f,

10



Jor = 9gro = 1 and g, = 0, one arrives at:

— @ ’ +2@& + % ’
gttt = 8t Gov 8t 8t Gor 875 9rr

=12 (=f)+2-1-0-1402-0=—f
ov Ov ov Or or Ov or Or

Gir = 815 argvv + aagvr + EEQT’U + aagr'r

—1. (1) (—f)+1-1-140- (ch) 140-1-0=0

+28v8r (oY
g’U’U 8 g’U’l" a’r g’("l‘

— (22 (- f>+2<1

1
. 2. = —
Pl

f

This results in the desired Schwarzschild metric.

2.4 Gauge freedom

It has been shown that the perturbation of a black hole can be expanded in terms of spherical harmonics
of even- and odd parity. Performing this expansion effectively leads to a separation of variables, dividing
the perturbation into one part containing the angular dependence and another part containing the radial
dependence (neglecting time dependence). The radial dependence is what the next part will focus on and
it turns out there is a certain amount of freedom in this dependence. This is a manifestation of gauge
freedom, meaning that the physics that is described is independent of the choice of gauge. Therefore, there
is a freedom to choose a particular gauge, which will be exploited in this thesis.

2.4.1 Gauge transformations

Another way to explain gauge freedom is that there is freedom to perform a gauge transformation, after
which many expressions will look quite differently, but nevertheless they will still be describing the same
physical situation. A general gauge transformation is given by:

Puv — p:“/ = Puv — Vufu - Vuf;t- (241)

Here, V,, is the covariant derivative operator compatible with the background metric.

Even-parity gauge transformations are generated by a dual vector field £, = (Z,,Z4) which can also be
expanded in terms of (only scalar and vectorial) spherical harmonics:

o = Em(r)Y™m(e4) (2.4.2)
Za = EM(r)Yim (04 (2.4.3)

The functions &, &,, and &, capture the r-dependence of the gauge transformation [3].

This gauge freedom (or part of it) can be removed by choosing a particular gauge, which places restric-
tions on the metric perturbation. Two common ones in the field of black hole perturbation theory are the
light cone and Regge-Wheeler gauge, which will be discussed separately.

2.4.2 Light cone gauge

A commonly used gauge in black hole perturbation theory is the light cone gauge. It is convenient to describe
it in Eddington-Finkelstein coordinates because they have a clear geometrical meaning that is preserved in

11



the light cone gauge. There is only one property of the coordinates that is not preserved in the light cone
gauge, which is that of r as an areal radius.

The preservation of the geometrical meaning of the coordinates is ensured by specific conditions that the
light cone gauge places on the metric. These gauge conditions are generated by the null vector: [, := =V v =
(—1,0,0,0) and (raising indices with the metric in Eddington-Finkelstein coordinates) I = (0, —1,0,0). The
metric can be used to raise (or lower) the index of this null vector: I, = gagl”. Writing the metric as the sum
of the background metric and a linear perturbation term and demanding that I, = (—1,0,0,0) continues to
hold for lo, = (Gup + Pap)l? leads to the condition: p,, = 0. Four gauge conditions result from this:

Puvr = Prr = PrA = 0 (244)

These gauge conditions are relatively simple algebraic conditions, which is another advantage of the light
cone gauge [3].

It is important to note that, choosing a specific gauge does not necessarily fix the gauge completely, there
may be residual gauge freedom. In that case, there are specific functions generating a gauge transformation
that can be added to the perturbation. Adding these functions will still alter some of the expressions but
the components of the perturbation will continue to obey the light cone gauge conditions. In particular, the
light cone gauge conditions are obeyed as long as the &, & and & satisfy:

5, 06 oM,
ar + 0 + 757” =0 (2.4.5a)

X%
5 =0 (2.4.5b)

0¢ 2
e - = (2.4.5¢)

These equations are obeyed by the functions:

& =—af+b (2.4.6a)
& =a (2.4.6b)
§=ar+cor?, (2.4.6¢)

where a, b and ¢ are arbitrary constants. This means that in the light cone gauge the functions generating
the gauge transformation need not be identically zero. There is still some freedom to change the functions
describing the metric perturbation, while keeping them within the light cone gauge. This residual gauge
freedom changes the components of the perturbation in the following way:

2M

hyy — h;w = hyy + 71) (2478,)
Jo = Jy = ju+af =b (2.4.70)
2
K—>K’:K+§a—fb+6c (2.4.7¢)
T r
2
G—-G =G—=a—2c (2.4.7d)
r

The components that are not listed here do not change [3].

2.4.3 Regge-Wheeler gauge

Despite the advantages of the light cone gauge, it is not the gauge that is used most frequently in literature
on black hole perturbation theory, the Regge-Wheeler gauge is. While it does not preserve the geometrical
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meaning of the coordinates, nor lead to asymptotically-flat solutions far away from the perturbation, the
equations describing the perturbations are simpler than in the light cone gauge.

The Regge-Wheeler gauge conditions are:
tDap = 0 =t"pup, (2.4.8)

where t¢ is the timelike Killing vector of the Schwarzschild spacetime: t* = —£%7,. In the coordinates used
here, this Killing vector is: t* = (1,0). Writing out the above equation, the Regge-Wheeler gauge conditions,
again for the even-parity sector are: j, = 0 = GG. Another disadvantage of the Regge-Wheeler gauge is that it
effectively sets the transverse trace-free part of the perturbations to zero (G = 0), making it hard to extract
any gravitational radiation information [4].

In terms of the expansions of the perturbation in terms of scalar, vectorial and tensorial harmonics, the
Regge-Wheeler gauge conditions can be written as: j, = j. = G = 0. Let us investigate if this leaves any
residual gauge freedom, as was the case in the light cone gauge. For that, equations (4.6)-(4.9) of Martel
Poisson will be used. To stay within the Regge-Wheeler gauge, first of all we must have: G’ = G = 0, and
therefore ¢ = 0. Furthermore, j, = j, and hence: &, + V,£ =0 = £, = 0. The same with j. = j, leads to
& = 0. Hence, there is no residual gauge freedom in the Regge-Wheeler gauge.

Part of the Regge-Wheeler gauge conditions can be denoted by setting specific component of the metric
perturbation to zero. Writing it in a similar way as was done for the light cone gauge leads to:

Poa = pra =0. (2.4.9)

In addition, the Regge-Wheeler gauge conditions set the traceless part of the angular part of the metric
perturbation to zero.

2.5 Love numbers

The goal of this thesis is to describe how certain black holes are deformed under the influence of external
fields. To describe such deformations, the Love numbers of the black holes will be calculated. These are di-
mensionless quantities characterizing the deformation of astronomical objects under the influence of external
forces. Essentially, Love numbers capture how difficult it is to deform a black hole. Whether the shape of the
surface is deformed or the gravitational potential is perturbed, there is a Love number to quantify it. Hence,
there are multiple types of Love numbers, also depending on the type of black hole under consideration.

First, the two most general Love numbers are defined that can be calculated for any black hole. An
external gravitational field can lead to a deformation of the surface of the black hole, but it will also affect
the gravitational field of the black hole. The quantities characterizing such deformations will simply be called
Love numbers here.

When the bodies that give rise to external fields are charged, they will also produce an electromagnetic
field. Such a field can affect the charge distribution on the surface of the black hole. Furthermore, if the
black hole is also charged, its electromagnetic field will be perturbed by the external one. The effects of an
electromagnetic field on a black hole are characterized by what will be called electromagnetic susceptibilities
which can be thought of as "electromagnetic Love numbers".

In this thesis, only the quadrupole Love numbers will be calculated. However, the definitions will be

given in terms of the full multipole expansions and only when specific values are calculated we will restrict
ourselves to the quadrupole part, setting [ = 2.
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2.5.1 Surficial Love numbers

The following definition of surficial Love numbers is convenient since a relativistic generalization is quite
apparent due to its tensorial (and thus coordinate-invariant) formulation. The deformation of the initially
spherical surface of the body can be translated into a change in the intrinsic curvature of the surface. This
intrinsic curvature is represented by the two dimensional Ricci scalar R that can be derived from the metric
on the deformed surface (which is two dimensional), which is to first order in the surface displacement:
ds? = R%(1+ 20R/R)d2%. The corresponding perturbed Ricci scalar, again to first order, is then:

1
R = ﬁ(2+57€)’ (2.5.1)
where JR is the change of the Ricci scalar describing the intrinsic curvature of the original, spherical surface
and R is the radial position of the surface (for Schwarzschild: R = 2M). The surficial Love numbers h; then
feature in the spherical-harmonic decomposition of this perturbation of the Ricci scalar:

=2 Z lﬁhl RZH Er(8,9)0r. (2.5.2)

where L is a multi-index containing ! individual indices, L = ajas...a; and [ again labels the different
multipole terms. Hence, there are many different surficial Love numbers, one for every [. Recalling that
the external field that gives rise to this multipole perturbation of the Ricci scalar can also be expanded into
multipole moments the surficial Love number can then be defined as: The dimensionless ratio between the [-
th multipolar component of the deformation and the I-th multipolar component of the external gravitational
potential [2].

2.5.2 Gravitational Love numbers

The gravitational Love numbers are defined far away from the black hole, in the far-field regime. It turns
out that the gravitational Love numbers actually come in two guises: an electric-type gravitational Love
number that is associated with the gravito-electric part of the tidal gravitational field and a magnetic one
associated with the gravito-magnetic part. To describe gravitational Love numbers, the tidal field as well as
the multipole moment of a mass distribution must be characterized [5].

By comparing the Newtonian potential with the weak-field limit of the vv-component of the perturbed
metric, the latter can be written in terms of the effective potential as: g,, = —(1 — 2U). The gravitational
potential from classical mechanics can thus be written in terms of a component of the metric which is
a general relativistic quantity: U = %(vi + 1). When the spherical body is embedded in the external
gravitational potential produced by the remote bodies, the total potential can be written as:

(oo}
1=
where L is again a multi-index and I, are the induced mass multipole moments. The first sum captures the

applied [-pole tidal field, whereas the second sum corresponds to the induced l-pole moment and the M /r
term in the middle represents the Newtonian potential of the black hole itself.

L5L + —

M, i (20 — )ty (25.3)

I plt+l?
=2

Since we are dealing with a weak and slowly varying external tidal field, the induced multipole moments
are proportional to the external, applied multipoles. The constant of proportionality involves the tidal love
number k;:

2(1 — 2)!

I = ———— "k RPTLEL 2.5.4
L S 1RTTEL (2.5.4)
This can be used to express the gravitational potential in the following way:
M =2 2041
U=—- l; TR [1+ 2k (R/r)? 1] . (2.5.5)
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To remove the multi-index L and make the notation more intuitive, the field n”“&;, can be expanded in
terms of spherical harmonics that we have encountered before in this thesis. Such an expansion is given by:

l
n"(0,0)EL = > EmYim(0,9) with Eim = ]{ nEY 1, dQ (2.5.6)
S

m=—1

Finally, the full gravitational potential then reads [6]:

M -2,
U="7=d g bmr

20+1
1+ 2k, (f) : ] Vi (0, ). (2.5.7)

Ilm

In this expression, the Newtonian potential of the black hole itself with mass M can be identified, as well
as the external potential defined in the previous section. The additional term, proportional to k; denotes
the (gravitational) multipole moment that is induced in the black hole. The dimensionless proportionality
constants k; are in fact the gravitational Love numbers, of which there again exists one for every multipole
term, thus for every [. The exact definition for gravitational Love numbers is then: the dimensionless
ratio of the [-th multipolar component of the body’s induced gravitational potential and the I-th multipolar
component of the external gravitational field [7].

2.5.3 Electromagnetic surficial Love numbers

The electromagnetic surficial Love numbers characterize how the charge distribution on the surface of the
black hole is distorted by an external body. Figure 2.5.3 provides a sketch of the situtation: on the left is the
situation before introducing external bodies, where the charge of the black hole is evenly distributed over its

surface. Once an external body that is also charged is introduced, the charge will be pushed more to one
side of the black hole.

( ) - @

o]

Figure 2.1: The surface charge distribution without (left) and with (right) and external body.

Recall that polarizability is the tendency of matter to acquire a multipole moment when subjected to
an external field. More precisely, the polarizability of an object is the constant of proportionality between
the external field and the multipole moment induced by this field in the body under consideration. Hence,
gravitational Love numbers can alternatively be called gravitational polarizability [8].

The reason for making an analogy between Love numbers and polarizability is that there are multiple
similarities between the two. The total gravitational potential outside the body under consideration is made
up of the potential caused by the body itself, the external field and the field induced in the body (or the
body’s response). Similarly, the total polarization is a combination of any frozen-in polarization, the original
field causing the polarization and the new field induced by the external field.

The electromagnetic surficial Love numbers describing the effect of external bodies on the electromag-
netic field of the black hole are in fact the polarizability of the black hole. The deformation of the charge
distribution on the surface leads to a polarization of the black hole, the size of which depends on the external
field and these electromagnetic surficial Love numbers.
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The value of these Love numbers can be extracted from the surface charge density on the outer horizon:

:47r

1 {8140(7“)}
o |oony MLQ27

where Ajg is the zeroth component of the electromagnetic potential A,. How the electromagnetic surficial
Love numbers h can be extracted from this is explained in [8].

The angular part of Ay can be expanded expanded into spherical harmonics P;(cos 6) to obtain:

Ao(r) = ingz(r)Pz(cos 0), (2.5.8)
=0

where the 7; are the electric analogs of the tidal coefficients introduced in [8]. Similarly, for o the following
expansion can be made:

o= ZalPl(cos 0). (2.5.9)

1=1
Then, the hFM can be extracted from:

4w Ro; = WM R (2.5.10)
with R =M + /M2 — Q2.

2.5.4 Electromagnetic far-field Love numbers

The electromagnetic far-field Love numbers are defined in the same way as the gravitational Love numbers,
only the former are not related to the gravitational potential but to the electromagnetic potential. Therefore,
a multipole expansion must be made of the zeroth component of the electromagnetic potential (Ap) instead
of the 00-component of the metric (through U = *%(gvv +1)). These Love numbers are again defined far
away from the black hole, hence far-field. The definition of the electromagnetic far-field Love numbers is:
the dimensionless ratio of the [-th multipolar component of the body’s induced electromagnetic potential
and the /-th multipolar component of the external electromagnetic field.

2.5.5 Overview of Love numbers

In this section, all types of Love numbers that can be defined for a Schwarzschild and a Reissner-Nordstrom
black hole are summarized in a table. For a Schwarzschild black hole there are two kinds, the surficial
and gravitational ones. For a Reissner-Nordstrom black hole, these two kinds can also be defined and in
addition the electromagnetic surficial and far-field Love numbers can be defined. Each cell in the table briefly
describes what the corresponding Love number characterizes.

Love number /black hole type Schwarzschild Reissner-Nordstrom
Surficial Surface deformation Surface deformation
Gravitational Induced grav. multipole moment | Induced grav. multipole moment
Electromagnetic surficial X Distorted charge distribution
Electromagnetic far-field X Induced e.m. multipole moment

In the table, grav. is an abbreviation for gravitational and e.m. for electromagnetic.
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Chapter 3

Black holes in an external tidal field

Now some specific applications of black hole perturbation theory will be considered. The discussion will
feature neutral and charged black holes, both of which will be investigated in the Regge-Wheeler as well
as the light cone gauge. Everything will be described in terms of Eddington-Finkelstein coordinates, unless
mentioned otherwise.

3.1 The background

For both black holes that will be considered, the following notation for line element of the background metric

will be used:
ds? = gapda®da® + r’Qapdo*do® (3.1.1)

where lower-case Latin indices run over 0 and 1 (¢,7) and the capital indices run over 2 and 3 (the angular
part, 8 and ¢). The second, angular part will be the same for the uncharged and charged black hole, whereas
the first part will differ in both cases.

3.2 Charged black hole in Regge-Wheeler gauge

The procedure will be described in an order different to how it was carried out. Actually, perturbation theory
was first applied to the Schwarzschild black hole in both gauges. That is because the equations arising from
perturbation theory are simpler in this case, making it more convenient to become familiar with black hole
perturbation theory. The reason that the description will be in a different order, is that the Schwarzschild
expressions are supposed to follow from the Q — 0 limit of the Reissner-Nordstréom expressions, which will
be checked later.

For this reason, only perturbation theory applied to a Reissner-Nordstrom black hole will be described in
detail here. The procedure will be repeated twice, once in the Regge-Wheeler and once in light cone gauge.
The Regge-Wheeler gauge will be discussed first since the equations resulting from the corresponding gauge
conditions are simpler in this gauge.
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3.2.1 Metric perturbation

Using the conditions for the Regge-Wheeler gauge as given in section 2.4.3, the non-zero components of the
perturbed metric tensor up to second order are, as defined in ref. [1]:

gie = —f + fHo(r)EY(H, p)e + O[e]? (3.2.1a)
gir = Hi(r)EY(0, )e + O[e]? (3.2.1b)
Grr = % * Hzf(?“) £9(0, p)e + Ole)? (3.2.1c)
gap = 12K (r)Qap&(0, ¢)e + O[e]?. (32.1d)

Here, £9(0, ¢) captures the angular dependence which can be expanded in terms of spherical harmonics.
The functions that are to be determined in this case are Hy(r), Hi(r), Ha(r), K(r), that capture the radial
dependence of the perturbation. These functions were originally defined in the (¢, r, 8, ¢)-coordinates but
since Eddington-Finkelstein coordinates will be used here, a transformation must be performed, leading to:

oo = —f + FHo(r)E(0, $)e + Ole]?
Gor = 1+ (Hy(r) — Ho(r))E9(0, d)e + Ole]?

Gr = Ho(T) — Hlf(r) + HZ(T) 5q(97 ¢)€ + 0[5]2 3.2.2¢

3.2.2a)

(
(3.2.2b)

)
gap = r*K(r)QapEl(0, ¢)e + O[e]>. (3.2.2d)

3.2.2 The stress-energy tensor

In the linearized Einstein field equations, the perturbed Einstein tensor will feature on the left-hand side. For
the right-hand side, the linearized stress-energy tensor must be determined. To do this, the electromagnetic
vector potential including a perturbation will be used as a starting point. In (¢, r, 6, ¢)-coordinates the
vector potential is: A, = (—Q/r,0,0,0) which will also have to be transformed to Eddington-Finkelstein
coordinates to obtain: A4, = (-Q/r,Q/(fr),0,0).

The electromagnetic tensor can be calculated from this using the formula:
F, =20,A,) = 0,4, —0,A,. (3.2.3)

However, just like the metric, the vector potential also has to be perturbed. The perturbation can be written
as:
uy (r ug(r) — uy (r
o = (er(o,0), 20 en(5, ), g0, 0) w0 ). G24)
which is already in the right coordinates and introduces three additional unknown functions u(r), us(r)
and wuz(r). This perturbation leads to a perturbation in the electromagnetic tensor, which in turn leads to
a perturbed stress-energy tensor.

With the conventions that are being used in this thesis, the full expression for the stress energy tensor is:

1 [0} 1 [e3%
Ty = 4= (FM Fra = 5 9uF ﬁFaﬁ> . (3.2.5)

These expressions for the perturbed metric and stress-energy tensor can be plugged into Einstein’s equations
to obtain differential equations for the seven undetermined functions. Before listing all of the equations,
the 0¢- and vr-component of Einstein’s equations will be used: %(—Hg(’/‘) + Ha(r))e + O[g]* = 0 and
—?’H;# + O[e]? = 0. Only using perturbation theory up to first order, the O[¢]? term can be set to zero
which yields: Hy(r) = Ha(r) and Hi(r) = 0. Hence, only five unknown functions Ho(r), K(r), u1(r), ua(r)
and wuz(r) remain, which means we also require that number of equations. The full set of equations can be
found in Appendix A.
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3.2.3 Additional constraints

In addition to Einstein’s equations, Maxwell’s equations must hold, providing additional constraints to
determine the unknown functions. In terms of the electromagnetic tensor, Maxwell’s equations are: D*F),,, =
0. Here, D" is the covariant derivative compatible with the full, linearized metric g,,. Another constraint
can be derived from exploiting the gauge freedom in the electromagnetic sector by picking a convenient
gauge. For example, the Lorenz gauge can be chosen, which entails the condition D#A, = 0. To avoid an
abundance of equations, the full set of Maxwell’s equations and the equation resulting from the gauge choice
are also presented in Appendix A.

3.2.4 Undetermined functions

Here, only the equations that were used to find the functions Hy(r), K(r), ui(r), ua(r) and us(r) will be
listed. First of all, plugging Hy(r) = Ha(r) and Hi(r) = 0 into the §-component of Maxwell’s equations and
the Lorenz gauge provides two equations that only contain ug(r) and usz(r).

% ((Q% —2Mr? + r3>d2§j2(7“) — 92 dujy) + (2Mr — 2Qz)d“d37£r) + 2ru2(r)) =0 (3.2.6a)
P220) ) —3us() =0, (3:2.00)

dr

With two equations and two unknowns, the equations can be solved to obtain expressions for us(r) and
uz(r). These have been solved using Maple which is generally better at solving differential equations than
Mathematica. The above equations are solved by these expressions for us(r) and us(r) respectively:

ug(r) = 71”([(2 ((3Q2M —3Q% — 6M?r +9Mr? — 37«3)% llog (1 — \/%) — log (1 + ZW—T)]

+ (2Q% + M? — 6Mr + 3r%)\/ M2 — Q2> + K1 (—Q°M + Q°r + 2M?r — 3M7r? +17) ) (3.2.7a)

us(r) = Ko ((—2M2 +6Mr — Q% — 37“2)% llog (1 - %) —log (1 + W)]

+3(r — M)\/m) + K, (7«2 —2Mr + %(QQ + 2M2)) ) (3.2.7b)

These expressions contain two free parameters K; and K5 that are dimensionless and independent of 7.
The parameters can still depend on a dimensionless combination of Q and M and this dependence will be
determined later.

Two more components of Maxwell’s equations and all of Einstein’s equations remain to find expressions
for uy (1), Ho(r) and K (r). To solve Einstein’s equations, the r¢-component of Einstein’s equations was used
first to express K'(r) (where the prime indicates a derivative with respect to r) in terms of u(r), Ho(r) and
derivatives thereof. Furthermore, the rr-component of Einstein’s equations can be used to express K(r) in
terms of uq(r), Ho(r) and derivatives thereof. Of course, the derivative of the latter expression must agree
with the former expression. In other words, the difference between first expression and the derivative of the
second is set to zero, which provides us with a new equation:

Q? — Mr dHy(r) ~ Qduy(r)

K(r)=—
(r) 2r dr r o dr
Q*+ Q%*r? + 2r2(—M? — Mr +r?) Q% - Qr
H 3.2.8
* 2r2(Q2 + r(—2M + 1) o)+ mgr e ) (3:28)
This equation together with the v-component of Maxwell’s equations with the expression for dl;(_r) plugged
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in leads to two equations for the two unknowns wu;(r) and Hy(r):

Q? — Mr d>Hy(r) B QdZul(r)

0=- 2r dr? r  dr?
Q* — MQ? + Mr*(—M +r) dHy(r) 2(Q% — MQr) duq (r)
TR (M 1)) & PP (2M 1) dr
—Q% +3MQ*r + 3Q*r3(—2M +r) + Mr3(—2M? + 6Mr — 3r?) "
i r3(Q% 4+ r(—2M +r))? o(r)
2Q(Q* +73(=3M +7) + Q*r(—3M + 4r))
B r3(Q2 + r(—2M +1))2 uy (r) (3.2.9a)
0= Q? —2Mr +1? d>ui(r)  Q(Q%*r + (—=2M + 1)) dHy(r)
N r3 dr? * r4 dr
3 2 2
+ 2(-Q +MQT) Ho(r) + 4Q” — 6r ul(r) (3.2.9b)

ro rd

The solutions of these equations can then be plugged into eq. (3.2.8) in terms of the these functions to
find an expression for K(r). The solutions of egs. (3.2.9a), (3.2.9b) and (3.2.8) for Hy(r), u1(r) and K(r)
are:

Ho(r) = Cas (_M(Q2 +r(—2M + r))) L Oy (_ (4M +7)(Q2 + r(—2M + r)))

r T

1
+ sy

+ M?(49Q%r + 57r%) — M(13Q* + 34Q%r? + 15r%)) — g(le2 + Q% — 5Mr)(Q* + r(—2M + 7))

M—r M—r
M:QQ - 3Mr> L (18M2r —r(Q*+ rj) —4M(Q? + 3r2)>

(m@wr £ 5Q 4 3Q% — 203(Q + 282)

K(r) = Cy, <4M2 -
3
+ O, (\/MQ +Q2(2M3r +13MQ? — 21 M?r — 9Q%r + 15Mr?) + 5(6M3r —4AM*(Q? 4 3r?)

— Q%(Q? + 3r%) + M(9Q%r + 51)) - ) (3.2.10b)

lo <1_]\M> —1lo (14—]\47")
3 \/m g \/m
) = €y (- AN QM 1))
(@ +7(=2M + 7)) (—4M?r + Qr + 4M(Q* + 7)) ))
2Qr

+C (%127“ ((M —Q)(M + Q)(4M™*r + 5Q"r + 3Q%r® — 2M*(Q* + 12r%) — M(13Q" + 21Q*r?)

+Chp (-
+ 12M?(3Q%r +13)) — ;(fcf + (2M — 7)) (4M3r + 6 MQ*r — (4M? + Q?)(Q* + %))

: [bg (1 - %) —log (1 + \/%ﬂ )) (3.2.10¢)

that involve the dimensionless constants Ci,, C1p and Cs.
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3.2.5 Behaviour of the Reissner-Nordstrom perturbation in the Regge-Wheeler
gauge

This section contains plots of the two functions Hy(r) and K (r) describing the metric perturbation in the
Regge-Wheeler gauge, as a function of the dimensionless variable /M. Specifically, figure 3.1 and 3.2 show
how the part of the solutions of Hy(r) and K(r) proportional to C; behave respectively. To make these
plots, Cy was set equal to zero and the two constants C7, and C4, were combined into the constant C in
the following way: Cy, = —4C7, = C;. Why this particular combination was chosen will be explained later.
The functions that will be plotted are the following:

2 _ 2M 2
Ho(r) = ,QM—Q”“’Q (3.2.11a)
Q2 +T2

Each plot contains multiple lines, with each line corresponding to a different value of @), from 0 to very close
to M.

First consider the effect that the charge of the black hole has on the part of the perturbation given by
eq. (3.2.11a). From a cosmological perspective, the scale of the plot is quite small, only from the center
of the singularity to about five times radial distance of the horizon (where it would be for a Schwarzschild
black hole). Hence, any differences between the different lines should be particularly evident given that the
effect of the charge @ is larger for smaller r. Despite that, the different lines representing plots of Hy(r/M)
for different values of @) almost completely overlap. This means that the behaviour of this part of the per-
turbation is barely (if at all) affected by a change of the charge of the black hole.

Next, consider the behaviour as a function of r/M: As r/M increases, corresponding to a displacement
away from the black hole, the plot becomes steeper downwards. Thus, the value of the function is becoming
increasingly negative at an increasing rate.
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Figure 3.1: The Cy part of the solution Hy(r/M) for different values of Q.

The same holds for the part of the perturbation given by eq. (3.2.11b) that is plotted in figure 3.2:
on the scale of the figure, the plot does not change visibly when the charge of the black hole changes.
Furthermore, the overall behaviour is similar: upon moving away from the black hole, the absolute value of
the perturbation increases at an increasing rate.
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Figure 3.2: The C; part of the solution K (r/M) for different values of Q.

3.3 Schwarzschild black hole in Regge-Wheeler gauge

The expressions for Hy(r) and K(r) for a Schwarzschild black hole (for which u;(r) = 0) in the Regge-
Wheeler gauge can be found by solving the vacuum Einstein equations. These are simply G, = 0 since
there is no stress-energy tensor in this case. An even more efficient way of obtaining these solutions is by
taking the limit @ — 0 in the solutions of the Reissner-Nordstrom black hole. Since these solutions have
already been found, the latter method is more efficient. Both methods should yield the same result thereby
providing a useful check on the calculations.

3.3.1 The limit of the Reissner-Nordstrom solutions

First consider the part of the solutions given by equations (3.2.10a) and (3.2.10b) proportional to Cj, and
C1p. When taking the limit @@ — 0 of the terms, the resulting expressions do not solve the vacuum Einstein
equations. An additional condition must be obeyed before all Einstein equations return zero. It is logical
that this additional condition is required, since the nonvacuum solutions contain three free constants Ci,,
C1p and Cy whereas the vacuum solutions only have two degrees of freedom (two independent solutions).
The condition is: Cy, = —4C1p, which indeed leaves two free constants in the vacuum solutions. This
condition was derived by plugging the @ — 0 limit of the expressions for Hy(r) and K(r) into the vacuum
Einstein equations. Not all components of these returned zero unless the condition Cy, = —4C1;, was obeyed.

There was a seemingly similar problem with the term proportional to Cs since the limit @@ — 0 of that
term did not solve the vacuum Einstein equations. However, in this case there is not the possibility to com-
bine two constants since there is only one. Initially, this part of the solution was given as a complex function
containing an arctan, which was rewritten with the hope that it would solve the problem. Unfortunately, in
the form it has in eq. (3.2.10) the problem persists. Based on the solutions for the Reissner-Nordstrém black
hole, the expectation was that there would be another solution in the Schwarzschild case as well. Therefore,
the vacuum Einstein equations were solved nonetheless, to see if that yielded any additional solutions. Apart
from the same solution as was obtain by taking the limit ¢ — 0 of the Reissner-Nordstrém solutions, another
solution was indeed also found.

By combining the results from both methods, the following expressions for Hy(r) and K(r) for a
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Schwarzschild black hole are then obtained:

Ho(r) = ———|ou( (1200707 — 120007 4 374 log |1 - e B VR T Y o
2M —r)r T
+ Oy (4M?r? — AMr® + 7‘4)] (3.3.1a)
Hi(r)=0 (3.3.1b)
Hy(r) = Ho(r) (3.3.1¢)
1 2 3 2M 3 2 2 2 3
K(r)=—|Ca| (6M"r —3r°)log |1 — — | +4M"° — 6M=r —6Mr=) | + C1(2M=r —1°)|. (3.3.1d)
T T

So, the solution proportional to C'; was found with both methods whereas the solution porportional to Cs
was only found by solving the vacuum Einstein equations. Therefore, the constant Cs is (most likely) not
the same as the one that is in the expressions of equation (3.2.10).

Equation (3.3.1) contains the expressions encoding the radial dependence of the perturbation of the
Schwarzschild metric in the Regge-Wheeler gauge. The expressions contain two dimensionless constants,
meaning that they represent a combination of two independent solutions. Unfortunately, the part of the
solutions of the Reissner-Nordstrom perturbation proportional to Cs do not carry over to the Schwarzschild
solution proportional to Cy in the limit ) — 0. This discrepancy will be elaborated on later.

The full set of equations that the above expression solve can be derived from equations found in the
Appendix. This is done by taking the limit  — 0 of the Einstein equations of the Reissner-Nordstrém black
hole in the Regge-Wheeler gauge. The functions uy(r), uz(r) and us(r) all become zero, as they should since
we are now dealing with a neutral black hole which is described by the vacuum Einstein equations.

3.3.2 Behaviour of the Schwarzschild perturbation in the Regge-Wheeler gauge

This section contains plots of both (parts) of the solutions for the functions Hy(r) and K(r) as a function
of the dimensionless /M. In these plots, the part corresponding to Hy(r) is represented by a solid red line
and the part corresponding to K (r) is represented by a dotted blue line. The first plot depicts the Cy part
of either of the solutions and the second plot shows the C5 part.

The lines in figure 3.3 can also be found by taking the line corresponding to @ = 0 in figures 3.2.11a
and 3.2.11b. In other words, the plot shown in figure 3.3 is already contained in the previous ones, thus
they will only be described briefly here. The plot starts at the center of the black hole at » = 0. Due to
the fact that the solutions are described in terms of Eddington-Finkelstein coordinates, the solutions are
also valid inside the event horizon at r/M = 2. The lines corresponding to this first part of the solutions
are decreasing. However, since they start around zero the fact that they go down means that they become
increasingly negative.
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Figure 3.3: The C part of the expressions Hy(r/M) (in solid red) and for K (r) (in dashed blue) as a function
of the dimensionless /M.

The lines plotted in figure 3.4 do not have a corresponding one in the plots of the Reissner-Nordstrém
perturbation. In this figure, the horizontal axis starts from a value of 2 for /M which represent the position
of the horizon of the black hole. At the horizon of the black hole both terms are infinitely large, which
can also be concluded from plugging r = 2M into the corresponding expression. Upon moving away from
the horizon, both lines decrease, similar to the plot of the first solution. However, in this case the lines
are moving towards zero, meaning their absolute value is decreasing, rapidly approaching zero. This means
that somewhat away from the black hole, these terms can already be neglected. This might be (part of) the
reason why finding a solution for the Reissner-Nordstréom perturbation that resulted in term plotted here in
the limit @ — 0 was unsuccessful (again, more in this later).

2.0 ; .
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Figure 3.4: The C; part of the expressions Ho(r /M) (in solid red) and for K (r) (in dashed blue) as a function
of the dimensionless r/M.

From the above it can be concluded that the first part of the solutions of Hy(r) as well as K (r) quickly
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becomes dominant over the second part upon moving away from the singularity.

3.4 Reissner-Nordstrom black hole in light cone gauge

In this section, the procedure described above will be repeated in the light cone gauge. Since a different
gauge simply represents a different way of describing the same black hole, the equations involved are still
Einstein’s and Maxwell’s equations. The equations will look differently and contain different undetermined
functions of r as the perturbation is restricted by different gauge conditions.

3.4.1 Metric perturbation

With the restrictions on the metric perturbation given by the light cone gauge conditions, the non-zero
components of the perturbed metric in the light cone gauge can be written as follows:

Guv = _f - T2elgq€ + 0[6]2 (3413)
Gor =1 (341b)
2
Goa = —57"36451%8 + 0[¢]? (3.4.1c)
1
gAB = T2QAB — 16753136 + 0[6]2. (3.4.1d)

The e1(r), e4(r) and e7(r) are the functions of r describing the perturbation in the light cone gauge and that
are to be determined by means of Einstein’s equations.

3.4.2 The perturbation functions

The procedure to determine the right-hand side of Einstein’s equations is the same as in the Regge-Wheeler
gauge and again involves the functions uq(r), ue(r) and us(r). However, it cannot a priori be assumed
that these are the same functions as the ones in the Regge-Wheeler gauge. Therefore, they will have to be
determined again, which can proceed in a similar way as for the Regge-Wheeler gauge by plugging them into
Einstein’s equations. However, these equations turned out to be too difficult to solve directly. Even trying
similar things as before, like combining two equations or writing one parameter in terms of the others proved
unsuccessful. Therefore, a different coordinate system was eventually chosen with ¢ instead of v, in which
the background metric is diagonal and the electromagnetic potential is also less complicated.

In this coordinate system, the Einstein and Maxwell equations where solved, with the following results:

eilr) = 3%5 [Cla < — 2M7(—=3MQ* + AM*r 4 2Q*r — 4AM7? + 7‘3)>

o (r(mM?”' +3(Q% +1%) — AMr(Q* + 2r2))> +C5(6M3(—Q* + MT))] (3.4.2)
eir) = 55 [Cra (20 =)+ Cu (P08 Q410 ) - cular° 17 (3.43)
erlr) = 37103 [Cl“ <2M(4M - 37“>T> + Clb(?“(—22M2 +12Mr + 3(Q% + r2))) —Cy (6M3)} (3.4.4)
i) = o [Cl" <2M FRM2r + 2Q%r + 1% — 3M(Q? + r2>>>

o ( M+ (3Q7 — 12M7)(Q° +7%) + 2Mr(Q + 2r2)>> +Cs (6M3Q2)} (3.4.5)

In the Regge-Wheeler gauge, a term was found that did not have the right limit @) — 0, but such a term
was not found in the light cone gauge. However, there was an additional term without any log or arctan.
Hence, the expressions now contain three undetermined, dimensionless constants without a log term, which

25



is one more than in the Regge-Wheeler gauge. There is an additional C3 term that is not present in the
Regge-Wheeler gauge, which is why the constant was called C3. A gauge transformation must exist between
the Regge-Wheeler and light cone gauge. However, such a transformation would only make sense if the
solutions in both gauge have the same number of degrees of freedom. Therefore, there most be some way to
get rid of this additional constant in the light cone gauge. As it turns out there is and it is due to the fact
that there is residual gauge freedom in the light cone gauge.

In a later section, it will be explained how it was attempted to find a solution containing a log, similar
to the term proportional to Cy in the Regge-Wheeler gauge.

3.4.3 Exploiting residual gauge freedom

The e1(r), eq(r) and er(r) are expressions representing the perturbation of the Reissner-Nordstrém black
hole in the light cone gauge. The three constants Ci,, C1, and C5 are as of yet undetermined constants,
independent of r. As was noted, compared to the perturbation in the Regge-Wheeler gauge, there is an
additional constant in this case. This is undesirable since a gauge transformation must exist between the
solutions in both gauges, which is not possible if they have a different number of degrees of freedom.

It is possible that this additional constant is a manifestation of the residual gauge freedom present in
the light cone gauge, which will be investigated now. First recall from eq. (2.4.7) how the residual gauge
freedom affects the perturbation functions and use: h,, = —r2e;(r)€9(0,¢). Only looking at r dependent
term proportional to C and plug it into a version of eq. (2.4.7a) that includes the charge:

M3 (Mr — Q?)
hyo(T) = 0+ r—302. (3.4.6)
Since this term must be cancelled, we must have:
M*(Mr — Q%)

W= Oy 2

Mr — Q2
= Fb=0 (3.4.7)

which is zero if b = —%C3M3.

Then looking at h,4 = j,Ya = —57" 3eq(r)E4(0, ¢), which leads to: j,(r) = —%7‘364(7“). When this is
plugged into equation 2.4.7b, the following term proportional to C5 is obtained:

M3©2r (M +r) — Q2 1
i = (2r( 6; r-@ Cy+af + S MCy (3.4.8)
B oM Q2 Q2 1
= (- 224 ) -2, )M, (3.4.9)

This can be made zero by setting a = —%M303.

There is still e7(r), which features in hgg = —5riez(r)Ed, (0, ¢). Using €4 5(6,0) = E9Yap(0,¢) (where

summation over repeated suppressed multipole indices is implied [9]) we can read off: K = 0 and G =

—%r4e7( ). This can be plugged into equation 2.4.7d to obtain:

1 2
G =..——M3C5—=a—2c
3r r
1 2M3
= —3—M‘303+ o C3 —2¢

Since the first two terms already cancel, we can set ¢ = 0. From this it can be concluded that the Cs-term
in the light cone gauge solutions can be considered a manifestation of the residual gauge freedom in this
gauge [3]. This means that one of the solutions can be cancelled by setting a = —%M?’C;g, b= —%CgM?)
and ¢ = 0 in the functions generating the residual gauge freedom. Thus there is a freedom to remove the Cs
solution while remaining in the light cone gauge, which is why that solutions will be disregarded from now on.
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3.4.4 Behaviour of Reissner-Nordstrom perturbation in the light cone gauge

This section contains plots of the three functions describing the metric perturbation, as a function of the
dimensionless variable r/M. Each plot contains multiple lines, with each line corresponding to a different
value of @, from 0 to very close to M. The scale of the horizontal axis is the same as it was in the plots for
the Regge-Wheeler gauge.

For the same reason as in the Regge-Wheeler gauge, that the solutions for the Reissner-Nordstrom
perturbation must solve the vacuum Einstein equations in the limit () — 0, the condition C;, = 2C1, = C}
must now hold. This means that the plots below are of the following functions:

_ r(Q+r(=2M 1))

61(7“) 5 Cl (3.4.10&)
T
2 4
ea(r) = ¢ J””(;M e, (3.4.10b)
2 2 2
en(r)y = L 2MTE (3.4.10c)

r2

Figure 3.5 shows ey (r/M) for four different values of (). In this case, the different lines are somewhat
different from each other inside or close to the (outer) horizon, which is at most at the radial position 2M.
Since these solutions describe the same physics but in a different gauge, it might seem contradictory that
the value of @ does seem to matter in the light cone gauge but not in the Regge-Wheeler gauge. However,
the scale of the vertical axis is a factor of 102 smaller, which means that any differences are enhanced by
that same factor. This means that the effect of a change in @ is not necessarily different, just more visible
in this case. Upon moving further away from the horizon the different lines get closer together, until they
can hardly be distinguished. With this different scale, the behaviour far away from the black hole still looks
the same: the perturbation barely depends on the charge of the black hole.

The overall behaviour of e;(r/M), regardless of the value of @, is that it becomes increasingly negative
(i.e. its absolute value is increasing) upon moving further away from the black hole. However, recall that
the horizontal axis only runs up to a value of 10 for /M, which is quite a small value on an astronomical
scale. If the horizontal axis were to continue up to a much larger value of r/M, the lines would not continue
to go down but would asymptotically approach —1. Hence they will not become infinitely large.

1 —— Q=0
Q=033M
Q=066M

- Q=099M

rm
Figure 3.5: The Cy part of the solution e; (r/M) for different values of Q.

The function e4(r/M) is plotted in figure 3.6 for the same four values of @ and shows similar behaviour:
Close to or inside the horizon the charge @ seems to have some effect, but with increasing r/M, the lines
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corresponding to different @) effectively merge. The overall behaviour is also similar in that the absolute
value of e4(r/M) is increasing upon moving away from the black hole. Again, only a small part of space is
plotted to zoom in on the differences near the horizon. If a much larger part of space had been plotted, it
would be visible that e4(r/M) never moves below —1, meaning that it does not diverge.
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Figure 3.6: The Cy part of the solution ey (r/M) for different values of Q.

The third part of the C; solution of the perturbation also behaves similarly: The value of @) only slightly
matters near or inside the black hole and e7(r/M) approaches —1 as r/M increases.
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Figure 3.7: The Cy part of the solution er(r/M) for different values of Q.

That the absolute value of the dominant part of the solutions continues to increase in the Regge-Wheeler
gauge whereas it quickly approaches a constant value in the light cone gauge might seem problematic.
However, it is important to note that the Regge-Wheeler gauge expressions Hy(r) and K(r) appear in the
perturbation as they are, whereas the light cone gauge expressions e;(r), e4(r) and e7(r) have an additional
factor of 2, r3 and 72 in front respectively. Taking these factors into account, the expressions corresponding
to the Regge-Wheeler gauge and the light cone gauge behave similarly.
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3.5 Schwarzschild black hole in light cone gauge

3.5.1 General solution

The Schwarzschild solutions in the light cone gauge can also be found either by solving the vacuum Einstein
equations or by taking the limit ) — 0 of the Reissner-Nordstréom solutions. The full set of solutions that
has been found by a combination of these two methods is:

1

en(r) =-— {Cl (4M?r? — 4M7r3 + 1) (3.5.1a)

oM
+ Oy ((12M2r2 —12M7? + 3r*) log {1 — } +4M* 4+ 8M3r — 18M?r? + 6Mr3> + 03M4]
T

eq(r) = i4 [Cl(QM?"3 — )+ Cy ((6M7"3 —3r*) log [1 - W] +4AM* 4 AM3r + 6M*r? — 6M7’3>
T T
(3.5.1b)
+ C3(M + T)M3:|

1 2M
er(r) = 3 [C’l(QMQr — 7“3) + Oy ((6M27" — 37“3) log [1 — r] +4M3 — 6M?*r — 6M7“2> + C3M3} .
(3.5.1¢)

Again, the functions wu;(r), ua(r) and ug(r) are all zero as they should be, since we are again dealing with
an uncharged black hole and perturbation. The set contains three dimensionless constants Cy, Co and Cs,
meaning it represents a combination of three independent solutions, one more than in the Regge-Wheeler
gauge.

The solution proportional to C; was found by taking the limit Q — 0 of the Reissner-Nordstrém solutions
and then setting C1, = 2C4;, = Cq, as required for the solution to also solve the vacuum Einstein equations.
The solution proportional to C3 was found by taking the same limit, and no constraints on that constant
were required. The solution proportional to Cs was found by solving the vacuum Einstein equations in the
light cone gauge. The latter method also reproduced the other two solutions, proportional to C; and Cj.

3.5.2 Exploiting residual gauge freedom

It will now be checked whether the additional solution proportional to Cs for the perturbation of a Schwarzschild
black hole can also be removed without moving out of the light cone gauge. This will be done by using the
same expressions as for the Reissner-Nordstrom solutions, only without ), which means eq. 2.4.7 can be used.

The following still holds: Ay, (r) = —r?e1(r) = ... + J\T/f—;Cg. Plugging this into equation 2.4.7a now gives:
M4 2M
h’/U’U = ... + TC{; + Tb,
r T

which is indeed equal to zero when the b that was found earlier (b = —3C3M?) is plugged in.

Plugging the relevant term into equation 2.4.7b yields:

M 1
]:} =..— (371_7’)2\4303 + f(r)a—|— §M303
2M M* 1
= ... 1-—)a— —0C —M3C
+ r )a 3r 3+6 3

2M 1 2M
I o P R VCTo N
+( r)a+6( r) C3

This is also zero when plugging in a = —%M 3C3 that was found in the case with charge.
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The condition ¢ = 0 also leads to the right result when plugged into equation 2.4.7d:

1 2
G =...— —M3Cy—=a—2¢c
3r r
1 2M3
=..— 37M3C3 + o Cs — 2¢,

as the term proportional to Cj is indeed cancelled. This means that one of the solutions can be cancelled
by setting a = —4M3C3, b = —1C3M? and ¢ = 0 in the functions generating the residual gauge freedom.
Thus there is a freedom to remove the Cj solution while remaining in the light cone gauge, which is why
that part of the solutions will be disregarded from now on.

3.5.3 Behaviour of the Schwarzschild perturbation in the light cone gauge

Now that the problem of a different number of degrees of freedom has been fixed, the remaining solutions of
the Schwarzschild perturbation in the light cone gauge will be plotted. Both (parts) of the solutions will be
shown in different plots, all as a function of the dimensionless /M.

All lines in figure 3.8 become increasingly negative with increasing r/M. However, the slope of each line is
decreasing, meaning the absolute value of the functions is increasing but the speed with which this happens
is dropping. Eventually, all functions appear to reach a plateau after which they remain approximately
constant, that is, they all reach a value of —1 asymptotically.
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Figure 3.8: The C; part of the expressions eq(r/M) (in solid red), es(r/M) (in dashed blue) and e;(r/M)
(in dotted green) as a function of the dimensionless r /M.

Figure 3.9 is a plot of the C5 solutions containing the log [1 — term. As was the case in the Regge-
Wheeler gauge, the lines representing these solutions quickly approach zero with increasing /M. Therefore,
the Cy part becomes dominant over the Cy part, as the latter becomes zero.
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Figure 3.9: The Cy part of the expressions eq(r/M) (in solid red), es(r/M) (in dashed blue) and ez (r/M)
(in dotted green) as a function of the dimensionless r/M.

3.5.4 Additional constraints

The solutions for a neutral black hole are constrained by physical requirements, the first one being that the
functions must be well-behaved at the event horizon (r = 2M). This leads to the requirement that Cy = 0
since the logarithm diverges as r — 2M. The second constraint is that the functions must approach unity
as r — oo by the black hole no-hair theorem. This limit will be investigated for the e;-function, but for the
other functions the procedure is quite similar. In the Cj-term, the r* part then becomes dominant, which
has a —1/r* in front, so it becomes —Cy. This leads to: e;(r — 00) ~ —C; = 1, which fixes C; = —1. With
these choices, the results in [9] are recovered.

3.6 Gauge transformations

Now that expressions have been found for the perturbations of a Reissner-Nordstrom and Schwarzschild
black hole in both the Regge-Wheeler and light cone gauge, a gauge transformation can be found between
these expressions. This will first be done for the perturbations of the Reissner-Nordstrém black hole, when
the functions that generate the transformation will contain ). In the following part, it will be checked if
these functions in the limit ) — 0 generate a transformation for the Schwarzschild solutions.

3.6.1 Gauge tranformation of Reissner-Nordstrom perturbation

The goal of this section is to find a tranformation that will convert the expression for the metric per-
turbation in the Regge-Wheeler gauge to that in the light cone gauge and vice versa. First, the general
eq. 2.4.1 will be written out into components, with the transformed perturbation functions p/, denot-
ing the ones in the light cone gauge and the original p,, denoting those in the Regge-Wheeler gauge.
The generators of the gauge transformation in its component form again involves a multipole expansion:
Eu(r,0,0) = (&(r)E40, ¢), & (r)EX(D, ¢),E(1)VeEL(D, 9),£(r)V4E9(0, $)). This means expressions are to be
found for the functions &,(r), &-(r) and £(r) to completely describe the gauge transformation.

The vv-component of these equations is: hl,(r) = —r?e;(r) — 2V,&,. The covariant derivative can
be written out: V,&, = 0,& — Fﬁvf », where the Christoffel symbols Fﬁv can be calculated from the un-
perturbed metric since only perturbations up to first order are considered. Because time-dependence is

neglected, 0,&, = 0. The only non-zero Christoffel symbols with lower indices vv are: I'), = W and
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Iy, = =Sy,

r3

Performing similar steps for the other components yields the following set of six equations for &,(r), &.(r),

£(r):

e Y r N2 r
Per(r) + fHo(r) + 2~ M e () 1 2 TE T M e () =g (3.6.1a)
8r€r(r) H(.);T) - O (361b)
0r6u(r) — 2= LT M e (1) 4 Ho(r) =0 (3.6.1¢)
%7‘364(7“) —&(r)=0 (3.6.1d)
(f + 5r> §(r) —26,(r) = 0. (3.6.1¢)

Since three functions &, (r), &-(r), £(r) have to be found to specify the radial part of the gauge transforma-
tion, only three equations are required. Therefore, two of the equations above are redundant.

Equations (3.6.1b), (3.6.1d) and (3.6.1e) were used to find solutions for &,(r), &:(r) and &(r):

r? % (Q*+1r?)r
&(r) = (-7" + W) Cra + (_47' + 3M + 3]\42> Cu (3.6.2a)
2 3 92
&(v) = = 537Cra - (33\42 * ]\Z) o (36.20)
rs 493 r
€)= ~557C ~ (357 * 1) O (3:62¢)

The constants C7, and C7;, are the same as the ones that appear in the metric perturbation in both gauges.
Hence they are still dimensionless, even though it may not appear to be the case based on the above ex-
pressions. There is no part of the expression that is proportional to Cs, as no solution proportional to this
constant was found in the light cone gauge.

Since it would be desirable to have the same amount of solutions in either gauge due to gauge invariance,
an alternative method to find the third solution in the light cone gauge was tried. It involved finding expres-
sions for the functions &,(r), &-(r) and £(r) generating the gauge transformation proportional to Cs from
only knowing the solution in the Regge-Wheeler gauge. In principle, not knowing the solutions in the light
cone gauge - since that is the one to be determined - was not a problem, as it only involves picking the right
components of the general gauge transformation equation. Equations (3.6.1b), (3.6.1c) and (3.6.1e) only con-
tain the functions generating the gauge transformation and the perturbation functions of the Regge-Wheeler
gauge. Thus, these equations could be solved for the generators &,(r), &.(r) and £(r) which could then be
plugged into the other gauge transformation equations to find solutions for e1(r), e4(r) and e7(r). However,
plugging the Regge-Wheeler solutions into the aforementioned equations lead to differential equations that
could not be solved directly.

3.6.2 Gauge transformation of Schwarzschild perturbation

To find the functions generating the gauge transformation of the Schwarzschild solution from the Regge-
Wheeler to the light cone gauge, the same procedure can be used. First, equation 2.4.1 is written out into
components to obtain multiple equations. The components of the metric perturbation featuring the functions
Hy(r), K(r), e1(r), eq(r) and e7(r) can be plugged into these equations. The Christoffel symbols must also
be calculated, in this case from the background Schwarzschild metric. The relevant equations can also be
obtained by taking the limit ) — 0 of the Reissner-Nordstrom transformation equations. These can then
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be solved to find the generators of the gauge transformation of the Schwarzschild solutions. An even more
direct method is to take the limit @ — 0 of the solution in eq. (3.6.2) and remember that this limit entails
the condition Cy, = 4C1, = C in the Regge-Wheeler gauge.

Using the latter method leads to the following expressions for &, (r), &.(r) and £(r):

2(_

&o(r) = %Cl (3.6.3a)
3

&r(r) = _STWCI (3.6.3b)
4

&(r) = —9;42 Ch. (3.6.3¢)

When these are plugged into the gauge transformation equations it turns out that they indeed transform
perturbation in the Regge-Wheeler gauge to that in the light cone gauge.

3.6.3 Alternative, trial solution

In the limit @ — 0, the solution for the Reissner-Nordstrom black hole in the Regge-Wheeler gauge propor-
tional to Cs does not lead to the Schwarzschild solution proportional to C5. And, the expression that this
limit does lead to does not solve the vacuum Einstein equations. Due to this inconsistency, an alternative so-
lution was searched for, the form of which was derived from the Cy part of the solution of the Schwarzschild
black hole such that it would lead to that solution in the limit @ — 0. The following trial solution was
attempted for the part of Hy(r) and K(r) proportional to Cs:

) -

Ho(r) = filr, M, Q] + fa[r, M,Q]log |1 — ¥ + % (3.6.4a)
- 2:

K(r) = falr, M, Q] + fulr, M, Qllog [1 — 220 ¢ % (3.6.4b)
- 2'

Ul(r):f5[T,M,Q]+f6[T,M,Q]IOg 1_¥+% (364C)

with the f;[r, M, @] are functions of , M and @ that are to be determined.

These unknown functions can be determined by plugging them into the Einstein and Maxwell equa-
tions. However, now that the functions Hy(r), K(r) and wu;(r) now each contain two new functions, the
number of unknowns has doubled. Fortunately, the number of equations also doubled since after the trial
solutions are plugged in, each equation can be split up into a part that contains the log and a part that
does not. A solution for fa[r, M, Q], fa[r, M,Q] and fg[r, M, Q] was successfully found by setting the com-
bination of factors in front of the log equal to zero in each component of the Einstein and Maxwell equations.

Then expressions for fi[r, M,Q], f3[r, M,Q] and fs[r, M, Q] still had to be found. When looking only
at the factors not proportional to the log, it turned out that did not yield equations containing only these
functions. The functions fo[r, M, Q], fa[r, M, Q] and fs[r, M, Q] also appeared in these equations due to the
fact that the functions were plugged into differential equations containing derivative. And when a derivative
is applied to a log, it is not a log anymore. In other words, to find solutions for fi[r, M, Q], fs5[r, M, Q] and
f5lr, M, Q)], equations that contained all six functions f;[r, M, Q] had to be solved. These equations could not
be solved for f1[r, M, Q], f3[r, M, Q] and f5[r, M, Q], even though the other functions were known. Hence, the
full expressions for the trial solutions were not found and the method was unsuccessful. Something similar
was tried in the light cone gauge with trial solutions for e1(r), e4(r), e7(r) and wuq(r), which unfortunately
lead to the same problem.
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Chapter 4

Calculating Love numbers

Now that all expressions for the perturbations of the different black holes have been found, the Love numbers
of the black holes can be calculated. For the Schwarzschild and Reissner-Nordstréom black hole, the surficial
and gravitational Love numbers will be calculated. In addition, the electromagnetic surficial and far-field
Love numbers will be calculated for the Reissner-Nordstrém black hole. Each subsection will feature the
calculation of one of these Love numbers.

4.1 Schwarzschild black hole Love numbers

In this section, the Love numbers of a Schwarzschild black hole are calculated from the metric perturbation.
The first paragraph describes the calculation of the surficial Love numbers and the second one that of the
gravitational Love numbers.

4.1.1 Surficial Love numbers

It will first be shown that the perturbation function e7(r) determined in the previous section from Einstein’s
equations will appear in the expression of the surficial Love numbers [2]. To determine the surficial Love
numbers, the deformation caused by the perturbation will be described in terms of a change of the intrinsic
curvature of the surface. The intrinsic curvature is described by the Ricci scalar of the corresponding
surface. Hence, the Ricci scalar corresponding to the two-dimensional, angular part of the full metric is to
be calculated. The result is:

R = % — de7(r)E9(0, ¢)e + O[£]. (4.1.1)

where R is again the radial position of the horizon. Comparing the expression above with eq. (2.5.1) leads to
R = —4r2%e7(r)E%(0, ¢). The solution that has been found for e7(r) can then be plugged into this expression,
but only if Cy = 0 since that part of the solution diverges at the surface. The expression this results in can
be compared to the quadrupole component of eq. (2.5.2):

3
0R = —4h2R—5q(9, ¢). (4.1.2)
M
The quadrupolar surficial Love number of a Schwarzschild black hole can be concluded to be:
1
hy = —(—4CY). 4.1.
2 16( Ch) (4.1.3)
Using in addition that Cq = —1 leads to he = 1/4. This result is in agreement with the general expression
from [2]:
I+1 112

1= 20—1) @) (4.1.4)

as can be seen by plugging in [ = 2.
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This same procedure can be repeated in the Regge-Wheeler gauge, in which case: dR = 4K (r)E4(0, ).
When the expression that has been found for K () is plugged in this leads to the same surficial Love number:

hoy = —% which yields the same value when C; = —1.

4.1.2 Gravitational Love numbers
Based on section 2.5.2, the gravitational potential up to first order can be written as:

M 1
U="—+ 17‘261(7“)8(](9, $)e + O[] (4.1.5)
r
Recalling that the first term M/r is the Newtonian potential of an unperturbed Schwarzschild black hole of
mass M, the second term must represent the perturbation of the gravitational potential.

The above expression can be compared to eq. 2.5.7 to obtain:

1 — 1
—57“261(7‘) =—

(14 2k (R/r)* ] ot (4.1.6)

where k; are the gravitational Love numbers.

The full expression for e (r) in powers of 1/r is:

v 2 o T 4 4 r

oM oM\ 2 oM Wak

oM 9 2M\? 2M\? 1 1 2M \*
e1(r) = —Cy + (201 +3C2) * — (C1 + 5C) ( " ) e () T <02 B CS) ()

+

Expanding the In[1 — %]

in factors of % as well yields:

oM oM\ 2
302—602+302( ) ]
T T

S (GO 1 RO R C R | I

Writing out the brackets leads to the following (%)Eﬁterm:

er(r) = .. + [-3-6-3} Gy (2;{”>5+0 {M]Gz. + e, (qu”)‘:o {Mr, (4.19)

el(r)y=..+

5 4 3 10 o

from which it can be concluded that the quadrupole gravitational Love number for this black hole is:
ky = 23C5. Furthermore, by plugging equation (4.1.7) into equation (4.1.6) and paying attention to the

factor of —% in front it can be derived that C; = —1, which is in agreement with the result that has been

derived before.
However, it was argued that Cy must be set to zero for e; (1) to be well-defined everywhere except maybe
at r = 0. This in turn means that the gravitational Love number for a neutral black hole must be zero. This

is in agreement with the conclusion in [5].

The fact that the quadrupole gravitational Love numbers of a Schwarzschild black hole are zero means
that the quadrupolar structure of such a black hole at infinity is unaffected by a tidal perturbation [10].
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4.2 Reissner-Nordstrom black hole Love numbers

In this section, the Love numbers for a Reissner-Nordstrom black hole are calculated.

4.2.1 Surficial Love numbers

As for the Schwarzschild black hole, the surficial Love numbers will be calculated first. The calculation is
actually the same, meaning R = —4r2e;(r). Plugging in the expression for e7(r) of the Reissner-Nordstrém
black hole and using that the outer horizon at r = M + /M2 — Q? is treated as the surface of the black
hole yields:

4 2M2((2M? — 3Q? + 2M /M2 — Q?)C1, + (—=TM? + 9Q* — TM /M2 — Q2C1p, + 3M?>C3)) (4.2.1)
, = . (4.2

304 + /AP — Q)

Expanding this expression in powers of )/M up to second order leads to:

- 2C1, — 7C1p Q2C1b Q °
= 5 ~ 1602 +0|—= (4.2.2)

ha Vi

The conditions Cy, = 2Cy, = C7 and C3 = 0 that have been derived earlier can then be applied to eq.
(4.2.1) to obtain:

o 2MA/ M- @?
hy = (M+\/J\W)3cl' (4.2.3)

This expression is dimensionless, as any Love number should be by definition.

Figure 4.1 contains a plot of the expression in equation (4.2.3). It shows the quadrupole surficial Love
number of the Reissner-Nordstrém black hole as a function of @/M, which is between zero and one, since
@ can not be larger than M. When @ is equal to zero, he = 1/4, which is in agreement with the result that
was obtained for the Schwarzschild black hole: hy = —% = 1/4. As @ starts to increase with constant M,
that is, as Q/M increases, hy initially increases above 1/4. When Q/M gets close to one, that is when @ is
almost equal to M, hy starts to decrease again, quickly dropping below 1/4 and decreasing further. Looking
at the expression it can be derived that when Q/M =1, i.e. @ = M, then hy = 0.

030_| T T T T T T T T L

0221 1

0.20+ .

0.0 0.2 0.4 0.6 0.8 1.0
QM

Figure 4.1: The quadrupole surficial Love number of a Reissner-Nordstrom black hole as a function of Q/M.
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4.2.2 Gravitational Love numbers

To calculate the gravitational Love number, the perturbation function e;(r) must again be expanded in
factors of 1/r. To make the solutions also valid in the limit to an uncharged case, the expression for e;(r)
after applying condition Cy, = 2Cy, = C1, given in eq. (3.4.10a), will be used. This leads to the following
expansion:

2M (Cyq +4C1)  2(4M32Crq + (—2M? +3Q%)C1p)  4M((2M? + Q?)C1, + (—4M? + Q%)C1y)
e1(r) =C1 — , + r2 - 3

212 _Ar202 4 4 302
4 BMPQCh0 + (CMQ2 + Q4)Cr + 2M 03‘2M7«? CBjLOLH (4.2.4)

r

To extract the quadrupolar Love number, consider the part of this expansion proportional to 1/r5. This only
contains the constant C'3, which means the quadrupolar gravitational Love numbers are proportional to CS.
However, it has been shown that the C5 term of the solution can be gauged away, meaning it can effectively
be set to zero. That means that, just as for the Schwarzschild black hole, the quadrupolar gravitational Love
numbers of a Reissner-Nordstrom black hole is zero: ke = 0. Clearly, it still gives the right result in the limit
Q — 0.

4.2.3 Electromagnetic surficial Love numbers

The next two paragraphs describe the calculation of the two kinds of Love numbers that cannot be defined
for Schwarzschild black holes. To determine the electromagnetic analogue of the surficial Love numbers, the
procedure outlined by Damour & Lecian [8] will be followed. According to eq. 2.5.10 (or [8, equation 58])
the quadrupole electromagnetic surficial Love number is:

4
pEM _ T2 (4.2.5)
T2R

In this expression, oo represent the quadrupole term of the multipole decomposition of the charge density,
T can be extracted from the multipole expansion of the first component of the electromagnetic potential
and R is again the radial coordinate of the surface.

To determine the expression for hZM | the 0-th component of the electromagnetic potential that contains
u1(r) must be determined, which is:

Ao(r,0,0) = 7% + 6012 [2M7r(2M?r + 2Q%r + 1 — 3M(Q* +1°))C1q
—r(8M?r + (—12M?% 4+ 3Q%)(Q* + r?) + 2Mr(Q* + 2r?))C1 | EX(0, ¢) (4.2.6)

This component can be expanded into powers of r, which yields the following expression:

M(Chq —2C
AO(T, 9, ¢) = ... + |:(13th):| T2€q(97 (b) + (427)
where only the term propotional to 72 is shown, since that is what 75 can be extracted from: 75 = M(C§75202)

The multipole expansion of the charge density o, which can be calculated by taking the r-derivative at
the horizon of the 0-th component of the electromagnetic potential, also features in their description. The
charge density is:

- 8140(7") o 1
{02 oo L'=M+\/M27—Q? 3Q(M + /M2 - Q2)3
[(=8M° + 2MPQ* + 2MQ* + (—8M* — 2M2Q? + 3Q*)\/ M2 — Q2)Cy
+2M(2M* — 2MPQ% + Q' + (2M?® — MQ*)\/M? — Q?)C1,], (4.2.8)
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where the subscript 2 indicates that only the quadrupolar part is considered.

Using all this, the quadrupole electromagnetic surficial Love number is found to be:

e _ 2M* + (MP = MQ?)/M? — Q%)Clq + (—4M* — 3M?Q* +3Q" + (—4M® + MQ?) M2 — Q*)Cyy
c (M /M — @2)(Cra — 2C1y) '

(4.2.9)

To examine the validity of this expression, a good check is to compare the expression with [8, equation
59]. To be able to compare these expressions it is convenient to expand equation (4.2.9) in factors of @Q,
leading to:

1 301bQ2 Q ’
hEM = — o= 4.2.10
2 2 4M?2(Cy, —201,) O\ ( )
Next, it is important to remark that in this text we are dealing with a charged black hole in an external
field instead of an uncharged black hole in an external field as is the case in [8]. In that case, the Love
number for arbitrary [ is given by the expression [8, equation 59]:

I +1)!
h = ((21)!)

When taking the limit @ — 0, the result (1/2) corresponds to the result of setting [ = 2 in [8, equation 59].
This is an important check on equation (4.2.9) as a valid expression for the electromagnetic analogue of the
surficial Love number for a charged black hole but it does not prove that the expression is necessarily correct.

It is important to note that there is no literature to compare the full result (given by eq. 4.2.9) to yet.
The electromagnetic surficial Love numbers have not been defined or calculated for a Reissner-Nordstrom
black hole, so this is a new result.

4.2.4 Reissner-Nordstrom black hole - Electromagnetic far-field Love numbers

The calculation of the electromagnetic far-field Love numbers for a Reissner-Nordstrém black hole is similar
to the calculation of the gravitational Love numbers. However, in this case not the first component of the
metric but the first component of the perturbation of the electromagnetic potential will be investigated. In
analogy to the discussion by Landry and Poisson around [2, equation 2.5] the term growing as r! = 72 will be
compared to the term decaying as r—(*+1) = =3, Considering that an overall factor of 72 must be pulled out,
the term proportional to »~® must be considered, just as in the expansion of the first component of the metric.

Therefore, an expansion in factors of 1/r is again relevant. Only taking into account the radial dependence
(effectively dividing by £9(6, ¢)) leads to:

1[4M(Cy, —2C1,)  4M2Cy, + (—8M?% + Q*)Cyy
5Ag = —= -
2 3Q Qr
| SM(M? + Q*)Cha +2M(AM? + Q*)Cy _ QRM?Cra + (ZAM? +Q*)C ) [ :

T 3 TG} ] (4.2.11)

The expansion inside the brackets does not contain a term proportional to 1/r° leading to the conclusion
that the quadrupole electromagnetic far-field Love number of the Reissner-Nordstrom black hole is zero.

4.3 Overview of the results

In this subsection, the results of the calculations of the different Love numbers are summarized. The table
below contains the values of the different types of Love numbers that were calculated.
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Love number/black hole type

Schwarzschild

Reissner-Nordstrom

Surficial

Gravitational

Electromagnetic surficial

Electromagnetic far-field

O Bl

NA
NA

16M2
0

1 3C>Q° Q]?
2 4M2(C2172C'2) +0 {M}
0

2 3
2C14—7C Q“C Q
1 1b 1b 10) 3

39




Chapter 5

Conclusion, discussion and outlook

5.1 Conclusion

In this thesis, the perturbations of a Schwarzschild and Reissner-Nordstréom black hole were investigated.
This was done in the Regge-Wheeler as well as light cone gauge, that each place particular restrictions on
the components of the metric perturbation. The expressions for these components were found by solving
Einstein’s (and Maxwell’s) equations for these perturbed black holes. These expressions were then used to
calculate the quadrupole Love numbers of the two black holes. The results are summarized in table 4.3.
Some of the results, particularly the Love numbers for a Schwarzschild black hole, have been obtained before
in other literature and the results found here agree with those results. However, there is not any literature
on the electromagnetic Love numbers of a Reissner-Nordstrém black hole, so these results are new.

5.2 Discussion

It has already been mentioned in section 3 that there were some inconsistencies between the perturbations in
the Regge-Wheeler gauge and the light cone gauge of Reissner-Nordstrom black holes. First, in the Regge-
Wheeler gauge, a set of three independent solutions was found that each solve Einstein’s and Maxwell’s
equations. For one of these solutions, the one proportional to Cy which contains log terms, no corresponding
solution was found in the light cone gauge. By solving the relevant equations in that gauge, a set of only two
independent solutions was obtained, which could also be obtained by applying a gauge transformation from
the Regge-Wheeler to the light cone gauge. In section 3.6.1 it was attempted to find an additional solution
proportional to Cy in the light cone gauge but this was unsuccessful. Furthermore, the solution proportional
to C5 that was found for a Reissner-Nordstrom black hole in the Regge-Wheeler gauge did not have the
correct limit @ — 0.

Thus, we have been unable to find a third independent solution, apart from the ones proportional to Cy,
and Cqp, to the Einstein and Maxwell equations for a Reissner-Nordstrém black hole that has the correct
limit @ — 0. Now the question is how big of a problem that is, because if such a solution had been found it
might not have been physical. For a Schwarzschild black hole we have seen that the solution proportional to
(5 in either gauge was unphysical since it diverges at r = 2M. This is also true in the Reissner-Nordstréom
case in the Regge-Wheeler gauge for the part of the solution proportional to Cs: it diverges at the outer
horizon at r = M + /M2 — Q2. Therefore, we have to set C = 0, meaning that this solution is not relevant
for calculating the Love numbers. Based on this, we are confident that the solutions that are relevant for
calculating the Love numbers have been found.

All other solutions that have been found are consistent: a gauge transformation can be found from the
solutions in the Regge-Wheeler gauge to those in the light cone gauge and vice versa. Also, applying the limit
@ — 0 to the solutions of the perturbation of the Reissner-Nordstrém black hole lead to solutions that solved
the vacuum Einstein equations of a Schwarzschild black hole. In addition, in the limit Q — 0 the generators of
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the gauge transformation for the Reissner-Nordstrom solutions turned into the generators that transform the
Schwarzschild solutions. This makes it all quite probable that the solutions that have been found are correct.

The values of the Love numbers that were calculated in this thesis correspond to those calculated in other
literature. For the new Love numbers that have not been calculated before in literature, such a comparison
cannot be made. However, when expanding the results for these new Love numbers in terms of /M and
taking the limit @@ — 0, such a comparison can be made. Based on that, we are confident in the results for
the Love numbers.

5.3 Outlook

Even though the Reissner-Nordstrém metric is considerably more complicated than the Schwarzschild met-
ric, it still does not describe a physical black hole, partly because black holes are generally rotating. It is
well known that the gravitational Love numbers of non-rotating black holes vanish, while the surficial Love
numbers are non-zero. There is a fierce debate what the gravitational Love numbers are for rotating black
holes: some research groups advocate that these tidal Love numbers are vanishing [6], [11], while others claim
that they are non-zero [12]. It is therefore relevant to calculate the gravitational Love numbers of rotating
black holes.

The simplest metric that describes a rotating black hole is the Kerr metric. Despite the fact that a
Reissner-Nordstrom and Kerr black hole are quite different - the former is charged but nonrotating whereas
the latter is uncharged but rotating - there is an important similarity between them. Both of these black
holes have two horizons, an inner as well as an outer horizon. Therefore, it was relevant to have looked at
the Reissner-Nordstrom black hole whose horizons are spherical, to learn what the effects of two horizons are
and if it leads to any conceptual difficulties. Now that we know such difficulties do not arise when dealing
with two horizons, similar calculations as have been done in this thesis can be carried out for a Kerr black hole.

However, the two horizons of a Kerr black hole are not spherical, which is one of the reasons why it is
more difficult to study them. The equations that result from the same procedure that has been described
in this thesis are quite difficult. Therefore, it is useful to use a different formalism to describe a Kerr black
hole, one that is not linked to specific coordinates. Two such formalisms are introduced in Appendix B and
one is applied in Appendix C.
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Appendix A

Full set of equations

A.1 The Regge-Wheeler gauge

A.1.1 Einstein’s equations

This section contains the Einstein equations for a Reissner-Nordstrom black hole in the Regge-Wheeler gauge
in Eddington-Finkelstein coordinates. The Einstein and stress-energy tensor each have sixteen components,
meaning that there are that same number of Einstein equations. However, many of them are the same and
only the nonidentical ones are shown here:

0= (Q*+r(=2M +7)((Q* — 4r*)Hy(r) — 2r> K (r) 4+ 2Qu1 (1) + (—Q%*r + 2M7r?* — Tg)dhg;(r)
+ (2Q%*r — 5M7r? + 3r%) dl;gr) —2Qr du;ﬁr) +(Q*r* —2M7r® 4+ 1%) di;;(r) (A.1.1)
0= i—? (—2ruz(7”) +(Q% +r(=2M +7)) du;p) (A.1.2)
B 1 dK(r) d*K(r)
0= O (M i) (—GTH()(T) +(Q* 4+ r(—2M +7)) (2 e )) (A.1.3)
0= 207 r(1—2M ) <2r(Q2 — Mr)Hy(r) — 4Qruy (1) + 4Qrus(r) + (—Q*r* + 2Mr3 — r*) dh;or(r)
F(Q%? — 2M7S 4 ) C”;@ + (=203 + 4MQr — 2Qr?) d“;ﬁ’")) (A.1.4)
0= %2 (2Q2Ho(r) —4Quy (r) + 7(—2(Q* — TQ)LI?T(T) +2(M — r)rdl;(f) +4Q du;ﬁr)
+(Q%r —2Mr® + r3)d221;)2(r) + (—Q%r +2Mr? — r?’)dz;(r)) (A.1.5)
A.1.2 Maxwell’s equations
12ru (r) + (Q2 + r(—2M + 7)) 2Qdi§y) —9r d2§;2<7')> =0  (A.16)
12r(ua(r) — ua(r)) + (@ + (21 +1) (2051 620 o TUIN) g (ap
orus(r) — 2022820 (o024 ongy) d“;ir) +(Q% — 2M7? + r3)d2;‘i2(r) =0 (A.1S8)
The Lorenz gauge condition leads to the equation:
QH1(r) + uz(r) — 3us(r) + QTdHl(r) + p2e2l) _ g (A.1.9)

dr dr
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A.2 Light cone gauge

In this section, the Einstein and Maxwell equations for a perturbed Reissner-Nordstréom black hole in the
light cone gauge are presented in (¢,7,6, @) coordinates.

A.2.1 Einstein’s equations

0= ! (7’5 dealr) _ 2r° dea(r) + QQrdul(r) r+3rH Q2 + 2r(—M +1))es(r)

76 dr dr d
— 2r4(5Q% 4+ 7(—=9M + 4r))es(r) + (Q? + r(—2M + 7)) (2rtes(r) — QQul(r))> (A.2.1)
1 dey(r)

0

Az r(—2M +7) ( —r(Q* —2Mr + 7“2)7 +3r%ey(r) + (=5Q* + 8Mr — 37“2)64(7“)> (A.2.2)

0= —ﬁ ((Q27"5 — oMb + 7”7) dij;fér) — 3 de;ir) + (6Q2r4 —12M5 + 6r6)de;£r)
+ (—=6Q* + 12MQr — 6Qr?) du;fr) — 6r°e1(r) + 2r3(2Q% — AM7 + 3r%)eq(r) + 12Qru2(r)) (A.2.3)
1 d? d d d
=35 ((Q2 +7r(=2M + 1)) (—7“5 ny) — 6rt e;iT) +6Q u;ir)) + 3r® e;ir)
— 12Qrug(r) + 6r°eq (1) + (8Mr* — 4Q%r® — 67"5)64(7")> (A.2.4)
1 d d
0= grriare - @) (05 1 20r D artentr) - 2qui ()
—3r*(Q? — 2Mr)ey (r) + 2r°(— M + r)e4(r)> (A.2.5)
_ 1 de (r) 4 deq(r)
0= C3r(Q2 +r(—2M + ) ( - & (207 —AM7 +2r7) dr
— 6rtey (r) + 2rteq(r) + (4Q%*r? — 8M 13 + 4r)er (r) + 12Qu1(r)> (A.2.6)
2
0= % (r(Q2 oM 4922 ;;Y) P de;ir) +2(2Q% — 5Mr + 3r2)degir)
+ 6r2eq(r) — 2(Q* + r(—4M + 37”))67(7‘)) (A.2.7)
2
0= _TiQ (7,6 d ;{gr) 4 6P deéiT) _9pb desir) —4Qr d’uc;f?“) + 6r461(T) — 67“4@4(’1") + 4Qu1(r)> (A.2.8)
A.2.2 Maxwell’s equations
2
0= :3<(Q2 —2Mr + rQ)d;‘i;y) —2Qr?%e4(r) — 6uy (r)) (A.2.9)
_ 1 dus(r)
0= Q2 (=M + 1)) (3 ((Q2 —2Mr + 7“2)7 — 2Tu2(r)) — 2Qr3e4(7°)> (A.2.10)
1 d? d d d
0=—53 ((—3@% +6Mr? — 3r3)7§fy) +2Qr e;ir) + 612 “;y) +(6Q% — 6M) “;fr)
+2Qr3e4(r) — 6ruz(r)> (A.2.11)
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Appendix B

Tetrad formalism

Although different ones have been used, up until now every equation has been expressed in terms of some
coordinates. Transforming to different coordinates affected the equations and some of them were rather
complicated and difficult to solve, regardless of which coordinate system was chosen. In this section, two
formalisms called the Newman-Penrose (NP) and the Geroch-Held-Penrose (GHP) formalism are introduced.
Both of these involve a set of vectors (called tetrad in the case of NP) that are not derived from any coordi-
nate system, meaning that the formalisms are coordinate independent. Furthermore, the relevant equations
turn out to be simpler and more compact in these formalisms, especially in the latter one.

Historically, the Newman-Penrose formalism was constructed first and the Geroch-Held-Penrose formal-
ism was essentially an improvement of that, being more efficient. The formalisms are particularly convenient
for studying perturbations of the Kerr spacetime since the wave equation describing this is not seperable
when written in coordinate language [13]. However, they can also be used to describe the spacetimes that
have been discussed in this thesis in a convenient way.

B.1 Newman-Penrose formalism

In the Newman-Penrose formalism a tetrad e), = %, n®, m®, m® is introduced that contains four vectors that
form an orthonormal basis. Two of these, [* and n® are real null vectors normalized (in case of the mostly
minus convention for the metric used here) such that {,n* = -1. The other two, m® and m* are complex,
each other’s complex conjugate and defined such that m,m® = 1. The following inner products vanish: [,{¢
= nyn® = mem® = mym® = 0. Just as one can always perform a coordinate transformation to go to a
different coordinate system, the orthonormal basis formed by the tetrad is also not unique. The basis must
however remain orthonormal after a transformation, which is ensured by using Lorentz transformations. The
indices of the tetrad can be raised and lowered in a similar way to how vector indices are raised and lowered
with the spacetime metric:

Nuv = eZeggab. (B.1.1)

The covariant derivative of a tensor with spacetime indices can be written as the sum of a partial derivative
term and one or more terms involving Christoffel connections (one for each index) in this way:

VTP = 9,T° +1°,1¢ —1¢ T8, (B.1.2)

a

Similarly, the covariant derivative of a tensor with Lorentz indices involves terms containing spin coefficients

Vuwp[13]:
VTl = 0T 4+ 7" AT =7, 2T (B.1.3)

Just as the Christoffel connections ensure that applying the covariant derivative operator to a tensor forms
another tensor, the role of the spin connections is similar. The spin coefficients are defined as [14]:

Vowr = AV (B.1.4)

n-v

44



where metric compatibility implies antisymmetry in the last two indices of 7y,, . This difference with the
Christoffel connections, which are symmetric under exchange of the last two indices, turns out to be quite
profound. It entails a considerably smaller number of degrees of freedom, namely 24 instead of 40. These 24
degrees of freedom are encoded in 12 complex coefficients:

K= =Y1)(3)(1) = —l“mbvalb V= Y(2)4)2) = n“mbvanb (B.1.5a)
0= —Y1)3)@3) = —m“mbvalb A= Y(2)(4)(4) = m“mbvanb (B.1.5b)
P = —Y1)3)4) = —m"mbvalb = Y(2)(4)(3) = m“mbvanb (B.l.SC)
T = =Y1)(3)(2) = —n*m°V ol T = Y(2)(4)(1) = 19TV, 1, (B.1.5d)
and
1 1 —ajb —a, b —
o = 5(’}/(3)(4)(4) — 7(1)(2)(4)) = g(m l Vanb —mm Vamb) (B15e)
1 1
B= 5(7(3)(4)(3) —Y1)©@)EB) = §(maﬁbvamb —m*n®V,lp) (B.1.5f)
1 1
7= 50e@we ~1mee) = §(nalbvanb — nm"V,my) (B.1.5g)
1 1, u
g = 5(’}/(3)(4)(1) — 7(1)(2)(1)) = §(l“mbvamb —1 nbvalb). (B.1.5h)
Furthermore, the tetrad can be used to define directional derivatives:
0
en =€y, p (B.1.6)
which can be defined individually:
0 0 0 - 0
D=1 A =n 6=m" o =m" . B.1.7
ox® " ox® mn ozx® m ox® ( )

Just as the Riemann tensor can be expressed in terms of the Christoffel symbols, its equivalent in the
tetrad formalism can be expressed in terms of the spin coefficients. The Riemann tensor can in general be
written in terms of the Weyl tensor Cypeq, Ricci tensor Ry, and Ricci scalar R (splitting it up into a traceless
and trace part respectively):

1 1
Rapea = Caped + §(gacRbd + gpaRac — gpcRad — goaRc) — i(gacgbd — GbeYad) R (B.1.8)

Both the Weyl and the Ricci tensor have ten independent components. In the Newman-Penrose formalism,
the ten degrees of freedom of the Weyl tensor are contained in five complex scalars U;:

Uy = Capeal “m®1°m? (B.1.9a)
U = Copeal®nblem? (B.1.9b)
1
U, = §Cabcd(l“nblcnd — 1%nbmem?) (B.1.9¢)
Uy = Cabcdl“nbmcnd (B.l.gd)
U, = Cabcdn“mbncmd. (B.1.9e)
The ten degrees of freedom of the Ricci tensor are captured in ten (real) scalars:
1 1
q)oo = —§R11 (I)gl = —§R24 (BllO)
1 1
b = —E(Rm —+ R54) Doy = —§R33 (Bl].l)
1 1
O = 75R13 Doy = —§R22 (B.1.12)
1 1
@12 = —§R23 (1)20 = —§R44 (Bllg)
1 1
O = —§R14 II= ﬂR' (B.1.14)

45



All these quantities can be used to describe spacetime as a vacuum, e.g. to describe neutral black holes [15].
To describe parts of spacetime that are not a vacuum (such as charged black holes), the tetrad components
of the electromagnetic field tensor must be included [16]:

1
Oy = Fopl®m? @) =3 W (1900 +mm?) By = Fymn®. (B.1.15)

With the reduced number of degrees of freedom and parameters, the efficiency of the NP formalism is
quite clear. However, the GHP formalism will turn out to be even more efficient.

B.2 Geroch-Held-Penrose formalism

The Geroch-Held-Penrose (GHP) formalism follows from the Newman-Penrose formalism by introducing
some modifications. First of all, the prime () operation is introduced, which has the following effect on the
vectors in the tetrad:

(la)/ =n, (na), =1, (ma>/ =m", (ma)/ =m". (B.2.1)

Using this prime operation, six of the spin coefficients can be written in terms of the others and as such are
not independent anymore:

K = —u, o' ==\, o= —p, =, 8 = —a, e =—. (B.2.2)

From this, one of the advantages of the GHP formalism immediately becomes apparent, which is that it
reduces (halves) the number of independent spin coefficients. The number of independent directional deriva-
tives is also halved by relating two of them to the other two in the following way: D’ = A and ¢’ = 4.

The number of independent Weyl scalars is also reduced by the following correspondences:
U, = 0y, Uy = . (B.2.3)

Hence, in the GHP formalism there are only three independent Weyl scalars, as opposed to five in the NP
formalism. Similarly for the Ricci scalars:

D1y = P, Doy = Py, Doy = Py, Doy = Py- (B.2.4)
Thus, in the GHP formalism there are four fewer (five instead of nine) independent Ricci scalars than in the
NP formalism [17].

B.2.1 Lorentz transformations

As stated before, the orthonormal basis formed by the tetrad vectors is not unique. A Lorentz transfor-
mation can be applied that will transform (some of) the vectors whilst preserving their orthonormality and
normalization. These transformations can be split up into three classes that each have a different effect on
the NP and GHP quantities:

e Rotations of class I which leave [ unchanged and change the other vectors in the following way: m —
m+al, m — m+a*l and n — n+ a*m + am + aa*l.

e Rotations of class II that leave n unchanged and have the following effect on the other vectors: m —
m+bn, m—m+bnandl — [+ b*m + bm + bb™n.

e Rotations of class I1I that leave the direction of both [ and n unchanged but can change their magnitude:
I — A7, n — An, and rotate the other two vectors: m — e*®m and m — e~ *Bm.

In these transformations, a and b are complex functions and A and B are real ones [18]. We will now use
the third class of rotations to define the GHP type.
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B.2.2 Dimensional analysis

Dimensional analysis is a very useful tool, especially in physics, to check outcomes of calculations. If the
dimensions on both sides of an equation match, it is much more likely that the calculations have been done
correctly. A similar technique can be used in the GHP formalism, by exploiting the fact that every important
object in this formalism has a GHP type. The GHP type of an object is determined by how it transforms
under a particular type of Lorentz transformations, a rotation of class III. The effect of such a rotation, the
rescaling of the real vectors and rotating of the complex vectors can be combined into one transformation
by defining A = Ae'”. The transformation of any tensorial object can then be written as: AP for an object

of type {p,q} [13].

To be able to compare the GHP type of objects to check equations, the type of each object must be
well-defined. Acting any of the directional derivatives defined in section B.1 on a scalar x of type {p, ¢} does
not produce an object with a well defined GHP type. However, two new operators, "thorn" and "edth" can
be defined that do produce objects with a well-defined type when applied to a scalar:

- —/
bx = [D — pe — ¢&lx dx=1[0—pB+4qB]x (B.2.5)
These operators also have a primed version:
b x = [D' +pe’ + ¢'x 8 x =10 +pB — qBlx. (B.2.6)

These four derivative operators, thorn, edth and their primed versions can be combined to form a covariant
derivative operator:

Oq =lo D +1ab—ma d —Ta D (B.2.7)

Just like moving from classical physics to General Relativity by replacing every partial derivative d,, by the
covariant derivative D,,, moving from GR in coordinate language to GHP language can be done by exchang-
ing D, by ©,, [15].

B.2.3 Important equations and properties
For any type-D spacetime (which all spacetimes considered here are), the Goldberg-Sachs theorem implies:
k=K =0c=0=0. (B.2.8)
Furthermore, four of the Weyl scalars obey:
Vo=, =W =V, =0. (B.2.9)

This holds irrespective of the chosen tetrad, with the only restriction that {* and n® must be aligned with
the principle null directions. These equations will be checked for a specific tetrad in upcoming sections.

An important equation in the tetrad formalism is the Teukolsky equation. It governs how gravitational
waves propagate on a (Kerr) spacetime with no sources [13]. For a part of the derivation of the Teukolsky
equation, which will not be presented here, linear perturbation theory is used such that for example ¥, can
be written as: ¥y = \I'éo) + \I/((Jl). The Teukolsky equation will then be like a wave equation for \I/él), the
linear perturbation term of Wy. The Teukolsky equation is generally written in terms of the operators just
defined:

(bb =0 —p'b—(4p+ )b +7' d+(Ar + 7 & +4pp — dr7’ — 20,) WY = 0. (B.2.10)
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B.2.4 Kerr black hole

A spinning black hole is described by the Kerr metric whose line-element is conveniently written in terms of
Boyer-Lindquist coordinates (¢t,r,0, ¢):

2M 4aMrsin? @ ) 2Mr(r? + a®
ds® = — [1 - E’“} d — 22T Y e+ Fdr? +5d0” + [A + ’"(;”)} sin? 0dg®.  (B.2.11)
Here, a is the angular momentum per unit mass of the rotating black hole, ¥ = r2 + a?cos?f and

A =72 —2Mr+a?.

The Teukolsky equations in these coordinates is:

_ (T2+a2)2 9 . 9 0? (1) AMar 02 (1) a? 1 0? (1)
0_[ A @ sin”0) 5Vt A Zag Y0 T A T sna) 9% 0

By (Asﬂa\lfé”) Lo (sin98> — 2 {a(r M) +icos€} 9 g

or or  sinf o6 o0 A sin260| 0¢ °
M 2 _ 2
—2s {(TAG) — 1 —iacos 0} %\I/él) + [s% cot® 6 — s] \I!(()l), (B.2.12)
where s is the "spin weight" that characterizes the type of perturbation: s = 0 for scalar, s = 1 for

electromagnetic and s = 2 for gravitational perturbations. Particularly remarkable about this equation is
that it is seperable, the time dependence, radial dependence and angular dependence can be separated from
each other [13].
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Appendix C

Applying the formalism

In this section, the formalisms that have just been introduced will be applied to the Reissner-Nordstrom
and Schwarzschild metric, where the latter will again follow from taking the limit @ — 0 in the former.
As a matter of fact, the procedure for both metrics is identical and when the equations are expressed in
terms of f they look the same, only f will differ. It will be shown that it does not matter which coordinate
system is used, nor does it matter in which gauge the procedure is carried out, the equations will be the
same regardless.

C.1 Some calculations

In this section, it is shown how some calculations in the tetrad formalism proceed by means of a specific
example.

C.1.1 Construction of a specific tetrad

First, it is shown how a tetrad can be constructed from the metric. For this, the line-element in Eddington-
Finkelstein coordinates is a natural starting point: ds? = — fdv? + 2dvdr + r?(d6? +sin? 0d¢?). To construct
the vectors [* and n, radial geodesics will be investigated, meaning df = d¢ = 0 and thus we are left with:
ds? = —fdv? + 2dvdr. Looking at radial null geodesics implies: 0 = ds? = — fdv? + 2dvdr which has an
outgoing solution; — fdv 4+ 2dr = 0 and an ingoing solution; dv = 0. From these, the vectors [ and n® can
be constructed, respectively:

1= (1,%,0,0), n® = (0,—1,0,0). (C.1.1)

Using the Schwarzschild metric to lower an index of one of the vectors; n, = gapn® = (—1,0,0,0) leads to;
l*n, = —1. This is in agreement with the normalization as it was defined in the mostly-plus convention.

The complex null-vector m® must be orthogonal to the other two and will therefore be constructed from

a 0- and ¢-component only. The latter component will be complex to ensure that m® is complex, so that

we have: m® = (0,0, A4,i¢B) and m* = (0,0, A, —iB). From the normalization m®m, = 0 it follows that

B = A/sin@ and m®m, = 1 leads to A = 1/(/2r). Thus, the complex null-vectors of the NP formalism are:

1 i 1 —1i

¢ =—10,0,1, —), m* = ——(0,0,1, —). C.1.2

" \/ir( s1n9) " \/ir( 51110) ( )

This example is particularly instructive to show how a tetrad can be constructed, but this one will not be

used for any calculations. For that, a more widely used tetrad called the Kinnersly tetrad will be used which
will not be derived.
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C.1.2 Calculating the spin coefficients

For the complex spin coefficients, a few will be calculated as an example and the others will simply be
stated. As a first example, take s for which we know: s = [*mbV,l,. This requires no calculation, since
it can immediately be concluded from the orthogonality of {* and m® that k = 0. A non-zero coefficient is
p, which can be evaluated from; p = m*mbV4l,. In this formalism, repeated indices are still summed over,
thus we have:

p= m“mb(aalb —-TIe° ablc)

1, i
- Iy —T¢1, — ——(8yly — T gl
T <59b g Gele b ))
i

1 C 7: C C IZ: C
22 <_F oole + @(_F 0¢lc)> © 2r2ginf <_F pole+ sin9( r ¢¢lc)>

1 -/ i i . —f _
52 (—H) ' 2> " 3%smd smd (‘(‘”1“2 5 <‘f”m29>>
1
=57 (C.1.3)

Calculating the other spin coefficients proceeds in a similar way and the results will simply be given here.
Many of the spin coefficients are zero: Kk = 0 =7 =v = A = 7 = v = 0. The non-zero spin coefficients
except p that was calculated above are:

cot 6 M 1
— — [ = — = ——. 01.4
a=-f=_ N7 €= 53 p=— (C.1.4)
There is, as expected, only one nonzero Weyl scalar: ¥y, = —% and all Ricci scalars are zero. All

calculations of the quantities listed here can be done for different tetrads and each should yield the same
results, regardless of the tetrad.

C.2 Charged black holes
C.2.1 The background

For the Kerr spacetime in (¢, 7, 6, ¢)-coordinates, the Kinnersley tetrad is a common one [16]. To move from
Kerr to the spacetime under consideration for this thesis, we have to set @ = 0. Then, the Kinnersley tetrad
becomes:

1 1 1

*“=(-,1,0,0), n*=(1,—£,0,0), m® = —(0,0,1,
(5:1.0.0 (1,-£.0.0 5

To find the tetrad in Eddington-Finkelstein coordinates, one can perform a coordinate transformation.

Using dv = dt and dr = f~'dv + dr, the following tetrad is obtained:

2 f

“=(-,1,0,0 *=(0,—=

(f7 s Uy )a n ( ) 27

These tetrads will be used for calculations in the upcoming sections.

). (C.2.1)

sin 6

1 1
0,0 ¢=—(0,0,1,—). C.2.2
0), m = (00,1, ) (€22)

C.2.2 Including perturbations

Besides the freedom to choose a coordinates system when constructing the tetrad vectors, an additional
freedom arises when perturbations are included. In that case, there is namely also the gauge freedom that
arises. We will use Eddington-Finkelstein coordinates to write the perturbed tetrad vectors in different
gauges. Hence, the tetrad given by eq. (C.2.2) will be used as background. The procedure for finding the
perturbed real vectors [* and n® is then to add perturbation vectors to the background ones:

2
la:(7a1;0,0)+(a5,b5,070) na:(()’_g’

7 0,0) + (ce, de, 0,0), (C.2.3)
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where a, b, ¢ and d are real parameters.

For the complex vectors m® and m® the procedure is similar:

a1 { ) .
m® = E(QG, 1, m) +(0,0,e(p + iq),e(r + is))
h .
M = —=(0,0,1,—=) + (0,0, (p — iq), £(r — is)), (C.2.4)

V2r in 0

where p, ¢, r and s are again real parameters but not the same ones as before.

The free parameters can be determined from some conditions. The restrictions on a, b, ¢ and d arise from
the conditions: (%], = n®n, = 0 and [®*n, = —1. These three conditions fix three of the four parameters, the
fourth one remains undetermined. The p, ¢, r and s are found by demanding that the norm of m® and m® is
0 and the inner product of the two vectors 1. This again fixed three parameters, leaving one free parameter.

C.2.3 The light cone gauge

In the light cone gauge, the functions ej(r), e4(r) and er(r) that we have encountered before will appear
in the the perturbed metric. Since the metric is used to calculate inner products, e.g. 1%n, = gupl®n’, the
functions will also appear in the perturbed tetrad vectors. The following expressions are found for a, b, ¢
and d:

h=" e]{,( ) g9, ) + gf c=0 d= %f?. (C.2.5)

Where three of the parameters are expressed in terms of the fourth one which is free. Plugging these values
into the vectors gives the desired results, regardless of the value of a (it simply does not appear in the
expressions): m®*m, = m*m, = 0 and m®m, = m*m, = 1.

The solutions for the parameters p, ¢, x and y that appear in the complex vectors are:

_req(r) B . rez(r) 53(;5(97@ _req(r) Z¢(9 ®)
p= 673 Edy(0,9) qg= —xsinf + 53 sn0 y= 6V sin’0 (C.2.6)

where x is now a free parameter.

C.2.4 The Regge-Wheeler gauge

Due to the coordinate invariant nature of the NP and GHP formalisms, for a particular metric the spin
coefficients and the Weyl and Ricci scalars are gauge invariant. Specifically, the quantities that follow from
the tetrad in the light cone gauge must be the same as the quantities that follow from the tetrad in the
Regge-Wheeler gauge. This will be checked for some of the quantities in this section, leaving the remaining
ones to the reader.

In the Regge-Wheeler gauge, the functions Hy(r) and K(r) from the metric perturbation will appear
in the vectors of the tetrad. For the real as well as the complex vectors of the tetrad, the procedure for
determining them is the same as in the light cone gauge. The parameters of the real vectors are:

Hy(r) Ho( ) a Hy(r)

a
; S —Re0.e)  d=12+ =

b=— 5

—5—E10,0) + —2789(0, ¢), (C.2.7)

with again a as a free parameter.

The values for the parameters p, ¢, x and y of the complex vectors are now:

=g, ) g=z=0, y=— Kir) £46,9) (C.2.8)

2v/2r siné
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C.2.5 The GHP formalism for the Schwarzschild metric

The same spin coefficients and scalars that were calculated in the light cone gauge will be calculated here,

in order to compare them. The Weyl scalar can again be split up (to first order) as: ¥y = \Iléo) + \Ilél)s,
where again \I/(()O) = 0 since the background metric is identical for both gauges. The first order, perturbed

part looks different:

g —
0 8r2 sin 0 tan sin? 4 tan @ sin 0

2
- HHolr) (—2ia¢gq(e’¢) _0EN0.9)  0E0.9) | 500058706, 9) +6§5q(9,¢>> (C.2.9)

C.2.6 Coordinate transformation

Whereas the construction of a specific tetrad involves choosing a particular coordinate system, all quantities
that are defined in terms of the tetrad vectors are coordinate independent by construction. This means that
executing the same procedure as in the previous sections, with a tetrad that is constructed in a different
coordinate system, all resulting quantities should have the same value.

C.2.7 Application

The tetrad and spin coefficients calculated above can be applied to the equations in [19]. For each of the
equations that was considered, the left-hand side was calculated by plugging in the tetrad and spin coefficients
that were calculated. The same was done for the right-hand side and then the results were subtracted from
each other. The expressions on either side then involved the functions e;(r), e4(r) and e;(r) or Ho(r) and
K(r), depending in the gauge. When the expressions that were found in chapter 3 were subsequently plugged
in, this yielded zero for all of the equations that were considered. With these additional checks, we can be
more confident about the results that have been obtained for the metric perturbation.
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